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THE ROMAN DOMINATION NUMBER OF SOME
SPECIAL CLASSES OF GRAPHS - CONVEX

POLYTOPES

Aleksandar Kartelj ∗, Milana Grbić,
Dragan Matić and Vladimir Filipović

In this paper we study the Roman domination number of some classes of

planar graphs - convex polytopes: An, Rn and Tn. We establish the exact

values of Roman domination number for: An, R3k, R3k+1, T8k, T8k+2, T8k+3,

T8k+5 and T8k+6. For R3k+2, T8k+1, T8k+4 and T8k−1 we propose new upper

and lower bounds, proving that the gap between the bounds is 1 for all cases

except for the case of T8k+4, where the gap is 2.

1. INTRODUCTION

The Roman domination problem is motivated by an interesting historical
story about the Roman Empire’s military strategies [23, 27]. In order to protect
the territory of the Roman Empire, Constantine the Great, defined a new defense
in depth strategy of locating and moving the legions over the Empire. In the
period of reduced power of the Empire in the IV century, there was a necessity
to provide protection for unsecured regions. The unsecured regions were those
containing no legions, while the regions with at least one legion were considered
secured. Unsecured locations could be secured by a legion sent from an adjacent
region, but the movement of legions through different regions was allowed only if
the old region remains secured, i.e. legion can be moved from one region to adjacent
one only if another legion still remains there. Thus, at least two legions must be
stationed at the secure location before a legion is sent to another region. Motivated
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by this military strategy proposed in the IV century in the ancient Roman Empire,
Cockayne et al. [7] formally introduced the Roman domination problem (RDP) as
follows.

Let G = (V,E) be an undirected and simple graph with |V | = n vertices.
A labeling function f : V → {0, 1, 2} is called Roman dominating function (RDF)
if for each vertex u ∈ V with f(u) = 0, there is an adjacent vertex v ∈ V with
f(v) = 2.

The weight of a Roman dominating function f is defined as the sum of all
vertex labels, i.e. f(V ) =

∑
v∈V f(v). The Roman domination number of a graph

G, denoted by γR(G), is defined as the minimum value of a Roman dominating
function, i.e. γR(G) = minf∈F f(V ), where F is the set of all Roman dominating
functions.

The function f induces a partition of the set V = (V0, V1, V2), where Vi =
{v ∈ V : f(v) = i}. Let us denote with ni = |Vi|, i ∈ {0, 1, 2}. Clearly, n0 + n1 +
n2 = n = |V |. The weight of a Roman dominating function f can be written as

f(V ) =
∑
v∈V

f(v)

= 2 · n2 + 1 · n1 + 0 · n0

= 2 · n2 + n1.

Let δ(G) and ∆(G) be the minimum and the maximum degree of vertices in
G, respectively. With N(v), v ∈ V we denote the set of all neighbors of the vertex
v in G, i.e. N(v) = {u ∈ V : {u, v} ∈ E}. In the latter text, edge {u, v} notation
will be shortened to uv.

Roman domination problem belongs to a wide class of domination set prob-
lems, which have been intensively studied for the last several decades. A set S ⊂ V
is a dominating set if every vertex in V \ S is adjacent to at least one vertex in
S. The domination number γ(G) is then defined as the minimum cardinality of
the dominating set in G. Cockayne et al. [7] studied basic properties of Roman
dominating functions and calculated γR(G) for some classes of graphs. For k ≤ 2,
they characterised the graphs for which γR(G) = γ(G) + k. This result was ex-
tended to arbitrary k in [29]. Song and Wang [26] characterized the trees T with
γR(T ) = γ(T ) + 3.

Cockayne et al. [7] also proved that for any graph G it holds that γ(G) ≤
γR(G) ≤ 2γ(G). Graphs with Roman domination number equal to twice their
domination number are called Roman graphs. In [30], several classes of Roman
graphs were presented: P3k, P3k+2, C3k, C3k+2 for k ≥ 1, Km,n for min{m,n} 6= 2.
In the same paper some regular graphs were proved to be Roman graphs: some
subclasses of circulant and generalized Petersen graphs, as well as Cartesian product
graphs C5m�C5n, where m ≥ 1, n ≥ 1. Henning [12] also contributed to this
concept of Roman graphs by characterizing Roman trees.

The Roman domination number was studied for a number of classes of graphs:
interval graphs, cographs, asteroidal triple-free graphs and graphs with a d-octopus
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in [17], corona graphs in [31], grid graphs in [8], generalized Sierpiński graphs in
[22], generalized Petersen graphs GP (n, 2) in [28] and GP (n, 3) and GP (n, 4) in
[32], cardinal product of paths and cycles in[16, 15], strongly chordal graphs in
[19] and others.

A relation between the Roman domination number and the differential of
a graph is studied in [3]. A 5-approximation algorithm of linear time and a
polynomial-time approximation scheme are presented in [24]. A relation between
the Roman domination number and 2-rainbow domination number γ2r(G) was given
in [6] by the formula γR(G)/γr2(G) ≤ 3/2. The Roman domination number in di-
graphs was studied in [25].

Although RDP is NP-hard in the general case [9, 24], for some classes of
graphs it can be solved in polynomial time. For example, linear-time algorithms
for computing the Roman domination number are known on interval graphs and
cographs [17]. In the same paper polynomial-time algorithm is proposed on AT-free
graphs.

The Roman domination problem has also been solved by integer linear pro-
gramming (ILP). The first formulation was introduced in [23]. ILP formulations
for five graph domination problems, including Roman domination were proposed in
[4]. Two improved ILP formulations using less number of constraints than previous
models were presented in [14].

Several upper and lower bounds were proposed in literature.

Chambers et al. [5] proved that γR(G) ≤ 4n
5 if δ(G) ≥ 1 and γR(G) ≤ 8n/11

if δ(G) ≥ 2. In two subsequent papers [18, 20], Liu and Chang proved that
γR(G) ≤ 2n/3 when δ(G) ≥ 3 and γR(G) ≤ max{d2n/3e, d23n/34e} when G is 2-
connected. Favaron et al. [10] proved that γR(G) + γ(G)/2 ≤ n for any connected
graph G of order n ≥ 3. Lower and upper bounds for the Roman domination
numbers in terms of the diameter and the girth were proposed in [21].

