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VERSIONS OF EBERLEIN-SMULIAN AND
AMIR-LINDENSTRAUSS THEOREMS IN THE
FRAMEWORK OF CONDITIONAL SETS

José M. Zapata

Based on conditional set theory, we study conditional weak topologies, ex-
tending some well-known results to this framework and culminating with the
proof of conditional versions of Eberlein-Smulian and Amir-Lindenstrauss
theorems. In pursuing this aim, we prove conditional versions of Baire Cat-
egory theorem and Uniform Boundedness Principle.

1. INTRODUCTION

This paper is a sequel of the manuscript [9]. There, S. DRAPEAU, A. JAM-
NESHAN, M. KARLICZEK and M. KUPPER succeeded in creating a new formal
language together with constructive methods, which provide an alternative to clas-
sical measurable selection arguments. On this basis, they managed to draw many
basic results from real analysis, employing a formulation that, roughly speaking,
consistently depends on the elements of a measure algebra associated to a o-finite
measure space, or more in general, of a complete Boolean algebra. This method
allows to deal with dynamic settings in which there exists a consistent flow of in-
formation. These types of problems frequently arise in mathematical finance. For
instance, dynamic measurement of risk has gained an increasing importance in the
recent literature cf.[3, 7, 12, 14, 20]. This is because, unlike the static case, it
gives a precise and consistent measurement of the risk of financial positions over
time, taking into account the arrival of new information throughout the strategy
of risk management.

In mathematical finance, many results, specifically robust representation re-
sults of risk measures or monetary utility functions (i.e. the negative value of a
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risk measure), rely on weak and weak-x compactness theorems cf.[5, 13, 28]. In
particular, we find that those results which link weak or weak-* compactness to
convergence of sequences are extremely useful, since weak and weak-* topologies
generally lack a countable neighborhood base of 0. For example, a theorem in this
direction, which is considered one of the deepest theorems in the study of weak
topologies, is the classical Eberlein-Smulian theorem, which states that a subset of
a normed space is weakly compact if, and only if, it is weakly sequentially com-
pact. Regarding the weak-* topology, another deep result is the so-called Amir-
Lindenstrauss theorem. This result states that, for a weakly compactly generated
Banach space F (i.e. F is spanned by a weakly-x compact, convex and balanced
subset), its dual unit ball Bg+ turns out to be weakly-* sequentially compact.

It is for this reason that results which relate weak or weak-x compactness
to convergence of sequences have applications at the core of the theory of rep-
resentation of risk measures or monetary utility functions. For instance, the so-
called Jouini-Schachermayer-Touzi theorem (see [5, Theorem 24]) is a robust rep-
resentation theorem for convex risk measures defined on L, the set of (classes of
equivalence) of bounded measurable functions in some underlying probability space
(Q, F, P). This theorem states that a convex risk measure p : L™ — R, with some
mild continuity condition called Fatou property, satisfies that for each x € L*
there is a probability @ such that p(z) = Eg[—z] + ¢(Q) if, and only if, the sub-
level set Vi, = {Q; ¢(Q) < k} is weakly compact in L! (with the identification of
the probability measure and the Radon-Nikodym derivative dQ/dP € L'). Then,
Eberlein-Smulian theorem is used for proving the sufficiency of the last condition;
in this case, a sequence contained in the weakly compact subset Vj, is considered,
and then a convergent subsequence is taken. In [25] the Eberlein-Smulian theorem
is used to prove that, for a convex law determined risk measure p : L™ — R, a
weak form of mixture continuity is equivalent to robustness (see [25, Proposition
2.7]). Another example is [28], where a perturbed version of the classical weak
compactness James’ theorem is proved with the aim of providing a generalization
of Jouini-Schachermayer-Touzi theorem for Orlicz spaces. In this work, Eberlein-
Smulian has a key role (see for instance proofs of Theorem 1 and Lemma 4 of
[28]).

Thereby, the aim of this paper is to provide a solid study of weak and weak-%
compactness in a conditional setting, which can give rise to results in the study
of dynamic risk measures. We study some basic results of functional analysis un-
der this approach. For instance, conditional versions of Baire Category theorem
and Uniform Boundedness Principle are provided, as well as conditional versions
of Goldstine’s theorem and other basic results on weak topologies. We finally cul-
minate with the proofs of the main results of this paper. Namely, we will test that
the statements of the classical Eberlein-Smulian and Amir-Lindenstrauss theorems
naturally extend to the conditional setting. Being more concrete, the conditional
version of Eberlein-Smulian theorem states that a conditional subset of a condition-
ally normed space is conditionally weakly compact if, and only if, it is conditionally
weakly sequentially compact, and the conditional version of Amir-Lindenstrauss
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theorem claims that, if a conditional Banach space is conditionally spanned by a
conditionally weakly-* compact, conditionally convex and conditionally balanced
subset, then its conditional dual unit ball is conditionally weakly-* sequentially
compact.

The paper is structured as follows: in Section 2 we first provide some prelim-
inaries, recall the main notions of the conditional set theory, and fix the notation
of the paper. Section 3 is devoted to prove some basic results of functional analy-
sis. Finally, in Section 4 we prove the conditional versions of Eberlein-Smulian and
Amir-Lindenstrauss theorems.

2. PRELIMINARIES AND NOTATION

Let (A,V,A,°,0,1) be a complete Boolean algebra, which will be the same
throughout this paper. For instance, we can think of the complete Boolean algebra
A —called measure algebra— obtained by identifying two events in a probability
space (2, F, P) if, and only if, the symmetric difference of which is P-negligible.

For the convenience of the reader, let us fix some notation. Given a family
{a;}icr in A, its supremum is denoted by V;ecra; and its infimum by A;ecra;. For
a € A we define the set of partitions of a, which is given by

pla) == {{ai}ier CA; a=Va;, a;Na; =0, foralli+#j,4,j €I}
Note that we allow a; = 0 for some ¢ € I. We also denote by
A, ={be A; b<a}

the trace of A on a, which is a complete Boolean algebra as well.
Let us recall the notion of conditional set:

Definition 2.1 ([9, Definition 2.1]). Let E be a non-empty set and let A be a
complete Boolean algebra. A conditional set of E and A is a collection E of objects
zla for x € E and a € A satisfying the following three azioms:

1. if z,y € F and a,b € A with x|a = y|b, then a = b;

2. (Consistency) if x,y € E and a,b € A with a < b, then z|b = y|b implies
zla = yla;

3. (Stability) if {ai}ier € p(1) and {x;}icr C E, then there exists a unique x € E
such that x|a; = x;|a; for alli € I.

