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THE TOTAL TORSION OF KNOTS UNDER SECOND
ORDER INFINITESIMAL BENDING

Marija S. Najdanovié, Ljubica S, Velimirovi¢® and Svetozar R. Rancic¢

In this paper we consider infinitesimal bending of the second order of curves
and knots. The total torsion of the knot during the second order infinitesimal
bending is discussed and expressions for the first and the second variation of
the total torsion are given. Some examples aimed to illustrate infinitesimal
bending of knots are shown using figures. Colors are used to illustrate torsion
values at different points of bent knots and the total torsion is numerically
calculated.

1. INTRODUCTION

One of the global properties of a curve C' is its total torsion defined by the
integral 7 = [, 7(s)ds, where s and 7 are the arc length and the torsion of C,
respectively. Geometrically, the total torsion is a measure of the binormal indica-
trix. It is well known that for any real number r there is a closed curve C such
that its total torsion is equal to r. Also, a classical result in differential geometry
assures that the total torsion of a closed spherical curve in the three-dimensional
space vanishes. Besides, if a surface is such that the total torsion vanishes for all
closed curves, it is part of a sphere or a plane. There are many investigations about
the total torsion (see, for instance [9]).

A knot is a simple closed curve in 3-space. The knowledge of curvature
and torsion profiles of a knot is essential, since it allows one to understand the
details of its shape. If, for instance, in a certain part of a knot its curvature and
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torsion are both constant, one can conclude that this part of the knot has a helical
shape [1] . The total curvature and the total torsion have many applications, for
instance, they provide important information about how much, and in what ways,
the knotted polymers turn in the space [8].

Infinitesimal bending of a curve or a surface in Euclidean 3-space, is a type of
deformations characterized with the rigidity of the arc length with a given precision.
In this case one observes changes of others magnitudes, and then we say that they
are rigid or flexible. Theory of infinitesimal bending is in close connection with
thin elastic shell theory and has a huge application from the mechanical point
of view. Infinitesimal bending of curves and surfaces is studied, for instance, in
[2, 6, 12, 13, 14]. Some results on infinitesimal transformations can be found in
[3, 5, 11]. Infinitesimal bending of knots is considered in [4, 7, 10].

2. SECOND ORDER INFINITESIMAL BENDING OF A CURVE IN
RS

Let us consider a regular curve
C:r=r(u), ueJCR
of a class C, a > 3, included in a family of the curves

(1)

z (u) + 2%

(1) Ce:t(u,e) =r(u) =r(u)+e z (u),
where € > 0, € — 0 and we get C for e = 0 (C = Cp). The fields (%)(u) eC* a>
3, 7 = 1,2, are continuous vector functions defined in the points of C.

Definition 1. [2] A family of curves C. is an infinitesimal bending of the
second order of the curve C if

ds? — ds* = o(€?).
The field (%) = (%)(u) is the infinitesimal bending field of the order j, j = 1,2,
of the curve C.

The previous condition is equivalent to the system of equations [2]:

dr-d'z2 =0, 2dr-d2 +d%-d% =0,

where - stands for the scalar product in R3.
Let {t,n1,n2} be an orthonormal basis along the curve C, where t is the
unit tangent, n; and ns are unit principal normal and binormal vector field of the

curve, respectively. We choose an orientation with ny =t x n;. The next theorem
is related to determination of the infinitesimal bending field of a curve C.
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Theorem 1. [7] Infinitesimal bending fields of the first and the second order for
the curve C are respectively

(2) @ = / [p(u)ms + g(u)ns] du + i,

“ /[_pZ(u) . Q2(u)t +r(u)ny + g(u)ng] du + Cs,

®) “= g

where p(u), q(u), r(u), g(u) are arbitrary integrable functions and vectors t, ny, ng
are unit tangent, principal normal and binormal vector fields, respectively, of the
curve C. Cy and Cy are constants.

Under an infinitesimal bending geometric magnitudes of the curve are changed
which is described with variations of these geometric magnitudes.

Definition 2. [12] Let A = A(u) be a magnitude which characterizes a geometric
property on the curve C and A. = Ac(u) the corresponding magnitude on the curve
C. being an infinitesimal bending of the curve C and let the equation

AA=A —A=c6A+EFPA+ .+ " 0" A+ ...

be a valid one. The coefficients §.A,5%A,...,6"A,... are the first, the second,
..., the n-th variation of the geometric magnitude A, respectively under the in-
finitesimal bending C. of the curve C.