A lower bound on the Roman domination number is given by the total domi-
nation number, γt(G) ≤ γR(G) in [11]. An upper bound for the Roman domination

number γR(G) ≤ 2

(
1− 21/δ(G)δ(G)

(1 + δ(G))1+1/δ(G)

)
n was presented in [33], with a proof

that the proposed result is asymptotically best possible.

The following, tractable lower bound, established in [7], will be used in this
work:

Proposition 1. For any graph G, γR(G) ≥ 2 · |V (G)|
1 + ∆(G)

.

2. CONVEX POLYTOPES An

Convex polytope An, for n ≥ 5, or antiprism was introduced in [1] and can
be defined as a graph with the set of vertices

V (An) = {ai, bi, ci|i = 0, ..., n− 1},
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and the set of edges

E(An) = {aiai+1, bibi+1, cici+1, aibi, bici, ai+1bi, bi+1ci|i = 0, ..., n− 1}.

It should be noted that vertex indices are taken modulo n throughout the
whole paper. Also, note that the exact values of the RDF for smaller graphs were
obtained by a total enumeration technique. These findings were a good starting
point for estimating the bounds of RDF for the graphs of larger dimensions.
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Figure 1: The graph of convex polytope An

Theorem 1. γR(An) =

{
n, n = 2k ∧ k ≥ 3,

n+ 1, n = 2k + 1 ∧ k ≥ 2.

Proof. Step 1. Upper bound

Let us define a function f : V → {0, 1, 2} by the partition (V0, V1, V2) of the
set V (An).

Let V2 = {b2i|i = 0, ..., bn−1
2 c}, V1 = ∅, while all other vertices are in V0.

Since f(V (An)) = 2|V2| = 2dn2 e, it follows that γR(An) ≤ 2dn2 e.
Let us prove that f is a RDF. From the definition of the convex polytope An,

it holds that each a-vertex has exactly one adjacent b-vertex with an even index,
with the exception of the vertex a0 when n is odd. In that case, the vertex a0 has
two adjacent b-vertices with even indices (namely b0 and bn−1).

Similarly, each c-vertex is adjacent to exactly one b-vertex with an even index,
except the vertex cn−1 when n is odd. In that case, cn−1 is adjacent with b0 and
bn−1. Also, every b-vertex with an odd index has two adjacent b-vertices with even
indices. In Table 1, this consideration is shown in a systematized view. So, we
proved that f is a RDF.

We will now prove that the γR(An) ≥ 2dn2 e.
Step 2.

Known lower bound

Proposition 1 introduces lower bound: γR(An) ≥ 2 · |V (An)|
1 + ∆(An)

=
6 · n

7
so

γR(An) ≥
⌈

6 · n
7

⌉
.
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Table 1: Roman domination coverage for An
n v ∈ V0 V2 ∩N(v) range of i

2k

a2i {b2i} 0 ≤ i ≤ k − 1
a2i+1 {b2i} 0 ≤ i ≤ k − 1
b2i+1 {b2i, b2i+2} 0 ≤ i ≤ k − 1
c2i {b2i} 0 ≤ i ≤ k − 1
c2i+1 {b2i+2} 0 ≤ i ≤ k − 1

2k + 1

a2i {b2i} 1 ≤ i ≤ k
a0 {b0, b2k}
a2i+1 {b2i} 0 ≤ i ≤ k − 1
b2i+1 {b2i, b2i+2} 0 ≤ i ≤ k − 1
c2i {b2i} 0 ≤ i ≤ k − 1
c2k {b0, b2k}
c2i+1 {b2i+2} 0 ≤ i ≤ k − 1

This lower bound is strictly lower than 2dn2 e for n ≥ 7, so it cannot be used to
prove the optimality.

Step 3.

Improved lower bound

Let f be a RDF, represented by (V0,V1,V2) and nj = |Vj |, for j ∈ {0, 1, 2}.
Next, we define nj,i, i ∈ {0, 1, 2}, as the number of the elements of Vj which are
a–vertices, b–vertices, and c–vertices, respectively to i.

Therefore it holds:

f(V (An)) =

2∑
i=0

(n1,i + 2 · n2,i)

subject to:

(1)

2∑
j=0

nj,i = n, for each i = 0, 1, 2.

Each a-vertex is a neighbour of exactly two a-vertices and two b-vertices.
Since f is a RDF, then each a-vertex from V0 must have at least one neighbour from
V2, so number of a-vertices with zero f value cannot exceed two times of number
of a-vertices with f value equal to two plus two times of number of b-vertices with
f value equal to two, i.e.:

n0,0 ≤ 2 · n2,0 + 2 · n2,1

or equivalently:
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(2) 2 · n2,0 + 2 · n2,1 − n0,0 ≥ 0.

Similarly, each b-vertex is a neighbour of exactly two a-vertices, two b-vertices
and two c-vertices, so we conclude that:

2 · n2,0 + 2 · n2,1 + 2 · n2,2 − n0,1 ≥ 0.

Finally, each c-vertex is a neighbour of exactly two b-vertices, and two c-
vertices, so:

(3) 2 · n2,1 + 2 · n2,2 − n0,2 ≥ 0.

Now, we sum:

� equality (1) for i = 0 multiplied with 2
3 ;

� equality (1) for i = 2 multiplied with 1
3 ;

� inequality (2) multiplied with 2
3

� and inequality (3) multiplied with 1
3 .

Then, we obtain:

(4)
2

3
· n1,0 +

1

3
· n1,2 + 2 · n2,0 + 2 · n2,1 + n2,2 ≥ n.

Since all n1,i, for i = 0, 1, 2 are non-negative integers, then:

f(V (An)) =

2∑
i=0

(n1,i + 2 · n2,i) = n1,0 + n1,1 + n1,2 + 2 · n2,0 + 2 · n2,1 + 2 · n2,2

≥ 2

3
· n1,0 +

1

3
· n1,2 + 2 · n2,0 + 2 · n2,1 + n2,2 ≥ n

then f(V (An)) ≥ n holds, implying γR(An) ≥ n. If n is an even number, then we
have obtained the optimal solution, since in Step 1 we have proved γR(An) ≤ n.