The unique element x € E provided by 3, is called the concatenation of the
Jamily {x;} along the partition {a;}, and is denoted by > xla;, or > xila;.

iel
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In what follows, we recall the basic notions of conditional set theory and the
notation that will be employed throughout this paper, which is essentially the same
as [9] with a few exceptions that will be explained. Since the theory of conditional
sets is an extensive theoretical development, there is no room to give a detailed
review of all the notions. For this reason, in many cases we will just mention some
concepts with an exact reference to the original definition in [9].

Let us start by recalling an important example of a conditional set, which is
referred to as the conditional set of step functions of a non-empty set X. Namely,
for a given non-empty set X, the conditional set E of step functions of X is a

collection of objects z|a where ¢ € A and z is a formal sum = = Zxﬂai with

{a;} € p(1) and z; € X for all i. We do not give the formal construction; instead,
we refer the reader to 5 of [9, Examples 2.3].

As particular cases, when either X = N or X = Q, we obtain the conditional
natural numbers N, or the conditional rational numbers Q, respectively. Likewise,
we have the generating sets, which are given by:

N = {Znﬂai; n; €N, {a;} € p(l)} and Q) = {Zqilai s qi € Q, {ai} Ep(l)}-

Definition 2.2 ([9, Definition 2.5]). Let E be a conditional set of a non-empty set
E. A non-empty subset F' of E is called stable if

F = {Z xila; 5 {ai} € p(1), z; € F for all z}
S(E) stands for the set of all stable subsets F' of E.

The stable hull of a non-empty subset F of E is introduced in [9] as

s(F) := {Zxﬂai ; {a;} € p(1), x; € F for all i},

which is the smallest stable subset containing F.
It is known from [9] that every set F' € S(E) generates a conditional set

F:={z|la;x € F,ac A}.

Given a conditional set E, P(E) denotes the collection of all conditional sets
F generated by ' € S(E), and the conditional power set is defined by

PE) ={Fla={z|b;x € F,b<a}; Fe P(E), a € A},

which is a conditional set of P(E) (see [9, Definition 2.7]).

DRAPEAU et al. [9] also observed that every element F|a is a conditional set
of Fla := {z|a; x € F} and A,, with the conditioning (z|a)|b := z|b for b < a.
Such conditional sets are called conditional subsets of E. In particular, we have
E|0, which will be referred to as null conditional set.
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Definition 2.3 ([9, Definition 2.8]). Suppose that E and F are conditional sets
of E, A and F,B, respectively. Then, F is said to be conditionally included, or
conditionally contained, in E if B = A, for some a € A and F = Hja for some
H € P(E). In that case, we use the notation F T E, and we say that F is a
conditional subset of E on a.

As in [9], the notation F or F|a will be chosen depending on the context.

DRAPEAU et al. [9] pointed out that T is a partial order on P(E) with
greatest element E = E|1 and least element E|0. In fact, we see that C is the
classical set inclusion for elements of P(E).

For any non-empty subset F' of E, we denote by s(F') the conditional subset
generated by the stable hull of F.

For a given x € E, we employ the notation x for the object z|1. Such an
element will be called conditional element of E.! Since F|a is a conditional set of
Fla, a conditional element of F|a is an elements of the form x|a with € F, which
is denoted by x|a. In general, if we choose the notation F for a conditional subset,
we use the notation x € F for its conditional elements.

From time to time, some conditional subsets will be required to be defined
by describing their conditional elements. For instance, suppose that ¢ is a certain
statement which can be true of false for the conditional elements of E. Also, assume
that the statement ¢ is true for at least a conditional element xy € E. Since the
family {x € E; ¢(x) is true} is not generally a conditional set, we employ the
following formal set-builder notation for conditional subsets:

[x € E; ¢(x) is true] := s ({x; ¢(x) is true}).

Note that the stable hull of a subset L of F can be defined only if L is non-
empty. For this reason we supposed ¢ to be true for some conditional element of
E.

We also have operations for conditional subsets of a conditional set E. Namely,
we have the conditional union, the conditional intersection, and the conditional
complement, which are denoted by L, M and &, respectively. We do not include
the construction; instead, we refer to the proof of [9, Theorem 2.9]. Moreover,
(P(E),U,n, 5, E,E|0) is a complete Boolean algebra (see [9, Corollary 2.10]).

Definition 2.4 ([9, Definition 2.17]). Let E, F be conditional sets. A function
f+E— F is said to be stable if

f(in|ai) = Zf(xiﬂai, for all {a;} € p(1) and every family {x;} C E.

IDRAPEAU et al. [9] introduced the notion of conditional element in a different way. Namely,
every « € E defines a conditional subset {z|a; a € A}. Due to consistency, there is a bijection
between the collection of these conditional subsets and the collection of objects z|1 with z € E,
therefore we can rewrite a new definition of conditional element x as the object z|1. By doing so,
we obtain that a conditional element is in fact an element of E, and we can use the convenient
notation x € E, which is not valid for the notion introduced in [9].
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A conditional subset Gy of E m F on 1 is the graph of a conditional function
f+ E— F if Gy is the graph of a stable function f: E — F.
For x € E, we define f(x) := f(x)|1.
For Ala C E its conditional image is defined by f(Ala) := [f(x); x € A]|a.
For B|b C F the conditional preimage is f ' (B|b) = Ulc, where

c:=V{a;a<b;3Ixe€E, yecUsuchthat f(z)la =yla},

Uw={z€E; eV, flx)lc=ylc}.

A conditional function f: E — F is conditionally injective if for every pair x,x' € E
with xz|a # 2'|a for all a # 0 it holds that f(x)la # f(a')|a for all a # 0; it is
conditionally surjective if f is surjective; and it is conditionally bijective if it is
conditionally injective and conditionally surjective.

The notions of conditionally countable and conditionally finite conditional
subset are introduced in [9, Definition 2.23].

Other relevant notions are the concepts of stable family and conditional family
(we refer to [9, Definition 2.20]).

The conditional Cartesian product is introduced in [9, Definition 2.14]. For
a given non-empty family {E;};c; of conditional sets of E; and A, we denote their
conditional product as follows:

MielEi = {(:vi|a)i61; r; € By foralliel, a€ A}

For a finite family of conditional sets, the conditional product will be denoted
by E1 X - x E,.
For two conditional sets E,I, DRAPEAU et al. [9] defined

E' := [{xi}ier; {xi}ier is a conditional family of conditional elements of E] .

