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ON A CLASS OF MAXIMAL REFLEXIVE
θ-GRAPHS GENERATED BY SMITH GRAPHS
Marija Rašajski
A simple graph is said to be reflexive if its second largest eigenvalue does
not exceed 2. The property λ2 ≤ 2 is a hereditary one, i.e. any induced
subgraph of a reflexive graph preserves this property and that is why reflexive graphs are usually represented by maximal graphs within a given class.
Bicyclic graphs whose two cycles have a common path are called θ-graphs.
We consider classes of maximal reflexive θ-graphs arising from a Smith tree
and a cycle attached to it in a specified way.

1. INTRODUCTION
Let PG (λ) = det (λI − A) be the characteristic polynomial of the (0, 1)- adjacency matrix of a simple graph G (an undirected graph without loops or multiple
edges). The roots of PG (λ) are the eigenvalues of G. The family of these roots
forms the spectrum of G. The eigenvalues of a simple graph are real, and we assume
their non-increasing order: λ1 (G) ≥ λ2 (G) ≥ · · · ≥ λn (G). The relation between
the spectrum of a graph and the spectra of its induced subgraphs is established by
the interlacing theorem:
Let λ1 ≥ λ2 ≥ · · · ≥ λn be the eigenvalues of a graph G and µ1 ≥ µ2 ≥ · · · ≥
µm eigenvalues of its induced subgraph H. Then the inequalities λn−m+i ≤ µi ≤ λi
(i = 1, . . . , m) hold.
Thus, for example, if m = n − 1, λ1 ≥ µ1 ≥ λ2 ≥ µ2 . Also, λ1 > µ1 if G is
connected.
2000 Mathematics Subject Classification. 05C50.
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Graphs with the property λ2 ≤ 2 are called reflexive graphs and if λ2 ≤ 2 ≤ λ1
they are also called hyperbolic graphs, ([7], [8]).
The terminology concerning graph spectra follows [2], while for general graph
theoretic concepts one can see [4].
Since the graphic property λ2 ≤ 2 is hereditary (every induced subgraph
maintains the property), the result is expressed through the set of maximal graphs
within a given class.
Bicyclic graphs whose two cycles have a common path are called θ-graphs.
Smith graphs are connected graphs with the property λ1 = 2. Smith graphs
are widely present in the sets of maximal reflexive graphs investigated so far. Many
families of such graphs can be described completely or almost completely by Smith
graphs.
So far various classes of reflexive graphs have been studied such as: reflexive
trees ([5], [6]), bicyclic reflexive graphs with a bridge between the cycles [13],
treelike reflexive graphs with three or more cycles ([9], [11], [12], [14], [15]), some
classes of bicyclic reflexive graphs [9], [10], and there are some preliminary results
on θ-graphs [10], [14], [16].
In this paper we construct a class of maximal reflexive θ-graphs using Smith
graphs.
Some general and auxiliary results to be used in our investigations are presented in the next section. At some stages the work has been supported by using
the expert system GRAPH ([1], [3]).
2. PRELIMINARIES
The following theorem gives useful interrelations between the characteristic
polynomial of a graph and its induced subgraphs.
Lemma 1. (Schwenk [17]). Given a graph G, let C (v) (C(uv)) denote the set
of all cycles containing a vertex v and an edge uv of G, respectively. Then
P
P
(i) PG (λ) = λPG−v (λ) −
PG−v−u (λ) − 2
PG−V (C) (λ),
u∈Adj(v)

(ii) PG (λ) = PG−uv (λ) − PG−v−u (λ) − 2

C∈C(v)

P

PG−V (C) (λ),

C∈C(uv)

where Adj (v) denotes the set of neighbors of v, while G−V (C) is the graph obtained
from G by removing the vertices belonging to the cycle C.
These relations have the following consequences (see, e.g. [2], p. 59).
Corollary 1. Let G be a graph obtained by joining
 0 a vertex v1 of a graph G1 to
0
a vertex v2 of a graph G2 by an edge. Let G1 G2 be the subgraph of G1 (G2 )
obtained by deleting the vertex v1 (v2 ) from G1 (resp. G2 ). Then
PG (λ) = PG1 (λ)PG2 (λ) − PG0 (λ)PG0 (λ).
1

2
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Corollary 2. Let G be a graph with a pendant edge v1 v2 , v1 being of degree 1.
Then
PG (λ) = λPG1 (λ) − PG2 (λ),
where G1 (G2 ) is the graph obtained from G (resp. G1 ) by deleting the vertex v1
(resp. v2 ).
3. SMITH GRAPHS
The set of connected graphs for which λ1 = 2 is depicted in Fig. 1. These
graphs are known as Smith graphs. The set contains cycles of all possible lengths,
a family Wn of trees of arbitrary diameter and four small trees, one of which is
actually W0 but sometimes it is convenient to be treated separately. Proper induced
subgraphs of Smith graphs all have λ1 < 2 (they are also known as CoxeterDynkin graphs).
n
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Figure 1.