If n is odd, we have two cases:

Case 1. V1 = ∅. In this case, f(V (An)) ≥ |V1|+ 2 · |V2| = 2 · |V2|. Combining
the previous inequality f(V (An)) ≥ n with the facts that n is odd and f(V (An))
is even, we get that f(V (An)) ≥ n+ 1.

Case 2. V1 6= ∅. In this case |V1| = n1,0 + n1,1 + n1,2 > 0. Since n1,0 , n1,1

and n1,2 are integers, we have n1,0 + n1,1 + n1,2 ≥ 1.



The Roman Domination Number of Some Special Classes of Graphs - Convex Polytopes 7

We write the inequality (4) as:

n ≤ 2

3
· n1,0 +

1

3
· n1,2 + 2 · n2,0 + 2 · n2,1 + n2,2

= f(V (An))−
(

1

3
· n1,0 + n1,1 +

2

3
· n1,2 + n2,2

)
= f(V (An))− 1

3
· (n1,0 + n1,1 + n1,2)−

(
2

3
· n1,1 +

1

3
· n1,2 + n2,2

)
≤ f(V (An))− 1

3
· (n1,0 + n1,1 + n1,2)

≤ f(V (An))− 1

3
.

From n ≤ f(V (An))− 1
3 we have f(V (An)) ≥ n+ 1

3 . Since n and f(V (An))
are integers, we have f(V (An)) ≥ n+1⇒ γR(An) ≥ n+1. Since in Step 1 we have
proved that γR(An) ≤ n+ 1 for odd n, it follows γR(An) = n+ 1 for odd n.

3. CONVEX POLYTOPES Rn

The class of the convex polytopes Rn has been introduced by Bača [2]. The convex
polytope Rn is defined as a combination of the graph of a prism and the graph of
an antiprism. More formally, for n ≥ 5, Rn is the graph with the set of vertices:

V (Rn) = {ai, bi, ci|i = 0, ..., n− 1}

and the set of edges:

E(Rn) = {aiai+1, bibi+1, cici+1, aibi, bici, ai+1bi|i = 0, ..., n− 1}.
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Figure 2: The graph of convex polytope Rn
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Theorem 2. For k ≥ 2, γR(R3k) = 4k, γR(R3k+1) = 4k + 2 and γR(R3k+2) ∈
{4k + 3, 4k + 4}, while γR(R5) = 7.

Proof. Step 1. Upper bound

Let function f be defined as in Table 2. In order to prove that f is a RDF,
we consider three possible cases:

Case 1: n = 3k. As it can be seen from the first part of Table 3, each a-vertex
with the index having the remainder 1 or 2 when divided by 3 is adjacent to an
a-vertex with an index divisible by 3. Each b-vertex with the index divisible by 3,
or having the remainder 2 when divided by 3 is a neighbor of an a-vertex with an
index divisible by 3. Further, each b-vertex with the index having the remainder
1 when divided by 3, each c-vertex with the index divisible by 3, or having the
remainder 2 when divided by 3 is adjacent to an c-vertex with the index having the
remainder 1 when divided by 3.

Case 2: n = 3k + 1. From the middle part of Table 3 one can see that each
vertex from V0 has an adjacent vertex from V2. Vertices a0, b0, b3k−1 and c3k are
adjacent to b3k, which is in V2. Similarly to Case 1, considering the remainder of
the vertex index when divided by 3, it can be shown that all other vertices from V0

have an adjacent vertex from V2.

Case 3: n = 3k+2. From the last part of Table 3, one can see that a3k+1, b3k+1

and c0 have two adjacent vertices from V2, while the rest of the vertices from V0

have one adjacent vertex from V2.

Therefore, f formally satisfies RDF requirements.

Table 2: Non-zero values of RDF on Rn

n V2 V1 f(V )
3k {a3i, c3i+1|i = 0, ..., k − 1} ∅ 4k
3k + 1 {c1, b3k} ∪ {a3i, c3i+1|i = 1, ..., k − 1} {a1, a3k−1} 4k + 2
3k + 2 {a3i, c3i+1|i = 0, ..., k} ∅ 4k + 4

Step 2.

Known lower bound

Since ∆(Rn) = deg(bi) = 5, then by applying Proposition 1 we obtain the

lower bound γR(Rn) ≥ 2·|V (Rn)|
1+∆(Rn) = 6·n

6 = n. Combined with the upper bound

obtained in Step 1, we get n ≤ γR(Rn) ≤ 2 · b 2·n
3 + 1

2c. By increasing n, the gap
between these lower and upper bounds is also increasing, so it is needed for the
proof to obtain a lower bound with a smaller gap.

Improved lower bound

Let f be a RDF, represented by (V0, V1,V2). Similarly to the case of convex
polytopes An, we introduce the numbers n0,i, n1,i, n2,i, for i = 0, 1, 2. Therefore,

it holds f(V (Rn)) =
∑2
i=0 (n1,i + 2 · n2,i), subject to:

(5)

2∑
j=0

nj,i = n, for each i = 0, 1, 2.
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Table 3: Roman domination coverage for Rn
n v ∈ V0 V2 ∩N(v) range of i v ∈ V0 V2 ∩N(v) range of i

3k

a3i+1 {a3i} 0 ≤ i ≤ k − 1 a3i+2 {a3i+3} 0 ≤ i ≤ k − 1
b3i {a3i} 0 ≤ i ≤ k − 1 b3i+1 {c3i+1} 0 ≤ i ≤ k − 1
b3i+2 {a3i+3} 0 ≤ i ≤ k − 1 c3i {c3i+1} 0 ≤ i ≤ k − 1
c3i+2 {c3i+1} 0 ≤ i ≤ k − 1

3k + 1

a0 {b3k} a3k {b3k}
a3i+1 {a3i} 1 ≤ i ≤ k − 1 a3i+2 {a3i+3} 0 ≤ i ≤ k − 2
b0 {b3k} b3i {a3i} 1 ≤ i ≤ k − 1
b3i+1 {c3i+1} 0 ≤ i ≤ k − 1 b3i+2 {a3i+3} 0 ≤ i ≤ k − 2
b3k−1 {b3k} c3i {c3i+1} 0 ≤ i ≤ k − 1
c3k {b3k} c3i+2 {c3i+1} 0 ≤ i ≤ k − 1