Let us introduce the following version of the conditional Cartesian product
for conditional families of conditional sets, which is based on the conditional axiom
of choice (see [9, Theorem 2.26]) and will be used in some point of this paper.
Namely, let E be a conditional set and {E;}ic1 a conditional family of conditional
subsets of E, we define

it Ei = |{xi} € (.I_IIEi)I ; x; € E; foreachieIf.
1€

We also have the notions of conditional binary relation, conditional direction,
conditional partial order and conditional total order (see [9, Definition 2.15]). Fur-
ther, following [9], for a conditional partially ordered set (E, <), conditional upper
(resp. lower) bounds and conditional supremums (resp. infimums) are defined as
the corresponding notions for classical partially ordered sets. As particular case,
we have that a conditional total order < can be defined on the conditional rational
numbers Q (see 1 of [9, Examples 2.16]).
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Definition 2.5 ([9, Example 2.21]). A conditional family {x;}icr of conditional
elements of E, with (I, <) a conditional direction, is called a conditional net. If
I= N, a conditional family {x,} is called a conditional sequence.

Suppose that {xn} and {y,} are conditional sequences. Then, {y,} is said to
be a conditional subsequence of {xn} if there exists a conditional sequence {ng} in
N, for which k< K implies that ny, < mj,, such that y, = @y, for all k€ N.

Let us list more relevant notions. For saving space, we refer the reader to [9]
as follows:

We have conditional topologies (and conditional topological spaces), condi-
tionally open sets, conditionally closed sets and conditional topological bases (see [9,
Definition 3.1]); the notions of conditional interior and conditional closure (see [9,
Definition 3.3)); conditional neighborhoods and conditional bases of neighborhoods
(see [9, Definition 3.4]); conditionally continuous functions between conditional
topological spaces (see [9, Definition 3.8]).

We also say that a conditional function f : E — F between conditional
topological spaces is conditionally open, if f(O) is conditionally open in F whenever
O is conditonally open in E. Further, f is a conditional homeomorphism if it is
conditionally bijective, conditionally continuous and conditionally open.

Let (E,T) be a conditional topological space, and let F be a conditional
subset of E, then FT, or simply F, stands for the conditional closure of F.

In [9] the following notions are also introduced:

Definition 2.6. Let (E,T) be a conditional topological space. A conditional subset
F C E is conditionally dense if F = E. If E has a conditionally countable subset F
which is also conditionally dense, then E is called conditionally separable.

Also, a notion which will be key in this paper is the following:

Definition 2.7 ([9, Definition 3.24]). A conditionally topological space (E,T) is
conditionally compact if for every conditional family { O;}icr of conditionally open
conditional subsets such that E = UQ;, there exists a conditionally finite subset F
of I such that E= U O;.
icF
It is also important to recall the following notions:

Definition 2.8 (]9, Definition 3.19]). Let (E, T) be a conditional topological space,
{xi} a conditional net and x € E. Then

1. x is a conditional limit point of {x;} if for every conditional neighborhood U
of x there exists j such that x; € U for all 1> j;

2. x is a conditional cluster point of {x;} if for every conditional neighborhood
U of x and every 1 there exists j > © such that x; € U.

If x is the unique conditional limit point of {x;}, we say that {x;} is condi-
tionally convergent, and it conditionally converges to x. We write lim x; = x.
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Definition 2.9. A conditionally topological space (E,T) is conditionally sequen-
tially compact if every conditional sequence in E has a conditional subsequence with
a conditional limit point.?

The conditional real numbers are introduced in [9], with a construction of a
conditionally totally ordered field (R, +, -, <) which is conditionally Dedekind com-
plete; Q is conditionally included in R; and the conditional sum, conditional prod-
uct and conditional order of R extend the conditional sum, conditional product
and conditional order of Q, respectively (see Definitions 4.1 and 4.3 of [9] for ter-
minology, and 2 of Examples 4.2 for reviewing the construction).

We use the following notation:

Rt:=rcR;r>0], R*":=rcR;r>0].

Also, for r € R, let us put a := V{b € A; r|b € [0]-} and s := l|a + 0]a®. We
T
define the conditional inverse of r as r~! := s|1.
DRAPEAU et al. [9] provided the definitions of conditional metric and condi-

tional metric space (see [9, Definition 4.5]). Also, the notion of conditional topology
induced by a conditional metric is introduced, which is conditionally Hausdorff.

Given a conditional metric space (E,d), a conditional sequence {xy,} in E is
conditionally Cauchy, if for each r € R there exists n € N such that d(xp,Xxq) <
r for all p,q > n. (E,d) is said to be conditionally complete if every conditionally
Cauchy sequence has a conditional limit.

We focus our study on conditional vector spaces (see [9, Definition 5.1]).
Given a conditional vector space E, we denote by

supp(E) := V{a € A; Iz|a € E, z|a € [0]}

the support of E. For the sake of simplicity and without loss of generality, we assume
hereafter that the support of every conditional vector space considered is 1.

Likewise, for x € E we define its support, which is denoted by supp(x) :=
V{a € A; z|a € [0]F-}.

In [9] we can find the definition of conditional subspace (see [9, Definition
5.1]). Also, the following notation is introduced: let E be a conditional vector

space, and let n € N with n = Zni|ai, {a;} € p(1), and n; € N for all i; and

conditionally finite families {rk}1<k<n C R and {xx}1<k<n C E. We define

n;
E nxxyx = r, where r := E ( rk:vk>|ai.
1

1<k<n i€l Nk=

2In [9], in the context of conditional metric spaces, the notion of conditionally sequential
compactness is introduced in terms of conditional cluster points instead of in terms of limit points.
However, in the context of conditional metric spaces, both definitions turn out to equivalent. In
fact, in [9] this equivalence is implicitly assumed. For instance, in (iii) implies (iv) of Theorem
4.6 of [9], it is supposed that a conditional sequence has a conditionally convergent subsequence,
provided that the conditional space is conditionally sequentially compact.
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Also, for a conditional subset F of E, in [24] it is defined

spang F := [ Z ngXg ; {Xk}1<k<n C E, {rx}1<k<n C R, n € N|.
1<k<n

Definition 2.10 ([9, Definition 5.1]). Suppose that F is a conditional subset of a
conditional vector space E. Then F is said to be:

1. conditionally convez if rey + (1 — 7)xz € U for @, 23 € U and r € R, with
0<r<i1,

2. conditionally absorbent if for every x € E, there is an v € R™ such that
z e rU;

3. conditionally balanced if re € U for x € U and v € R with |r| < 1.

Definition 2.11 (]9, Definition 5.4]). Let E[T] be a conditional topological space.
The conditional topology T is said to be conditionally locally convex if there is a
conditional neighborhood base U of 0 € E such that each U € U on 1 is conditionally
convex. In this case, E[T] is called a conditional locally convex space.

An example of a conditional locally convex space is a conditionally normed
space (see [9, Definition 5.11]). If (E, || -||) is a conditionally normed space, then the
conditional norm defines a conditional metric d(x,y) := ||x — y||, which induces a
conditional topology. A conditionally normed space which is conditionally complete
is called a conditional Banach space. For instance, (R, |-|) is a conditional Banach
space.