In this paper we will only consider the first and the second variation of a
magnitude under infinitesimal bending of the second order. For this reason, we can
represent the magnitude A, as

Ac = A+ €A+ 5% A,

by neglecting the terms in €”, n > 3. It is easy to see that under a second order
infinitesimal bending of a curve, the first and the second variation of a line element
ds are equal to zero, i. e. §(ds) = §%(ds) = 0. Also, some other properties of
variations are valid [6]:

I. SAB = A0B + BJ3A, &*AB=A8B+B5?A+35AB

IL 5(44) = 4340, 52(4) = 45

IIL §(dA) = d(6A), 62(dA) = d(52A)

Below we will consider a regular curve
(4) C:r=r(s)=rlu(s)], s€Z=10,L]CR,

parameterized by the arc length s. Let us consider an infinitesimal bending of the
second order of the curve (4):

C.: 5(s,€) = re(s) = £(s) + €2 (5) + €% (s).
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1 2
Since the vector fields (z) and (z) are defined in the points of the curve (4), they
can be presented in the form

©)

J (9) (9) (@)
zZ =z

t+z1n1+22n2, j:1,2,

(5)
where (,Jz)t is a tangential and (zjl) n; + FZ:«?Q) n, is a normal component, (%)7 (zjl) , (ZJQ) are
the functions of s.

The necessary and sufficient conditions for the second order infinitesimal
bending are given by the next theorem.

Theorem 2. [6] Necessary and sufficient conditions for the fields (%), i=12,(5)
to be infinitesimal bending fields of the corresponding order of a curve C (4) are

P18 o,

(6) 1
D k8 = _5{[1@(? + 8- T(zlg)]z + [T(le) +% 7}

where k is the curvature and 7 is the torsion of C.

The first and the second variations of some geometric magnitudes of curves
are determined in the paper [6]. Some of them will be used in this paper, like Jt,
(5213, (5111, (51’127 ok.

3. CHANGE OF THE TOTAL TORSION UNDER INFINITESIMAL
BENDING

Let us consider the total torsion of the curve C' (4):

T = /IT(s) ds.

The total torsion of deformed curve is
T = / Teds. = /(7’—|—657’+ €2 5°7)(ds + e ds + €2 5 ds).
T T
Since § ds = 6%ds = 0, we have

7227'4—6/ T5Td8+€2/(527'd87
T T

which is obtained after neglecting the terms in ¢ and e*. Therefore,

57:/5Td3, 527':/527ds.
A A
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Let us take the first variation of the Frenet equation for n} and dot with n,.
We have
87 = kny - 6t + ny - dnf.

We now rewrite the second term on the right hand side as
ny - 0n} = (nz-dn;)’ —nj - én; = (ny - ony)’,

after using the third Frenet equation. Using the expressions for 6t and dn; [6], as
well as the first equation in (6), we obtain the first variation of the torsion:

1 1 1 1 1 1
o = (z +2kr(z1)—k:’() {k[QT( )’—|—T’(zl) (2)”—|—(k2—7' )(2)]}

We used the next transformations:

1) 1 ,(;) n 7_(;), _ 7_,(1) )

D =Dy = ok, (2 -

k‘Zl = O)

Ko = (k5) — K%,
The first variation of the total torsion is now

0T = / T2 +2k7‘zl) — k’(l)

ON )

)ds
1 /
+/{ [2 (211)’—1—7'(zill)—&—(lz)”-I-(kZ—TQ)Ele)]} ds.
7 Lk

In the case of the infinitesimal bending of knots we specify the condition
z(0) = z(L) for the infinitesimal bending field in order to get a family of closed
curves. Also, we suppose that the knot, as well as the infinitesimal bending field
are sufficiently smooth. Keeping this in mind we have the following theorem.

Theorem 3. Under a second order infinitesimal bending of a knot C, the first
variation of its total torsion is

5T = / Do) — k) ds,

where k is the curvature and 7 is the torsion of C.

Before we begin to examine the second variation of the total torsion, let us
determine §2n;, which will be used below. Starting from the equation n; -n; = 1
and using the second variation of its, we obtain

1
nj - 52n1 = —5(51’11 . (51’11.

Using the expression for dn; [6], we have

(1) (1)/ /(1) (1) 1 2(1) 2

(7) n;-6%*n; = — [(k —|—(1)/ T29)% + (k: z —|—27' +7'2 42— T 2)7).
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From the equation n; - t = 0, using the second variation, we obtain
t- 52111 = —1nj - 521', — 5111 - 0t.
If we make use of §t, 6%t, and dn; [6], we get

1
60t = (b + 8 7 - (B B0 2

1 1 1
R )

(8)

Let us take the second variation of the equation t’ = kn; and dot with ns,.
We obtain

no - 52111 = %(1’12 . 52t/ — 5kn2 . 51’11).