3k + 2

a3i+1 {a3i} 0 ≤ i ≤ k − 1 a3k+1 {a0, a3k}
a3i+2 {a3i+3} 0 ≤ i ≤ k − 1 b3i {a3i} 0 ≤ i ≤ k
b3i+1 {c3i+1} 0 ≤ i ≤ k − 1 b3k+1 {a0, c3k+1}
b3i+2 {a3i+3} 0 ≤ i ≤ k − 1 c0 {c1, c3k+1}
c3i {c3i+1} 1 ≤ i ≤ k c3i+2 {c3i+1} 0 ≤ i ≤ k − 1

Each a-vertex is a neighbour of exactly two a-vertices and two b-vertices.
Therefore, the total number of a-vertices with zero f value cannot exceed two
times of the number of a-vertices with f value equal to two plus two times of the
number of b-vertices with f value equal to two, i.e.:

(6) 2 · n2,0 + 2 · n2,1 − n0,0 ≥ 0.

Further, each b-vertex is a neighbour of exactly two a-vertices, two b-vertices
and one c-vertex, so we have:

2 · n2,0 + 2 · n2,1 + n2,2 − n0,1 ≥ 0.

Finally, each c-vertex is a neighbour of exactly one b-vertex, and two c-
vertices, so:

(7) n2,1 + 2 · n2,2 − n0,2 ≥ 0.

We sum the following:

� equality (5) for i = 0 multiplied with 2
3 ;

� equality (5) for i = 2 multiplied with 2
3 ;

� inequality (6) multiplied with 2
3

� and inequality (7) multiplied with 2
3 .
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Then, we obtain:

2

3
· n1,0 +

2

3
· n1,2 + 2 · n2,0 + 2 · n2,1 + 2 · n2,2 ≥

4n

3
.

Since all n1,i, for i = 0, 1, 2 are non-negative integers, then:

f(V (Rn)) =

2∑
i=0

(n1,i + 2 · n2,i) = n1,0 + n1,1 + n1,2 + 2 · n2,0 + 2 · n2,1 + 2 · n2,2

≥ 2

3
· n1,0 +

2

3
· n1,2 + 2 · n2,0 + 2 · n2,1 + 2 · n2,2 ≥

4n

3
.

Thus, f(V (Rn)) ≥ 4n
3 holds, implying γR(Rn) ≥ 4n

3 so γR(Rn) ≥ d 4n
3 e holds.

In the case when n = 3k the lower bound is d 4
3 · 3ke = 4k. When n = 3k+ 1,

the lower bound is d 4
3 · (3k + 1)e = d4 · k + 4

3e = 4k + 2. Since lower bounds are
equal to upper bounds obtained in Step 1, we conclude that in these cases, exact
values are determined.

In the case when n = 3k+2 the lower bound d 4
3 ·(3k+2)e = d4·k+ 8

3e = 4k+3
is equal to the upper bound obtained in Step 1 minus one. Therefore, in this case,
we have a gap between the lower and the upper bound that equals 1, and since the
value must be an integer, we have γR(R3k+2) ∈ {4k + 3, 4k + 4}.

Total enumeration was able to obtain exact values for n = 3k + 2 and
|V (Rn)| ≤ 33 in a reasonable time. In those cases, it was interesting to see which
bound was achieved as an exact value. For k = 1, γR(R5) = 7, which represents
the lower bound, while for k = 2, γR(R8) = 12 and for k = 3, γR(R11) = 16, which
represent the upper bound.

4. CONVEX POLYTOPES Tn

A convex polytope Tn, n ≥ 5 is obtained by combination of the graph of
convex polytope Rn and the graph of an antiprism [13]. The explicite definition of
this polytope is given with its set of vertices:

V (Tn) = {ai, bi, ci, di|i = 0, ..., n− 1}
and its set of edges:

E(Tn) = {aiai+1, bibi+1, cici+1, didi+1, aibi, bici, cidi, ai+1bi, ci+1di|i = 0, ..., n− 1}.

Theorem 3. For k ≥ 1, exact values are γR(T8k) = 12k, γR(T8k+2) = 12k + 4,
γR(T8k+3) = 12k+5, γR(T8k+5) = 12k+8, and γR(T8k+6) = 12k+10 and specially,
γR(T5) = 8 and γR(T6) = 10. Moreover, for k ≥ 1, bounds are γR(T8k+1) ∈ {12k+
2, 12k + 3}, γR(T8k+4) ∈ {12k + 6, 12k + 7, 12k + 8}, γR(T8k−1) ∈ {12k − 1, 12k}.
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Figure 3: The graph of convex polytope Tn

Proof. Step 1. Upper bound.

Let function f be defined as in Table 4. As we can see from Table 4, definition
of the function f depends on the remainder obtained by dividing n by 8. In Tables
5–7, for each vertex from V0 we identify its neighbor from V2. In Table 5 we
consider the cases: n = 8k, n = 8k − 1, n = 8k + 1, in Table 6 are analyzed the
cases: n = 8k + 2, n = 8k + 3, n = 8k + 4, and finally in Table 7 are shown two
cases, n = 8k+ 5 and n = 8k+ 6. It should be noticed that in some cases a vertex
from V0 has more than one neighbor from V2.

Table 4: Non-zero values of RDF on Tn

n V2 V1 f(V )
8k, 8k − 1 {a8i, a8i+3, b8i+5, c8i+1, d8i+3, d8i+6|i = 0, ..., k − 1} ∅ 12 · k

8k + 1
{c8k}∪
{a8i+1, a8i+6, b8i+3, c8i+7, d8i+1, d8i+4|i = 0, ..., k − 1} {a8k} 12 · k + 3

8k + 2
{b8k+1, c8k}∪
{a8i+2, a8i+7, b8i+4, c8i, d8i+2, d8i+5|i = 0, ..., k − 1} ∅ 12 · k + 4

8k + 3
{b8k+2, d8k}∪
{a8i+5, a8i+8, b8i+2, c8i+6, d8i, d8i+3|i = 0, ..., k − 1} {a1} 12 · k + 5

8k + 4
{a8k−2, a8k+3, b8k, c8k, d8k+2} ∪ {a8i+7|i = 0, ..., k − 2}∪
{a8i+2, b8i+4, c8i, d8i+2, d8i+5|i = 0, ..., k − 1} ∅ 12 · k + 8

8k + 5
{a8k, b8k+2, d8k, d8k+3}∪
{a8i, a8i+5, b8i+2, c8i+6, d8i, d8i+3|i = 0, ..., k − 1} ∅ 12 · k + 8

8k + 6
{a8k+3, b8k, c8k+4, d8k+1}∪
{a8i+3, a8i+6, b8i, c8i+4, d8i+1, d8i+6|i = 0, ..., k − 1} {a8k+5, d8k+5} 12 · k + 10

Step 2.