In some points of this paper, we use conditionally infinite sums or conditional
series. Namely, if {x,} is a conditional sequence in a conditionally normed space

(E, || ]1), we define the conditional sequence {s,} which is given by sp := > Xu.

1<k<n
We write
Z Xk := lim s,, provided the conditional limit exists.
k>1
For a given conditionally normed space (E, || - ||), we denote by

B:(x):=[ycE; [x—y| <1]

the conditional ball of radius r € R centered at x € E. We also denote by
Bg =[x € E; ||x|| < 1] the conditional unit ball of E. Similarly, Sg stands for the
conditional unit sphere, i.e. Sg:=[x € E; x| =1].

DRAPEAU et al. [9] also introduced the notion of conditionally linear function
between conditional vector spaces (see [9, Definition 5.1]).

Let E, F be conditional normed spaces. We define

L(E,F) :=[T:E — F; T conditionally linear continuous].
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Then, it is proved in a similar manner to the classical case that
|T|| := sup [[|T(x)]; x € Bg] =sup [|T(x); x € Sg]

defines a conditional norm on L(E,F). Moreover, inspection shows that if F is
conditionally Banach, then L(E, F) is conditionally Banach.

The particular case of F = R is introduced in [9]. We can consider the
conditional topological dual space defined by E* := L(E, R), which is conditionally
Banach as R is conditionally complete.

The following notion will be needed later:

Definition 2.12. A conditional subset D of E* on 1, is said to be conditionally
total if for each x € E such that *(x) = 0 for all * € D it holds that x = 0.

We also recall the conditional versions of Hahn-Banach type extension and
separation theorems proved in [9]:

Theorem 2.1 ([9, Theorem 5.3]). Let E be a conditionally vector space, p: E — R
a conditionally convex function, F a conditional subspace of E, and xf, € F* such
that =5 (y) < p(y) for every y € F. Then there exists €* € E* such that *(x) < p(x)
for every x € E and z*(y) = x(y) for all y € F.

Theorem 2.2 ([9, Theorem 5.5]). Let E be a conditional locally convex space, and
let C, D be two conditional convex sets of E on 1, such that CN D = E|0. Then:

1. If C is conditionally open, then there exists " € E* such that *(x) < =*(y)
for every (x,y) € C x D.

2. If C s conditionally compact and D conditionally closed, then there exist
x* € E and r€ R such that =" (x) + r < = (y) for every (z,y) € C x D.

Finally, let us give some comments on conditionally finitely generated vector
spaces which will be needed later:

Definition 2.13. A conditional vectorial space F is finitely generated is there exists
a conditionally finitely subset [z ; 1 < k< n] of E such that E = spang[zi; 1 <
k<mn.

A conditional version of Heine-Borel theorem (see [24, Theorem 5.5.8]) was

proved for the conditional normed space R® := RIKEN: 1<k<n]

The Proposition below shows that this result is still valid for conditionally
finitely generated normed spaces. This is not surprising, hence the proof has been
placed in an appendix at the end of this paper (see Proposition 5.6):

Proposition 2.1. Let (E,| - ||) be conditionally normed space which is also con-
ditionally finitely generated. Then, every conditionally bounded and conditionally
closed subset K of E is conditionally compact.
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3. CONDITIONAL VERSIONS OF SOME BASIC RESULTS OF
FUNCTIONAL ANALYSIS

In this section we show conditional versions of well-known results of classical
functional analysis, which will be needed to prove the main results.

3.1. Conditional versions of Baire Category theorem and Uniform Bound-
edness Principle

Theorem 3.3 (Conditional version of Baire Category theorem). Suppose that a
conditionally complete metric space (E, d) is the conditional union of a condition-
ally countable family {Ep}nen of conditionally closed subsets, then there exist a
conditional ball By(xz) on 1 and n € N such that By(x) C En.

Proof. Suppose that E = UyeNEy, and define
d:=V{a€ A; there exists By(x)|a C Eyn for somen € Nandre R**}.

We claim that d is attained. Indeed, let us choose some family {a;} C A with
d = Va; and such that for each j there exist r; € R, n; € N, and x; € E
so that By, (x;)|a C Eyn; for all j. Due to the well-ordering theorem, we can find

{d;} € p(d) such that d; < a;. We have that By, (x;)|d; C Ey, for each j. If we
take r = er|dj ER, z= ij|dj € Eand n = an|dj € N, it follows that

B, (x)|d C Ej.

If d =1 we are done as d is attained. In other case, by consistency, we may
assume w.l.g. d = 0 by arguing on d°.

If so, let us put E; := E;. We claim that the conditional set E is on 1.
Indeed, let

di:=V{a€A; there exists x € E with zla € E} }.

Then, since E|d§ C E; UET and E|d§ MET = E|0, it follows that E|d§ C E,
which implies d§ = 0, because d = 0. Given that ET is conditionally open, it must
therefore conditionally contain a conditional ball By := By, (x1) with 0 < ry < 1/2,
which can be taken on 1. Now look at Es := E5. We claim that the conditional set
ES M By, /2(x1) is on 1. Indeed, let us consider

dy:=V{a€A; there exists x € E with z|a € E5 NB,, /a(x1)} .

By doing so, we obtain that By, /2(x1)|d5 C Es, and necessarily d5 = 0, since
d = 0. Being E5 M B, /2(x1) conditionally open and on 1, it conditionally contains
a conditional ball By := By, (x2) with 0 <ry < 1/4.

By induction, we obtain a sequence By := By, (xj) of conditional balls on 1
such that 0 < r < 1/2%, Byy1 C By, j2(xx), and B ME; = E|0 for all k € N.
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For each n = n|l € N with n = Zni|ai, where {a;} € p(1) and n; € N for
il

all 7, we define xy, := z,|1 and 2, := 2, |1 with x,, := me

a; and r, 1= g Tn, |G

Then {Xn}nen and {ry}nen are conditional sequences.

For (n,m) € N x N with n = an|b and m = Zmﬂc], let us define

dij:=b;ANcjand a:=V{be A; m|b—n|b} Then

(ni\/mj)fl
1
d((En,QEm) = d(xn\/muxn/\m) S 0|a—|— E ( E d(l’k,(Ek.,.l)) |a /\d i, > W
i, k=n;Am;

Consequently, {xn }nen is a conditional Cauchy sequence, and given that E
is conditionally complete, it conditionally converges to some x € E.
Now, since for all n < m

d(xn, %) < d(Xn,Xm) + d(Xm, X) < r?n + d(Xm, x)

and lim p, d(Xm, x) = 0, it follows that d(xp, x) < %‘ In particular, it means that
x € By, (xn) for every n € N.
On the other hand, since E = L,ecNEn, we have that x € Ey, for some n. Let

us take b € A, b # 0, such that n|b = k|b for some k € N. Then z|b € E; M Byj. But
this is a contradiction.