To evaluate §2t’ we use 62t’ = (§%t)’, the expression for 2t [6] and Frenet equations.
Dotting with ns we obtain

()

2 2 2
n, - 6%t' = (k —I—( )/—T22)+((ZQ)/+T()

z1 )/.
Finally, we have
(9)

1
ny - 0%n; = E[ (2), (2) 2, (2)

1 1
—7T29) + (20 +7121) — E(k’(z

(ZQ) -7 zg)(lm’z —|—27'(z11) + T Ez*ll) + (12)” —7'2(212))].

)

)+(Z’11)//+(k2—7'2)21

The equations (7), (8) and (9) gives the normal, the tangent and the binormal
component of §2n;, respectively.

Let us go back to the torsion. For the second variation of the torsion let us
take the second variation of the second Frenet equation. We have

6°n! = —0%kt — k6%t — 0kot + 6%mny 4+ 76%ny + 576Ny,
Dotting with ns we obtain
621 = (ng - 0°ny)' 4+ ™y - 820y + kny - 6%t + 0k ny - 6t — Tny - 6%ny.
We used ny - dny = 0 and also
n, - 0°n) =ny - (6°n;) = (ny-6°ny) — njy - 6*n; = (ny - 6°ny)’ + 70y - 6%ny,
wherefrom we have

1
r={[r0% + 8 -+ & 4Ry - k(k’(l) O (k2 — )Y

k
!/
N B VA
1 1 1 1 2
= [+ 5= — G B 72

My

n (k’(é) + 4 @ ), NP (€))

+ (k? =722 — 2720 — 7 20) (23 +T21).
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Based on the necessary and sufficient conditions for the second order infinites-
imal bending (6), we have

@ @2 2, (2 €] (1), M2

(t21 +23)2 = =2(2 ' —kz)— (k2 + —T29)2
- . 2 ), ), /(2)
Let us use this in the expression for 6?7, as well as 72/ = (72) — 7'z and
k(2)’ = (k(ZZQ)) k’(zg) Also, let us use the next notation
o) 12y ==Y + 8 A D+ B 2 - )Y
— 2o S Ga  5D).
Now we have
1
= {2+ D -+ & 4y - WD 8 -
!/
(11) — 27 (Zlg)l - T'EZ'lg))(kT(é) + 2TEZ1)/ + 7'/(211) (1) " 72(212))] — 7'(? + kgg)}
+ 7P ks — w8+ 1),
The second variation of the total torsion will be
1
e [ w2488 @Gy L B g
ol >)(kT<Z> TP TG PO N DT,

+/( (z)+2k7§z21 z2d+/f
z
Finally we have the next theorem.

Theorem 4. Under a second order infinitesimal bending of a knot C, the second
variation of its total torsion is

(13) 82T = / (' ) +2k7z1 — K 22 /f

1
where k is the curvature, T is the torsion of C, and f((z)) is given in (10).

4. TORSION OF INFINITESIMALLY BENT KNOTS

Here we will consider influence of infinitesimal bending on knots defined by
a simple parametric representation. Infinitesimal bending has an influence on the



8 M. S. Najdanovié, Lj. S, Velimirovi¢ and S. R. Ranci¢

knotted curve, on its shape and geometrical magnitudes and we will give some
examples. Our aim is to visualise changes in shape and torsion. In following figures
colors are used to indicate the values of torsion at different points of the knots,
together with color-values scale. In addition the total torsion is also calculated.

We start from knot representations as a curve in R3. Then, according to (1)
we apply the bending of the first and second order given by (2) and (3). Bending
fields are defined by integrals whose sub integral function includes arbitrary func-
tions: p, g, r and g. The curve is visualized as polygonal line which connect points
on curve. At every such point, as well as, every subdivision point for the purpose of
numerically integral calculation we should calculate functions: the curve, first, sec-
ond and third derivative, both normals of the curve, p, ¢, r and g, also local values
of torsion. This is necessary to obtain transformed shape of curve and for aimed
curve coloring. Instead of using existing software packages capable of symbolic and
numeric calculations also with some visualization features, we decided to develop
our own software tool usingMicrosoft Visual C++. We are dealing, according to
(1), (2) and (3), with arbitrary mathematical functions, so tool is developed for
manipulating explicitly defined functions. It starts from usual symbolic definitions
as a string, then parsing it to obtain an internal, tree like, function form. For the
purpose of efficiency the function is parsed once, then calculated many times. We
also have some additional important benefits of the tree like form: make derivatives,
combine more function to obtain a compound function like sub integral function
for infinitesimal bending fields. Our tool has not possibility to calculate integral
symbolically, instead we are using ability for fast calculation of sub integral func-
tion. Those values are used to calculate needed integral numerically, according to
F(z) = [ f(z)dz.