Known lower bound

As it was the case with An and Rn, we first consider the lower bound given
by Proposition 1. Since ∆(Tn) = deg(bi) = deg(ci) = 5, consequently γR(Tn) ≥
2 · |V (Tn)|
1 + ∆(Tn)

=
8 · n

6
so
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γR(Tn) ≥
⌈

4 · n
3

⌉
.

It is easy to see that lower bound given by Proposition 1 is strictly less than
the upper bound, so it is needed for the proof to obtain a better bound.

Step 3.

Improved lower bound

Let f be a RDF, represented by (V0, V1,V2). Next, similarly to the cases of
An and Rn, we introduce n0,i, n1,i, n2,i, for i = 0, 1, 2, 3 as the numbers of elements
in V0, V1 and V2 respectively, where the index i is respectively related to a-vertices,
b-vertices, c-vertices and d-vertices. Therefore it holds:

f(V (Tn)) =

3∑
i=0

(n1,i + 2 · n2,i)

subject to:

(8)

2∑
j=0

nj,i = n, for each i = 0, 1, 2, 3.

Each a-vertex is a neighbour of exactly two a-vertices and two b-vertices.
Neither a-vertex is adjacent to any c-vertex or d-vertex. Since f is a RDF, each
a-vertex from V0 must have at least one neighbour from V2, so the number of a-
vertices with zero f value cannot exceed two times the number of a-vertices with
f value equal to 2 plus two times the number of b-vertices with f value equal to 2,
i.e.:

(9) 2 · n2,0 + 2 · n2,1 − n0,0 ≥ 0.

Since every b-vertex is a neighbour of exactly two a-vertices, two b-vertices
and one c-vertex, we have:

(10) 2 · n2,0 + 2 · n2,1 + n2,2 − n0,1 ≥ 0.

Similarly, every c-vertex is a neighbour of exactly one b-vertex, two c-vertices
and two d-vertices, so:

(11) n2,1 + 2 · n2,2 + 2 · n2,3 − n0,2 ≥ 0.

Finally, every d-vertex is a neighbour of exactly two c-vertices and two d-
vertices, so:
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(12) 2 · n2,2 + 2 · n2,3 − n0,3 ≥ 0.

We sum the following:

� equality (8) for i = 0 multiplied with 1
2 ;

� equality (8) for i = 1 multiplied with 1
4 ;

� equality (8) for i = 2 multiplied with 1
4 ;

� equality (8) for i = 3 multiplied with 1
2 ;

� inequality (9) multiplied with 1
2 ;

� inequality (10) multiplied with 1
4 ;

� inequality (11) multiplied with 1
4

� and inequality (12) multiplied with 1
2 .

Then, we have:

(13)
1

2
·n1,0 +

1

4
·n1,1 +

1

4
·n1,2 +

1

2
·n1,3 +2 ·n2,0 +2 ·n2,1 +2 ·n2,2 +2 ·n2,3 ≥

3

2
·n.

Since all n1,i, for i = 0, 1, 2, 3 are non-negative integers, we get:

f(V (Tn)) =

3∑
i=0

(n1,i + 2 · n2,i)

= n1,0 + n1,1 + n1,2 + n1,3 + 2 · n2,0 + 2 · n2,1 + 2 · n2,2 + 2 · n2,3

≥ 1

2
· n1,0+

1

4
· n1,1+

1

4
· n1,2+

1

2
· n1,3+2 · n2,0+2 · n2,1+2 · n2,2+2 · n2,3

≥ 3

2
· n.

Therefore, f(V (Tn)) ≥ 3
2 · n holds, implying γR(Tn) ≥ 3

2 · n. Because γR(Tn)
must be an integer, we have γR(Tn) ≥ d 3

2 · ne.
Now we analyze 8 cases, depending on the remainder obtained when dividing

n by 8.

In the cases n = 8k, n = 8k+3 and n = 8k+5, lower bounds are d 3
2 ·8ke = 12k,

d 3
2 · (8k + 3)e = d12 · k + 9

2e = 12k + 5 and d 3
2 · (8k + 5)e = d12 · k + 15

2 e = 12k + 8
and they are equal to the upper bound given in Step 1. So, we can conclude that
for these cases, exact value of γR(Tn) is obtained.

In the cases n = 8k+ 2 and n = 8k+ 6 lower bounds d 3
2 · (8k+ 2)e = 12k+ 3

and d 3
2 · (8k + 6)e = 12k + 9 are odd, so they can be reached only if V1 6= ∅ i.e.

|V1| ≥ 1, implying |V1| = n1,0 + n1,1 + n1,2 + n1,3 ≥ 1.
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From (13) we have:

3

2
· n ≤ 1

2
· n1,0 +

1

4
· n1,1 +

1

4
· n1,2 +

1

2
· n1,3 + 2 · n2,0 + 2 · n2,1 + 2 · n2,2 + 2 · n2,3

= f(V (Tn))−
(

1

2
· n1,0 +

3

4
· n1,1 +

3

4
· n1,2 +

1

2
· n1,3

)
= f(V (Tn))− 1

2
(n1,0 + n1,1 + n1,2 + n1,3)− 1

4
(n1,1 + n1,2)

≤ f(V (Tn))− 1

2
(n1,0 + n1,1 + n1,2 + n1,3)

≤ f(V (Tn))− 1

2
.

Thus, f(V (Tn)) ≥ 3
2 · n+ 1

2 .