Theorem 3.4 (Conditional version of the Uniform Boundedness Principle). Let E
be a conditional Banach space, and let F be a conditionally normed space. Suppose
that S is a conditional subset of L(E, F) on 1, such that for every x € E there
exists r(x) € R with | T(x)| < v(x) for all T € S. Then there exists s € R™1 such
that || T < s for all T € S.

Proof. For each n € N we define the following conditional set

En:= [x € E; sup|T(x)| <n].
TeS

Since the function n — E, is stable, we can define a conditionally countable
family {En}neN'

Then it is clear that E = UpenEn.

Let us show that E,, is conditionally closed. For that, let us take a conditional
sequence {Xk }ken in E, which conditionally converges to x, and let us show that
x € Ey,. Indeed, arguing by way of contradiction, assume that there exist ¢ € A,
¢ # 0,and T € S so that |T(x)||c > nlc. Let us suppose ¢ = 1, by consistently
arguing on c. Since {T(xk)} conditionally converges to |T(x)|, there exists some
k' € N with |T(xy/)| > n, which is a contradiction.
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By Theorem 3.3, it follows that there exists a conditional ball B,(z) on 1
such that B,(z) C E, for some n € N.

Let x € Bg and T € S. It follows
1 1 1
IT()| = 1 T( — 1) = T(2)] < — (T~ 1%)| + [T(z)]) < —2n.
3.2. Some results on conditional weak topologies

We need to introduce the following notion:

Definition 3.14. Let E be a conditional vector space. A conditional function
p: E— R" is a conditional seminorm if:

1. p(rx) = |r|p(x) for all r € R and x € E;

2. plx+y) < p(x)+ p(y) for all z,y € E.

Definition 3.15. Let P be a conditional family of conditional seminorms on a
conditional vector space E. Given a conditionally finite subset Q — P on 1, and
rc R, we define

Ug,:=[z€ E; supp(x) < 7.
peq

Then, it follows by inspection that
U= [:c—i— Ugr;zc E, rc R*™, QC P on 1, conditionally ﬁnite]

is a conditional topological base. The conditional topology generated by U will be
known as the conditional topology induced by P, and E endowed with this topology
will be denoted by E[P].

It can be checked that E[P] is a conditional locally convex space.

Definition 3.16. Let E be a conditional vector space and C C E on 1. The con-
ditional gauge functional is defined by

||| ¢ == inf [re R . xze rC|, for any z € E.
Then, we have the following result:
Proposition 3.2. Let E be a conditional vector space and CC E on 1, then:
1. if C is conditionally absorbing, then ||z||¢ < +oo for all x € E;
2. if Cis conditionally balanced, then ||rx||c = |r|||z| ¢ for all (x,r) € E x R;

3. if C is conditionally convex, then ||x+ yllc < ||z|lc + ||yllc for all (z,y) €
Ex E.

In particular, || - ||c is a conditional seminorm whenever C is conditionally convez,
conditionally absorbing, and conditionally balanced.
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Proof. 1. Let x € E. If r € R with x € rC, then pg(x) <r.

2. Suppose that x € E and r € R. Let us put a := supp(r). First, we have
that [lrx|cla® = [|0]|cla® = Oa® = r[|x||c|a®.

Let us assume a = 1 by counsistently arguing on a. Thereby, |r| > 0. Besides,
for fixed s € RT", with C being conditionally balanced, we have that rx € sC if,
and only if, x € Sc. Then, we have

Ir|
|rx||c = inf[s > 0; rx € sC] = inf [S >0;x€ iC}
Ir|
. S S
= |r|inf {m 78>0, x€ HC} = r||Ix|lc-

3. For x,y € E, let r,s € R*", with x € rC and y € sC. Then, since C is
conditionally convex, we have

x+yerC+sC=(r+s) (ﬁc—i—r—l—s

C) C (r+s)C.
This implies that ||x + y|lc <r+s.

Now, by taking conditional infimums; first over r, and later over s, we obtain
the result. [l

The conditional locally convex spaces can be characterized in a similar way
as in the classical case. More precisely, a conditional topological space is condition-
ally locally convex if, and only if, there exists a conditional family of conditional
seminorms inducing its conditional topology. The proof does not have any sur-
prising elements and can be easily written following the non conditional case, and
employing the conditional gauge function.

REMARK 3.1. Some comments can be made in this regard. Before the conditional set
theory was introduced, FILIPOVIC et al. [11] tried to state a similar characterization in the
related context of topological L°-modules (see [11, Theorem 2.4]). However, as pointed out
by GuoO et al.[19], there is some lack of precision in ascertaining which stability properties
are required for this statement to be true; moreover, neither the algebraic structure nor
the topological structure of a general L°-module need to be stable with respect to the
underlying measure algebra. In fact, ZAPATA [30] and independently WU AND Guo [29],
provided a counterexample to this statement, and proved that a mild type of stability
property is required on the elements of the neighborhood base of 0 considered in Theorem
2.4 of [11].

An example of conditional topology induced by a conditional family of con-
ditional seminorms are the conditional weak topologies. For a conditional locally
convex space E[T], let E[T]* denote —or simply E*—, the conditional vector space
of conditionally linear and conditionally continuous functions f: E — R. We define
the conditional weak topology o(E, E*) on E as the conditional locally convex topol-
ogy induced by the conditional family of conditional seminorms [py. ; x* € E*] de-
fined by py. = |x*(x)| for x € E. Analogously, the conditional weak-* topology
o(E*,E) on E* is defined.



Conditional Versions of Eberlein-Smulian and Amir-Lindenstrauss theorems 245

REMARK 3.2. Conditional dual pairs are introduced and discussed in [9] (see [9, Definition
5.6]), also a more detailed discussion can be found in [25, Section 4]. Further, in [9] it was
shown that the pairing (E, E*) together with conditionally bilinear form (,) : E x E* - R
defined by (x,x*) := x*(x) is a dual pair. Consequently we have E [¢(E*, E)]" = E* and
(B [0(E", B))" = E.

Now let us turn to see some results related to weak topologies.

Proposition 3.3. Let E[T]| be a conditional locally convex space, and let A C E
be on 1 conditionally convexr. Then Z A BB )

Proof. Clearly, A C AU(E E*)

For the reverse conditional inclusion, let us take x € A

Let us consider b:= V{a € A; z|la € A }
Since b is attained, if b = 1 we get the result. If not, we can consistently
argue on b°, and suppose w.l.g. b= 0.

o(BE,E*)

If so, we have that [x] na’ = E|0. Besides, [x] is conditionally compact, and
KT is conditionally convex and conditionally closed with respect to 7T .
Then, Theorem 2.2 yields x* € E* and r € R™" such that

(1) x*(x) +r <x*(y), forallye A

Let us define B := [y € E; x*(y) > x*(x) +r], which is a conditionally
o(E,E")-closed subset.