Theorem S. (Smith [18], see also [2, p.79]) λ1 (G) ≤ 2 (resp. λ1 (G) < 2) if and
only if each component of graph G is a subgraph (resp. proper subgraph) of one of
the graphs of Fig. 1, all of which have index equal to 2.
Any connected graph is either an induced subgraph or an induced supergraph
of some Smith graphs.
Lemma 2. (Radosavljević and Simić, [13]). Let G be a graph obtained by
extending any of Smith graphs by a vertex of arbitrary positive degree. Then
PG (2) < 0 (i.e. λ2 (G) < 2 < λ1 (G)).
Theorem RS. (Radosavljević and Simić, [13]). Let G be a graph with cutvertex u.
(i) If at least two components of G − u are induced supergraphs of Smith
graphs, and if at least one of them is a proper supergraph, then λ2 (G) > 2.
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(ii) If at least two components of G − u are Smith graphs, and the rest are
induced subgraphs of Smith graphs, then λ2 (G) = 2.
(iii) If at most one component of G − u is a Smith graph, and the rest are
proper induced subgraphs of Smith graphs, then λ2 (G) < 2.
If G − u (u being a cut-vertex) has one proper supergraph and the remaining
components are proper (induced) subgraphs of Smith graphs, Theorem RS is not
applicable and these cases are interesting for further investigations.
4. A CLASS OF θ-GRAPHS
If two cycles of a bicyclic graph have a common path, we shall say that they
form a θ-graph (Figure 2) and the same name will be used for any bicyclic graph
with such cyclic structure.
k
Research on maximal reflexive θ-graphs is the first step in
the area of new classes of reflexive graphs which are not trees or
l
treelike graphs. In previous investigations on maximal reflexive
treelike graphs we have noticed a constant presence of Smith
m
trees.
Therefore, it is obvious that Smith graphs have an imporFigure 2.
tant role in forming of maximal reflexive graphs. This is the reason why we are making first steps in this area by constructing θ-graphs from Smith
graphs.

Consider the Smith tree S depicted in Figure
3. PS (2) = 0. Let us introduce the notation: US =
PS−u (2), VS = PS−v (2), C = PS−p (2), where p is the
unique path connecting vertices u and v (within the
Smith tree).
Consider θ-graph in Figure 4. This graph is
formed from a Smith tree (S) and a cycle (length n).
Smith tree is connected with the cycle by two paths
of length 2 (one starting at u and ending at u1 , and
another one starting at v and ending at v1 ). Lengths
of paths connecting vertices u1 and v1 within the cycle
are and n1 and n2 , (n1 + n2 = n, n1 , n2 ≥ 4).
Proposition 1. Let G be the graph in Figure 4. Then
PG (2) = n (US + VS − 2C).

S
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c
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S2
v

Figure 3.
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v1

n

n2
Proof. Let us remove the vertex c1 from graph G, and
Figure 4.
then vertices u1 and u. We get graphs H1 , H2 and
H3 of Figure 5, respectively. Applying Theorem RS
we get PH1 (2) = 0. Application of Lemma 1 to the graph H2 at the vertex c2 gives
the following result:
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PH2 (2) = 2PH2 −c2 (2) − PH2 −c2 −v1 (2) − PH2 −c2 −v (2) = −nVS .
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Figure 5.

Applying Lemma 1 to the graph H3 at the vertex c2 we get:
PH3 (2) = 2PH3 −c2 (2) − PH3 −c2 −v1 (2) − PH3 −c2 −v (2) = −nUS .
Finally, we use these results to get PG (2).
PG (2) = 2PH1 (2) − PH2 (2) − PH3 (2) − 2n1 C − 2n2 C
= nUS + nVS − 2(n1 + n2 )C = nUS + nVS − 2nC.
We see that PG (2) = n (US + VS − 2C) and this completes the proof.
The next step is to go through all Smith trees and find all cases in which
US + VS − 2C = 0 holds, because in Proposition 1 we proved that then 2 belongs
to the spectrum of the corresponding θ-graph.

5. ANALYSIS OF SMITH TREES
5.1 SMITH TREE S215

We can find now all pairs of vertices (u, v) of S215 (Fig. 1), for which US +
VS − 2C = 0 holds. They are:
(u, v) ∈ {(s1 , s7 ) , (s7 , s1 ) , (s2 , s5 ) , (s5 , s2 ) , (s6 , s9 ) , (s9 , s6 )}.
Those θ-graphs corresponding to these pairs are shown in Fig. 6. They are all
maximal reflexive graphs in their class, and n1 = n2 = 4. In all three cases
λ2 = λ3 = 2 holds.
In these proofs the expert system GRAPH is used in the final stages
to check wether the graph is maximal
(wether it could be extended at some
vertices) and determine the limits of the
lengths n1 and n2 of the given cycle (for
larger n1 and n2 2 would still belong to
Figure 6.
the spectrum, but it would no longer be
λ2 , but λ3 or λ4 , etc.).
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5.2 SMITH TREE S313

All pairs of vertices (u, v) of S313 (Fig. 1) for which US + VS − 2C = 0 holds are:
(u, v) ∈ {(s1 , s7 ) , (s2 , s6 ) , (s2 , s8 ) , (s8 , s2 ) , (s3 , s5 )} .
Consider the pair (s1 , s7 ). The corresponding maximal reflexive θ-graphs are
shown in Figure 7.