For n = 8k + 2 we have:

f(V (T8k+2)) ≥ 3
2 ·(8k+2)+ 1

2 = 12k+3+ 1
2 . Since f(V (T8k+2)) is an integer,

we get that f(V (T8k+2) ≥ 12k+4 and we now obtain that the lower bound is equal
to the upper. Therefore, γR(T8k+2) = 12k + 4.

For n = 8k + 6 we have:

f(V (T8k+6)) ≥ 3
2 ·(8k+6)+ 1

2 = 12k+9+ 1
2 . Since f(V (T8k+6)) is an integer,

we get that f(V (T8k+6) ≥ 12k+ 10 and we obtain that the lower bound is equal to
the upper in this case. Therefore, we have proved that γR(T8k+6) = 12k + 10.

In the cases n = 8k + 1 and n = 8k − 1, we have that d 3
2 · (8k + 1)e =

d12 · k+ 3
2e = 12k+ 2 , d 3

2 · (8k− 1)e = d12 · k− 3
2e = 12k− 1 , and we have a gap

between lower and upper bounds equal to one.

In the remaining case, n = 8k + 4, d 3
2 · (8k + 4)e = 12k + 6 , we have a gap

that equals two.

Similarly as for Rn, by using the total enumeration, we obtained exact values
γR(T5) = 8, γR(T6) = 10 and γR(T7) = 12.
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Table 5: Roman domination coverage for Tn - part 1
n v ∈ V0 V2 ∩N(v) range of i v ∈ V0 V2 ∩N(v) range of i

8k

a8i+1 {a8i} 0 ≤ i ≤ k − 1 a8i+2 {a8i+3} 0 ≤ i ≤ k − 1
a8i+4 {a8i+3} 0 ≤ i ≤ k − 1 a8i+5 {b8i+5} 0 ≤ i ≤ k − 1
a8i+6 {b8i+5} 0 ≤ i ≤ k − 1 a8i+7 {a8i+8} 0 ≤ i ≤ k − 1
b8i {a8i} 0 ≤ i ≤ k − 1 b8i+1 {c8i+1} 0 ≤ i ≤ k − 1
b8i+2 {a8i+3} 0 ≤ i ≤ k − 1 b8i+3 {a8i+3} 0 ≤ i ≤ k − 1
b8i+4 {b8i+5} 0 ≤ i ≤ k − 1 b8i+6 {b8i+5} 0 ≤ i ≤ k − 1
b8i+7 {a8i+8} 0 ≤ i ≤ k − 1 c8i {c8i+1} 0 ≤ i ≤ k − 1
c8i+2 {c8i+1} 0 ≤ i ≤ k − 1 c8i+3 {d8i+3} 0 ≤ i ≤ k − 1
c8i+4 {d8i+3} 0 ≤ i ≤ k − 1 c8i+5 {b8i+5} 0 ≤ i ≤ k − 1
c8i+6 {d8i+6} 0 ≤ i ≤ k − 1 c8i+7 {d8i+6} 0 ≤ i ≤ k − 1
d8i {c8i+1} 0 ≤ i ≤ k − 1 d8i+1 {c8i+1} 0 ≤ i ≤ k − 1
d8i+2 {d8i+3} 0 ≤ i ≤ k − 1 d8i+4 {d8i+3} 0 ≤ i ≤ k − 1
d8i+5 {d8i+6} 0 ≤ i ≤ k − 1 d8i+7 {d8i+6} 0 ≤ i ≤ k − 1

8k − 1

a8i+1 {a8i} 0 ≤ i ≤ k − 1 a8i+2 {a8i+3} 0 ≤ i ≤ k − 1
a8i+4 {a8i+3} 0 ≤ i ≤ k − 1 a8i+5 {b8i+5} 0 ≤ i ≤ k − 1
a8i+6 {b8i+5} 0 ≤ i ≤ k − 2 a8k−2 {b8k−3, a0}
a8i+7 {a8i+8} 0 ≤ i ≤ k − 2 b8i {a8i} 0 ≤ i ≤ k − 1
b8i+1 {c8i+1} 0 ≤ i ≤ k − 1 b8i+2 {a8i+3} 0 ≤ i ≤ k − 1
b8i+3 {a8i+3} 0 ≤ i ≤ k − 1 b8i+4 {b8i+5} 0 ≤ i ≤ k − 1
b8i+6 {b8i+5} 0 ≤ i ≤ k − 2 b8k−2 {b8k−3, a0}
b8i+7 {a8i+8} 0 ≤ i ≤ k − 2 c8i {c8i+1} 1 ≤ i ≤ k − 1
c0 {c1, d8k−2} c8i+2 {c8i+1} 0 ≤ i ≤ k − 1
c8i+3 {d8i+3} 0 ≤ i ≤ k − 1 c8i+4 {d8i+3} 0 ≤ i ≤ k − 1
c8i+5 {b8i+5} 0 ≤ i ≤ k − 1 c8i+6 {d8i+6} 0 ≤ i ≤ k − 1
c8i+7 {d8i+6} 0 ≤ i ≤ k − 2 d8i {c8i+1} 1 ≤ i ≤ k − 1
d0 {c1, d8k−2} d8i+1 {c8i+1} 0 ≤ i ≤ k − 1
d8i+2 {d8i+3} 0 ≤ i ≤ k − 1 d8i+4 {d8i+3} 0 ≤ i ≤ k − 1
d8i+5 {d8i+6} 0 ≤ i ≤ k − 1 d8i+7 {d8i+6} 0 ≤ i ≤ k − 2