But (1) means that A — B and x € B". This is a contradiction as x is in
the conditional weak closure of A.

REMARK 3.3. The result above is a conditional version of the classical Mazur’s theorem.
In literature, we can find some related results. For instance, a version of this theorem
for L°-normed modules, but considering mild stability properties can be found in [31,
Corollary 2.1]; a version of Mazur’s theorem for L°°-modules is proved in [10, Theorem
10.1]; and another version for L°-modules, but with the topology of stochastic convergence
with respect to a family of L°-seminorms, was provided in [18, Corollary 3.4].

The following result gives the natural conditional embedding of a conditionally
normed space E into the conditional second dual E** := (E*)*.

Theorem 3.5. Let E be a conditionally normed space. For each x € E, let us
define the conditional function Ty : E* — R with Ty(x*) := x*(x). Then Ty € E*
for each x© € E, and the conditional function j: E — E™ given by j(x) := Ty is a
conditional isometry, i.e. ||| = ||j(x)|| for all x € E.

Proof. It suffices to show that for all x € E it holds that [x|| = sup [|x*(x)l;
xX* € BE*]

First, let us show that there exists x* € Bg+ such that x*(x) = ||x||. Indeed,
we have that the conditional function x{ : spang[x] — R with x§(rx) := r||x|| is
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well defined and x € (spang[x])*. Furthermore, notice that x§(y) < |ly| for all
y € spang[x]|. By Theorem 2.1, there exists x* € E* which extends x§ and such
that |x*(y)| < |ly|| for all y € E. We conclude that x* € Bg+. Moreover, notice
that, in fact, ||x*|| = 1.

Finally, let r := sup [|z*(x)|; z* € Bg+]. Then it is clear that r < ||x| =
x*(x) < |x*(x)| <r, and we obtain what was asserted.

Theorem 3.6 (Conditional version of Goldstine’s theorem). Let j: E — E** be
the natural conditional embedding. Then j(Bg) is conditionally o(E**, E*)-dense
m BE** .

Proof. Define K := j(BE)U(E =) Since By is conditionally o(E**, E*)-closed,

it follows that K C By . Besides, K is conditionally convex; then, if we suppose
that there exists x** € K= M Bg«+, Theorem 2.2 provides us with a conditionally
o(E**, E")-continuous linear function f: E* — R so that

sup [f(s) ; s € K] < f(x*").

In addition, in view of Remark 3.2, we have (E**[0(E**, E*)])" = E*. Consequently,
we can find x* € E* with f(z**) = z**(x*) for all z** € E**.
Then, being Bg conditionally balanced, it follows that

(2) sup [x*(x); x € Bg] = sup [|x*(x)|; x € Bg] < f(x™) = x™*(x).
But this is impossible given that
X (") = )] < I < T ) [ < X (x).

Notice that the first equality is true because the conditional supremum (2) is con-
ditionally greater than or equal to O.

4. CONDITIONAL VERSIONS OF EBERLEIN-SMULIAN AND
AMIR-LINDENSTRAUSS THEOREMS

Finally, in this section we prove the main results of the paper. Let us state
the first one:

Theorem 4.7 (Conditional Eberlein-Smulian theorem). A conditional subset of a
conditionally normed space E is conditionally weakly compact if, and only if, it is
conditionally weakly sequentially compact.

The other important result drawn from classical study of weak topologies and
extended to the framework of conditional sets, is the Amir-Lindenstrauss theorem.
Conditional Banach-Alaoglu’s theorem (see [9, Theorem 5.10]) ensures that every
conditionally bounded sequence in the conditional dual of a conditionally normed
space has a conditionally weakly-* convergent subnet. The conditional version of
Amir-Lindenstrauss theorem gives sufficient conditions that ensure that one can
extract a conditionally weakly-* convergent subsequence.

Before stating this theorem we must introduce the following notion:
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Definition 4.17. A conditional Banach space E is said to be conditionally weakly
compactly generated if there is a conditional subset C of E on 1 which is condi-
tionally weakly compact, conditionally convex and conditionally balanced, such that
spanp C = E.

Theorem 4.8 (Conditional Amir-Lindenstrauss theorem). Every conditionally
weakly compactly generated Banach space has a conditionally weakly-x sequentially
compact dual unit ball.

Before proving these two theorems, we need to make a remark. We claim that
1 = supp(E*) = supp(E**) = - - - . Indeed, we assumed supp(E) = 1. Then, we can
choose x € [0]- with supp(x) = 1. Reasoning as in the proof of Theorem 3.5, we
can find x* € E* such that x*(x) = ||x]|. In particular x* € [0]%. This proves that
supp(E") = 1. The same applies to E** = (E*)*, and so on.

Now, let us turn to show some preliminary results:

Lemma 4.1. Let E be a conditionally normed space. Suppose that K T FE is
conditionally weakly compact, then K is conditionally bounded and conditionally
norm closed.

Proof. Let us suppose w.l.g. K on 1. If x* € E*, then x* is a conditionally weakly
continuous function, and x*(K) is therefore conditionally weakly compact (see [9,
Proposition 3.26]), hence it is a conditionally bounded subset of R. Since K can
be conditionally embedded into E** (see Theorem 3.5), we can apply Theorem 3.4
obtaining that K is conditionally bounded.

Lemma 4.2. Let E be a conditionally normed space and suppose K C— E on 1,
conditionally bounded and conditionally weakly closed. Suppose that j: E — E** is
the natural conditional embedding. Then, j(K)a( o C 4(E) if, and only if, K is
conditionally weakly compact.
—— o(E**E*) _ . ..

Proof. Suppose that j(K) C j(E). By the conditional theorem of Banach-
Alaoglu (see [9, Theorem 5.10]) we have that j(K)U(E B s conditionally
o(E*,E")-compact. Since o(E*",E")|;®) = 0((E), E"), it follows that

. —+0((E),E") ——o(E"E") _, —+-0(E""E")
iK) =)™ =j(K) Mji(E) =j(K) :

We conclude that K is conditionally weakly compact.

Lemma 4.3. Assume that E is conditionally Banach and conditionally separable.
Then, there is a conditionally countable total subset D of E*.

Proof. Let C C E be conditionally dense and conditionally countable. First of all
note that C is on 1, since it is conditionally dense.