Knot visualization and obtaining 3D model is done by using OpenGL. In the
following examples the knot is represented as a tube around a curve. It looks like
a rope, but without examination any physical characteristics of the rope.

4.1 Trefoil knot

A trefoil knot is given by the parametric equations: x = sin(u) + 2sin(2u),
y = cos(u) — 2cos(2u), z = —sin(3u). The basic and infinitesimally bent trefoil
knots are given in Figs. 1 and 2. The bending fields are defined by: p(u) = 0,
q(u) =0, r(u) = cos(3u) and g(u) = sin(6u).

The numerically calculated total torsion of the trefoil knot curve is 2.2250,
2.2354 and 2.3708 for e = 0, e = 0.55 and € = 1.1 respectively.
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0.35294 0.53770
0.28903 0.43683
0.22513 0.33596
0.16122 0.23509
0.09731 0.13423
0.03341 0.03336
-0.03050 -0.06751
-0.09441 -0.16838
-0.15832 -0.26925
-0.22222 -0.37012

Figure 1: Trefoil knot: basic and infinitesimally bent with ¢ = 0.55.

1.21486 1.21486
0.93715 0.93715
0.65945 0.65945
0.38174 0.38174
0.10404 0.10404
-0.17366 -0.17366
-0.45137 -0.45137
-0.72907 -0.72907
-1.00677 -1.00677
-1.28448 -1.28448

Figure 2: Trefoil knot: infinitesimally bent with e = 1.1 and all knots together.

A second example of the trefoil knot is knot given by the parametric equa-
tions: x = (cos(2u) + 2) * cos(3u), y = (cos(2u) + 2) xsin(3u), 2 = — sin(2u), which
is a kind of torus knot, obtained for p = 3, ¢ = 2, topologically equivalent to the
trefoil knot. The basic and infinitesimally bent knots are given in Figs. 3 and 4.
The bending fields are defined by: p(u) =0, ¢(u) =0, r(u) = 0 and g(u) = sin(2u).

The numerically calculated total torsion of the p = 3, ¢ = 2 torus knot is
0.6234, 0.6128 and 0.4725 for e = 0, ¢ = 0.8 and € = 1.6 respectively.
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0.31214 0.35648
0.20566 0.23620
0.09918 0.11593
-0.00729 -0.00435
-0.11377 -0.12463
-0.22025 -0.24490
-0.32672 -0.36518
-0.43320 -0.48546
-0.53968 -0.60574
-0.64615 -0.72601

Figure 3: p = 3, ¢ = 2 torus knot: basic and infinitesimally bent with ¢ = 0.8.

0.69324 0.69324
0.50045 0.50045
0.30765 0.30765
0.11486 0.11486
-0.07794 -0.07794
-0.27073 -0.27073
-0.46353 -0.46353
-0.65632 -0.65632
-0.84911 -0.84911
-1.04191 -1.04191

Figure 4: p = 3, ¢ = 2 torus knot: infinitesimally bent with ¢ = 1.6 and all knots
together.

4.2 Figure eight knot

A figure eight knot is given by the parametric equations: x = (2 + cos(2u)) *
cos(3u), y = (2+ cos(2u)) xsin(3u), z = sin(4u). The basic and infinitesimally bent
figure eight knot are given in Figs. 5 and 6.

The bending fields are defined by: p(u) = 0, g(u) = 0, r(u) = — cos(2u) and
g(u) = sin(2u).

The numerically calculated total torsion of the figure eight knot curve is
—0.5423, —0.4843 and —0.3033 for ¢ = 0, ¢ = 0.76 and ¢ = 1.52 respectively.
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0.41275 0.91848
0.16423 0.49235
-0.08430 0.06622
-0.33283 -0.35991
-0.58136 -0.78604
-0.82989 -1.21217
-1.07842 -1.63831
-1.32694 -2.06444
-1.57547 -2.49057
-1.82400 -2.91670

Figure 5: Figure eight knot: basic and infinitesimally bent with ¢ = 0.76.

1.58706 1.58706
1.13931 1.08664

0.69156 0.58623
0.24382 0.08581

-0.20393 -0.41461
-0.65168 -0.91503
-1.09943 -1.41545
-1.54718 -1.91586
-1.99493 -2.41628
-2.44268 -2.91670

Figure 6: Figure eight knot: infinitesimally bent with ¢ = 1.52 and all knots
together.
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