8k + 1

a8i {a8i+1} 0 ≤ i ≤ k − 1 a8i+2 {a8i+1} 0 ≤ i ≤ k − 1
a8i+3 {b8i+3} 0 ≤ i ≤ k − 1 a8i+4 {b8i+3} 0 ≤ i ≤ k − 1
a8i+5 {a8i+6} 0 ≤ i ≤ k − 1 a8i+7 {a8i+6} 0 ≤ i ≤ k − 1
b8i {a8i+1} 0 ≤ i ≤ k − 1 b8k {c8k}
b8i+1 {a8i+1} 0 ≤ i ≤ k − 1 b8i+2 {b8i+3} 0 ≤ i ≤ k − 1
b8i+4 {b8i+3} 0 ≤ i ≤ k − 1 b8i+5 {a8i+6} 0 ≤ i ≤ k − 1
b8i+6 {a8i+6} 0 ≤ i ≤ k − 1 b8i+7 {c8i+7} 0 ≤ i ≤ k − 1
c0 {c8k} c8i {c8i−1} 1 ≤ i ≤ k − 1
c8i+1 {d8i+1} 0 ≤ i ≤ k − 1 c8i+2 {d8i+1} 0 ≤ i ≤ k − 1
c8i+3 {b8i+3} 0 ≤ i ≤ k − 1 c8i+4 {d8i+4} 0 ≤ i ≤ k − 1
c8i+5 {d8i+4} 0 ≤ i ≤ k − 1 c8i+6 {c8i+7} 0 ≤ i ≤ k − 1
d8i {d8i+1} 0 ≤ i ≤ k − 1 d8k {c8k}
d8i+2 {d8i+1} 0 ≤ i ≤ k − 1 d8i+3 {d8i+4} 0 ≤ i ≤ k − 1
d8i+5 {d8i+4} 0 ≤ i ≤ k − 1 d8i+6 {c8i+7} 0 ≤ i ≤ k − 1
d8i+7 {c8i+7} 0 ≤ i ≤ k − 2 d8k−1 {c8k−1, c8k}
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Table 6: Roman domination coverage for Tn - part 2
n v ∈ V0 V2 ∩N(v) range of i v ∈ V0 V2 ∩N(v) range of i

8k + 2

a0 {b8k+1} a8i {a8i−1} 1 ≤ i ≤ k
a8i+1 {a8i+2} 0 ≤ i ≤ k − 1 a8k+1 {b8k+1}
a8i+3 {a8i+2} 0 ≤ i ≤ k − 1 a8i+4 {b8i+4} 0 ≤ i ≤ k − 1
a8i+5 {b8i+4} 0 ≤ i ≤ k − 1 a8i+6 {a8i+7} 0 ≤ i ≤ k − 1
b0 {b8k+1, c0} b8i {c8i} 1 ≤ i ≤ k − 1
b8k {b8k+1, c8k} b8i+1 {a8i+2} 0 ≤ i ≤ k − 1
b8i+2 {a8i+2} 0 ≤ i ≤ k − 1 b8i+3 {b8i+4} 0 ≤ i ≤ k − 1
b8i+5 {b8i+4} 0 ≤ i ≤ k − 1 b8i+6 {a8i+7} 0 ≤ i ≤ k − 1
b8i+7 {a8i+7} 0 ≤ i ≤ k − 1 c8i+1 {c8i} 0 ≤ i ≤ k − 1
c8k+1 {c0, c8k, b8k+1} c8i+2 {d8i+2} 0 ≤ i ≤ k − 1
c8i+3 {d8i+2} 0 ≤ i ≤ k − 1 c8i+4 {b8i+4} 0 ≤ i ≤ k − 1
c8i+5 {d8i+5} 0 ≤ i ≤ k − 1 c8i+6 {d8i+5} 0 ≤ i ≤ k − 1
c8i+7 {c8i+8} 0 ≤ i ≤ k − 1 d8i {c8i} 0 ≤ i ≤ k
d8i+1 {d8i+2} 0 ≤ i ≤ k − 1 d8k+1 {c0}
d8i+3 {d8i+2} 0 ≤ i ≤ k − 1 d8i+4 {d8i+5} 0 ≤ i ≤ k − 1
d8i+6 {d8i+5} 0 ≤ i ≤ k − 1 d8i+7 {c8i+8} 0 ≤ i ≤ k − 1

8k + 3

a0 {b8k+2} a8i+1 {a8i} 1 ≤ i ≤ k
a8i+2 {b8i+2} 0 ≤ i ≤ k a8i+3 {b8i+2} 0 ≤ i ≤ k − 1
a8i+4 {a8i+5} 0 ≤ i ≤ k − 1 a8i+6 {a8i+5} 0 ≤ i ≤ k − 1
a8i+7 {a8i+8} 0 ≤ i ≤ k − 1 b8i {a8i} 1 ≤ i ≤ k
b0 {b8k+2} b8i+1 {b8i+2} 0 ≤ i ≤ k
b8i+3 {b8i+2} 0 ≤ i ≤ k − 1 b8i+4 {a8i+5} 0 ≤ i ≤ k − 1
b8i+5 {a8i+5} 0 ≤ i ≤ k − 1 b8i+6 {c8i+6} 0 ≤ i ≤ k − 1
b8i+7 {a8i+8} 0 ≤ i ≤ k − 1 c8i {d8i} 0 ≤ i ≤ k
c8i+1 {d8i} 0 ≤ i ≤ k c8i+2 {b8i+2} 0 ≤ i ≤ k
c8i+3 {d8i+3} 0 ≤ i ≤ k − 1 c8i+4 {d8i+3} 0 ≤ i ≤ k − 1
c8i+5 {c8i+6} 0 ≤ i ≤ k − 1 c8i+7 {c8i+6} 0 ≤ i ≤ k − 1
d8i+1 {d8i} 0 ≤ i ≤ k d8i+2 {d8i+3} 0 ≤ i ≤ k
d8i+4 {d8i+3} 0 ≤ i ≤ k − 1 d8i+5 {c8i+6} 0 ≤ i ≤ k − 1
d8i+6 {c8i+6} 0 ≤ i ≤ k − 1 d8i+7 {d8i+8} 0 ≤ i ≤ k − 1