For each x € C, as we argued in the proof of Theorem 3.5, there exists some
z* € Bg-~ such that z*(x) = ||x||. Thereby, for each x € C, we can consider the
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conditional set Ay := [z* € Bg~; z*(x) = ||x||]], which is well defined and on 1.
Further, {Ax}xec is a conditional family of subsets of Bg-. By the conditional
version of the axiom of choice (see [9, Theorem 2.26]), we can find a conditional
family {z%}xec with z € A4 for all x € C.

Let us define the conditional subset D := [z% ; x € C].

Fix x € E, x # 0. By arguing on supp(x), which is not null, we can sup-
pose that x € EM[0]E. Since C is conditionally dense, there exists a conditional
sequence {Xn} in C which conditionally converges to x, and thus lim, z}_(x) =
lim, [z} (X — Xn) + 25_(Xn)] = limy, [|[xa]| = ||x]| > 0. Necessarily, there exists
ny € N such that z% (x) > 0. We conclude that D is conditionally total.

Lemma 4.4. If E is a conditionally normed space, and {@y}nen is a conditional
sequence which conditionally weakly converges to x € E, then {@p}nen is condition-
ally bounded. As a consequence, if K is conditionally weakly sequentially compact,
then K is conditionally bounded.

Proof. For the first part, we consider the conditional sequence {zn}nen with
Zn = j(Xn) for every n € N, where j is the natural conditional embedding. This
is a conditional sequence in E**. Since {x,} conditionally converges to x, for fixed
x* € E*, there exists ng € N so that [x*(xn)| < 1 4 |x*(x)| whenever n > ny.
Then, for each n € N

[2n(x")| = [x" (xn)| < (1 4+ x" (x)]) V max {x" (xa)] ; 1 < 0o}

Now, due to Theorem 3.4, we have that {zy,} is conditionally bounded. Con-
sequently {x,} is conditionally bounded too, because j is a conditional isometry.

As for the second part, we can suppose without loss of generality that K is
on 1. Define
d:=V{a € A; Kl|a is conditionally bounded }.

d is attained. So if d = 1 we are done. In other case, we can assume that d = 0.
If so, for each n € N let us define

dp :=V{a € A; Ix € K with ||x]||a > nla}.

Since d = 0, necessarily d,, = 1 and it is attained, so we can pick x,, € K such
that [[x,|]| > n. For n € N with n = Y “njla; € N, define x5 := z,[1 with

Ty = E T,

n € N. Due to the first part of the theorem, we find that the conditional sequence
{Xn} cannot have a conditionally weakly convergent subsequence.

a;. Then {xn,} is a conditional sequence with ||xy| > n for each

Lemma 4.5. Let E be a conditionally normed space. If K T E is conditionally
weakly compact and there is a conditionally countable set D T E* which is con-
ditionally total, and such that ||z*|| > 0 for all " € D, then K is conditionally
metrizable.
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Proof. Since D is conditionally countable, we can choose a conditional sequence
{x}} with D = [x} ; n € N]. We will construct a conditional metric on K. Indeed,
we define the conditional function d : E x E — R given by

d(x,y) := Z 1 a(x—y)| for (x,y) € E x E.

27 sl

By using that K is conditionally total, it can be verified that d is a conditional
metric on E. Besides, due to Lemma 4.1, we have that K is conditionally bounded.
Now, we consider the identity Id : K — K as a conditional function between
the conditional metric spaces (K, o(E, E*)|k) and (K, d). Then Id is conditionally
continuous. Indeed, let {x;}ier be a conditional net in K which conditionally
converges to some x € K with respect to o(E, E*)|k. For arbitrary r € R™ ", due
to the conditional boundedness of K, there exists m € N, m > 1, and r € Rt so0
that

S 0 L cup [l x € K] < v/2,

2% =l 2

n>m
for all i € I. Since {x;} conditionally converges to x, we can also choose iy € I such
that

S Lbeioxl

n
rengm 20 Xl

for all i > ig. It follows that d(x;,x) < r whenever i > iy.

Finally, let us show that Id is a conditionally open function.

Let U C K be conditionally o(E,E")|k-open. Since K is conditionally
o(E, E*)-compact, it follows that U™ M K is conditionally o(E, E*)|k-compact.
Then, since Id is conditionally continuous, in view of [9, Proposition 3.26], U- MK
is conditionally compact in (K, d), hence U is conditionally open in (K, d). O

Proof of Theorem 4.7. Suppose that K is a conditionally weakly compact sub-

set of E on 1, and let {zn}nen be a conditional sequence in K. Let us put
E,E” . e .
Ko := spang|z,; n € N]J( ). Then Kq is conditionally weakly closed in E

and, consequently, Ko MK is conditionally o(E, E*)-compact in the conditionally
complete normed space K. Such space is conditionally separable, because it condi-
tionally contains the conditionally countable and dense subset spang [zn; n € NJ.
We can thus apply Lemma 4.3; that is, K¢ conditionally contains a conditionally
countable total set.

From Lemma 4.5 we know that Ky M K is conditionally metrizable with
the conditional topology o (Ko, E*). It is known that conditional compactness and
conditional sequential compactness are equivalent in a conditional metric space (see
[9, Theorem 4.6]). Then Ky MK is conditionally sequentially o(Kq, E*)-compact.
In particular, if we choose a conditional subsequence {zn, }men Which conditionally
converges in o(Ko, E*) to z, then it also conditionally converges in o(E,E") to z.
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We now prove the converse. Let us first make an observation: if F' is a condi-
tionally finitely generated vector subspace of E**, then there exists a conditionally
finite subset [z}, ; n < m] of Sg+ such that for any x** € F

0 P < e e () 0 < ]

Indeed, since Sy is conditionally || - ||-compact in F (Proposition 2.1), there
exists a conditional finite subset [z5* ; n < m] of Sg such that
(4) SF C 1S1|T|§mB1/4(Zn )

For each n € N, let us put a, := V{b€ A; n|b <m|b}, and define ¢ =

nla, +1lag. Since ||z;*|| = 1, we can choose z;, € Sg~ so that z}*(z]) > 1 Now, for

n € N with n < m, where n = > " nyla;, we define z, := z;|1 with 2}, := > 2} |a;.

Then, the conditional family [z ; 1 < n < m)] satisfies the condition z}*(z}) > 3

4
Now, in view of (4), we have that for each x** € Sg there is n < m such that

3k k * kk * kk 3k k * 1

(5) X (Zn) =Zy (zn) - (zn —X )(Zn) 2 5
For given x** € F, put a := supp(x**). Then x**||x**|| '|a € Sg|a, and

due to (5), we obtain that x**(z})|a > ||x**||/2|a for some n < m. Therefore, (3)
follows.

Let K C E be on 1 and conditionally weakly sequentially compact. Con-

sider j(K)U(E = ), where j : E — E** is the natural conditional embedding. By
Lemma 4.4, K is conditionally bounded, and therefore j(K)U(E B is condition-
ally bounded as well.