Figure 7.

Application of Theorem RS gives the explanation why the extension of the
starting graph is possible only at vertices c1 and c2 .
For the remaining pairs (u, v), the corresponding maximal θ-graphs are shown
in Fig. 8.

Figure 8

5.3 SMITH TREE S222

All pairs of vertices (u, v) of S222 (Fig. 1) for which US + VS − 2C = 0 holds
are:
(u, v) ∈ {(s1 , s5 ) , (s2 , s4 )} . Corresponding maximal reflexive θ-graphs are
shown in Fig. 9.
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Figure 9.

5.4 SMITH TREE W n

All pairs of vertices (u, v) of the Smith graph Wn (Fig. 1) for which US +VS −
2C = 0 holds are: (u, v) = (a1 , a2 ) , (u, v) = (ck , ck+l ) , k ∈ {0, 1, . . . , n − 1} , k + l ∈
{1, . . . , n} and (u, v) = (a1 , b1 ) .
Maximal reflexive θ-graphs corresponding to the pair (a1 , a2 ) are shown in
Fig 10.

n1

n2

Figure 10.

The values n1 and n2 for the last graph in Figure 10 are:
(n1 , n2 ) ∈ {(4, 7) , (4, 8) , (4, 9) , (4, 10) , (4, 11) ,
(4, 12) , (5, 6) , (5, 7) , (6, 6)}.
To the pairs (u, v) = (ck , ck+` , k ∈ {0, 1, 2,
. . . , n − 1} , k + ` ∈ {1, 2, . . . , n} there corresponds
θ-graph in Figure 11(a)
For ` ≥ 3 it holds λ2 > 2 (λ3 = 2, . . .). For
` = 2 we get maximal reflexive θ-graph shown in
Figure 11(b).
For ` = 1 we get maximal reflexive θ-graph
shown in Figure 12.

l

n1

n2
(a)

(b)

Figure 11.

248

Marija Rašajski

n1

n2

Figure 12.

(n1 , n2 ) ∈ {(4, 7) , (4, 8) , (4, 9) , (4, 10) , (4, 11) , (4, 12) , (5, 6) , (5, 7) , (6, 6)} .
From the pair (u, v) = (a1 , b1 ) we get θ-graphs in Figure 13.
l

n1

n2

Figure 13.

Figure 14.

For ` > 4 corresponding θ -graphs are not reflexive, λ2 > 2 (λ3 = 2, . . .). For
` = 4 and ` = 3 the corresponding maximal reflexive θ-graphs are shown in Figure
14.
For ` = 2 the corresponding maximal reflexive θ-graphs are shown in Figure
15.

Figure 15.

For ` = 1 the corresponding
maximal reflexive θ-graphs are shown
in Figure 16.
(n1 , n2 ) ∈ {(4, 6), (4, 7), (4, 8),
(5, 5), (5, 6)}.
Based on previously shown results we have proven the following theorem.

n1

n2

Figure 16.

Theorem 1. Consider the graph with the cyclic structure of graph G in Figure 4.
Then , graph is maximal reflexive θ-graph if and only if it is one of the 72 graphs
in Figures 6 − 10, 11(b), 12 and 14 − 16.
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6. CONCLUSION
This is only one of many cases where the presence of Smith graphs is noticed
when investigating reflexive graphs. Currently we are working on determining
all maximal reflexive θ-graphs for various values of parameters k, l, m (Figure 3).
Various forms of presence of Smith graphs are noticed in most of the resulting
maximal reflexive graphs and this is one of the areas for us to focus on in the
future work.
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2006, Banja Koviljača, Oct. 3–6, 2006, pg. 217–220.
17. A. J. Schwenk: Computing the characteristic polynomial of a graph. In: Graphs and
Combinatorics. (Lecture Notes in Math. 406, ed. R. Bari, F. Harary). Springer–Verlag,
Berlin–Heidelberg–New York, 1974, 153–172.
18. J. H. Smith: Some properties of the spectrum of a graph. In: Combinatorial Structures
and Their Applications. (Ed. R. Guy, H. Hanani, N. Sauer, J. Schonheim.) Gordon
and Breach, Science Publ., Inc., New York–London–Paris 1970, 403–406.

Faculty of Electrical Engineering,
Bulevar Kralja Aleksandra 73,
Belgrade,
Serbia
E–mail: rasajski@etf.bg.ac.yu

(Received October 10, 2006)