8k + 4

a0 {a8k+3} a8i {a8i−1} 1 ≤ i ≤ k − 1
a8k {b8k} a8i+1 {a8i+2} 0 ≤ i ≤ k − 1
a8k+1 {b8k} a8k+2 {a8k+3}
a8i+3 {a8i+2} 0 ≤ i ≤ k − 1 a8i+4 {b8i+4} 0 ≤ i ≤ k − 1
a8i+5 {b8i+4} 0 ≤ i ≤ k − 2 a8k−3 {a8k−2, b8k−4}
a8i+6 {a8i+7} 0 ≤ i ≤ k − 2 a8k−1 {a8k−2}
b8i {c8i} 0 ≤ i ≤ k − 1 b8i+1 {a8i+2} 0 ≤ i ≤ k − 1
b8k+1 {b8k} b8i+2 {a8i+2} 0 ≤ i ≤ k − 1
b8k+2 {a8k+3} b8i+3 {b8i+4} 0 ≤ i ≤ k − 1
b8k+3 {a8k+3} b8i+5 {b8i+4} 0 ≤ i ≤ k − 1
b8i+6 {a8i+7} 0 ≤ i ≤ k − 2 b8k−2 {a8k−2}
b8i+7 {a8i+7} 0 ≤ i ≤ k − 2 b8k−1 {b8k}
c8i+1 {c8i} 0 ≤ i ≤ k c8i+2 {d8i+2} 0 ≤ i ≤ k
c8i+3 {d8i+2} 0 ≤ i ≤ k − 1 c8k+3 {c0, d8k+2}
c8i+4 {b8i+4} 0 ≤ i ≤ k − 1 c8i+5 {d8i+5} 0 ≤ i ≤ k − 1
c8i+6 {d8i+5} 0 ≤ i ≤ k − 1 c8i+7 {c8i+8} 0 ≤ i ≤ k − 1
d8i {c8i} 0 ≤ i ≤ k d8i+1 {d8i+2} 0 ≤ i ≤ k
d8i+3 {d8i+2} 0 ≤ i ≤ k − 1 d8k+3 {d8k+2, c0}
d8i+4 {d8i+5} 0 ≤ i ≤ k − 1 d8i+6 {d8i+5} 0 ≤ i ≤ k − 1
d8i+7 {c8i} 0 ≤ i ≤ k − 1
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Table 7: Roman domination coverage for Tn - part 3
n v ∈ V0 V2 ∩N(v) range of i v ∈ V0 V2 ∩N(v) range of i

8k + 5

a8i+1 {a8i} 0 ≤ i ≤ k a8i+2 {b8i+2} 0 ≤ i ≤ k
a8i+3 {b8i+2} 0 ≤ i ≤ k a8i+4 {a8i+5} 0 ≤ i ≤ k
a8i+6 {a8i+5} 0 ≤ i ≤ k − 1 a8i+7 {a8i+8} 0 ≤ i ≤ k − 1
b8i {a8i} 0 ≤ i ≤ k b8i+1 {b8i+2} 0 ≤ i ≤ k
b8i+3 {a8i+2} 0 ≤ i ≤ k b8i+4 {a8i+5} 0 ≤ i ≤ k
b8i+5 {a8i+5} 0 ≤ i ≤ k − 1 b8i+6 {c8i+6} 0 ≤ i ≤ k − 1
b8i+7 {a8i+8} 0 ≤ i ≤ k − 1 c8i {d8i} 0 ≤ i ≤ k
c8i+1 {d8i} 0 ≤ i ≤ k c8i+2 {b8i+2} 0 ≤ i ≤ k
c8i+3 {d8i+3} 0 ≤ i ≤ k c8i+4 {d8i+3} 0 ≤ i ≤ k
c8i+5 {c8i+6} 0 ≤ i ≤ k − 1 c8i+7 {c8i+6} 0 ≤ i ≤ k − 1
d8i+1 {d8i} 0 ≤ i ≤ k d8i+2 {d8i+3} 0 ≤ i ≤ k
d8i+4 {d8i+3} 0 ≤ i ≤ k d8i+5 {c8i+6} 0 ≤ i ≤ k − 1
d8i+6 {c8i+6} 0 ≤ i ≤ k − 1 d8i+7 {d8i+8} 0 ≤ i ≤ k − 1

8k + 6

a8i {b8i} 0 ≤ i ≤ k a8i+1 {b8i} 0 ≤ i ≤ k
a8i+2 {a8i+3} 0 ≤ i ≤ k a8i+4 {a8i+3} 0 ≤ i ≤ k
a8i+5 {a8i+6} 0 ≤ i ≤ k − 1 a8i+7 {a8i+6} 0 ≤ i ≤ k − 1
b8i+1 {b8i} 0 ≤ i ≤ k b8i+2 {a8i+3} 0 ≤ i ≤ k
b8i+3 {a8i+3} 0 ≤ i ≤ k b8i+4 {c8i+4} 0 ≤ i ≤ k
b8i+5 {a8i+6} 0 ≤ i ≤ k − 1 b8k+5 {b0}
b8i+6 {a8i+6} 0 ≤ i ≤ k − 1 b8i+7 {b8i+8} 0 ≤ i ≤ k − 1
c8i {b8i} 0 ≤ i ≤ k c8i+1 {d8i+1} 0 ≤ i ≤ k
c8i+2 {d8i+1} 0 ≤ i ≤ k c8i+3 {c8i+4} 0 ≤ i ≤ k
c8i+5 {c8i+4} 0 ≤ i ≤ k c8i+6 {d8i+6} 0 ≤ i ≤ k − 1
c8i+7 {d8i+6} 0 ≤ i ≤ k − 1 d8i {d8i+1} 0 ≤ i ≤ k
d8i+2 {d8i+1} 0 ≤ i ≤ k d8i+3 {c8i+4} 0 ≤ i ≤ k
d8i+4 {c8i+4} 0 ≤ i ≤ k d8i+5 {d8i+6} 0 ≤ i ≤ k − 1
d8i+7 {d8i+6} 0 ≤ i ≤ k − 1

5. CONCLUSIONS

In this paper we have studied Roman domination problem of convex polytopes
An, Rn and Tn. We found closed formulas for all An, n ≥ 5, for Rn, n ≥ 5, if n
is not congruent to 2 (mod 3) and Tn, n ≥ 5, where n is congruent to x (mod
8), where x ∈ {0, 2, 3, 5, 6}. For the remaining cases, i.e. R3k+2, T8k+1, T8k+4 and
T8k−1, we improved the lower bound from the literature and found new upper and
lower bounds. We proved that the gap between the bounds is 1 in all cases, with
the exception of the case of T8k+4, where the gap is 2.

Future work can be continued in terms of determination of Roman domination
numbers for some other challenging classes of graphs. The other promising direction
for future work is solving some other graph invariants on convex polytopes.
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8. V. Currò: The Roman domination problem on grid graphs. Università di Catania,
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