We show that J(K) " " actually lies in j(E), which will yield that K is
conditionally weakly compact, in view of Lemma 4.2.

——(E** E*

Indeed, let us take x** € j(K) ® ), and choose x} € Sg«. Since x** €
——(E**E*
J(K) (D we have that there exists z; € K such that

|(x** = j(z1))(x])] < 1.

Note that spang [x**,x** — j(z1)] is a conditionally finitely generated vector
subspace of E**. The previous observation provides us with a conditionally finite

subset [x}; 1 <n < ny| C Sg- such that for any y** € spang [x**, x** — j(z1)],
ly™Il - , . ,
5 <max [[y”(xn)|; 1 <n <ng] <max [|[y*™(xn)|; 1 <n <ny.

o(E** E*)

Since x** € j(K) , we can choose z2 € K such that

(¢ = j(z2)(xp) £ 1/2 for1<n<my.
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sk k

Now, move on to spang[x**,x** — j(z1),x** — j(z2)]. Since it is a conditionally
finitely generated vector subspace, we can find [x},; n2 < n < ng] C Sg- such that

[Nal
2

< max [ly™ (xa)] : n2 < 1 < 03] < max [ly** (xa)|; 1 <0 < ny

for any y** € spang [x**,x** — j(z1),x™* — j(22)]-
By recurrence, we obtain two sequences, n; < ns,... and z1,%s, ..., and a

conditional sequence {x}} such that for each k € N it holds that

el

6 = (1)) (x3)] < 1/k for 1< n < m,

y <max[ly™(xn)]; 1 <n <nygl.

for any y** € spang [x**,x** — j(z1),...,x™ — j(zg)]
Now, for n € N with n := Znﬂai define z,, := sz|ai- Then {Zn fnen is

a conditional sequence in K. Therefore it can be verified that

y ok [
) W < sup fy* ()i me N

EES

for any y** € spang [x**,x** — j(z1),x™* — j(22), .. ]
Further, for k € N with k := Y kjlb; € N, define ng := Y ny,|b; € N.
Then, for each k € N, it holds

(7) |(x** —j(zi))(x5)| < k' for1 <n<ny.

On the other hand, given that K is conditionally weakly sequentially compact,
we have a conditional cluster point x of {zx}. It follows that

o(B,E")

X € spang[zk ; k € N] = spang|zx; k€ N| ',

and therefore

*x 3 *ok *ok 3 *ok 3 -
x** — j(x) € spang [x**, x** — j(z1),x** —j(2z2),...] .

Now, we will show that (6) extends to any

1.
y** € spang X, X — 3(21), % —j(z2), . ] .

*kk

Indeed, let us put A := spang[x**, x** — j(z1),x*™ — j(z2),...], and let us

suppose that we can find y** € K”'” so that

ly
2

la > sup [l (x3) ; n € N]|a
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for some a € A, a # 0. We can assume w.l.g. a = 1. Then, let us choose r € R
such that

WL e > sup ly* ()i me ).
We can find a conditional sequence {y;"} in A, which conditionally || - ||-converges

to y**. Let us choose k € N such that
Iy™ =yl < (2r = [ly™*[) A (r = sup [[y™ (x5)[; n € NJ).

Iy
2

Then, it is not difficult to show that |y (xa)| < T <

this is a contradiction, in view of (6).

for any n € N. But

Since (6) is true for every y** € K”'”, in particular it holds for x** — j(x), i.e.

1

) 5

—J(x)[| < sup [[x7(x;) = xu(x)[; n € NJ.

For given n € N, let us take p with n < ny and fix k > p. Due to (7), we
have that

™ (3x5) =3 ()] < 1™ —j(2a)) (x5 |+ [ () = x5, ()| < P+ I35, (1) — x5, (%) -

Since x is a conditional o(E, E*)-cluster point of {zy}, we can choose k > p so that

x5 (zk ) —x5 (x)] < 1 Since p € N is arbitrary, we obtain that |x**(x})—x%(x)| =0
P

for all n € N, and in view of (8), we conclude that x** = j(x), which completes
the proof. O

We now turn to the proof of Theorem 4.8. We need some preliminary results:

Lemma 4.6. Let E be conditionally Banach. Suppose that D T E* is conditionally
dense. If KT E is conditionally bounded, then o(E, E*) and o(FE, D) agree on K.

Proof. It suffices to show that Id : (K,o(E,E*)|k) = (K,o(E,D)|k) is a con-
ditional homeomorphism. It is clear that it is conditionally continuous. To show
that the conditional inverse is continuous, take a conditional net {x;} in K such
that o(E,D) —lim; x; = x € K, and let us show that o(E,E*) — lim; x; = x too.
Given a conditionally finite subset G C E* on 1 and r € R™", consider the basic
conditional neighborhood Ug . Suppose that G =[x} ; n < m] and fix s € RTT.

n

Then for each n € N, let y* € D be such that ||x} —y}| <s. For each n € N with
n = Zni|ai, define y = Zy;ﬂai and put H := [y} ; n < m]. Then there is i’

such that x; € x + Uy /2 for all i > i’. Thus, fori >i andn <m

Ixn(xi — x)| < [(x — o) ()| + [yn(xi —x)| + [(yi — x5) (%)
<r/2+ 2st,

where t > 0 is chosen so that t > ||x|| for each x € K. We are done by just taking
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Proposition 4.4. The class of conditional Banach spaces having conditionally
weakly-x sequentially compact dual unit ball is closed under the operation of taking
conditionally dense continuous linear images.

Proof. For T € L(E,F) with T( )H'H = F, it can be verified by inspection that
T : F* — E* defined by T"(y*)(x) := y*(T(x)) is a conditionally bounded
operator, i.e. T* € L(F*,E").

Also, it is conditionally injective. Indeed, let us suppose T*(y*) = 0; that
is, y*(T(x)) = 0 for all x € E. We show that y* = 0. For a given z € F, since

W” = F, there exists a conditional sequence {xn} in E such that T(xy) con-
ditionally converges to z. Then y*(z) = lim y*(T(x,)) = 0.

It follows that T : (Bp~,0(F*, T(E))|B,.) — (T*(Br~),0(E",E)|1r-(Bp.))
is a conditional homeomorphism. In fact, it is easy to see that T™ induces a con-
ditional bijection between basic conditional neighborhoods of (F*, T(E))|s;, and
basic conditional neighborhoods of o(E*, E)|r+(B.). Since T(E) C F is condi-
tionally dense, due to Lemma 4.6, T is a conditionally weak-* homeomorphism
between By« and T*(Bp~). O

The following lemma is based on a result of A. Grothendieck:

Lemma 4.7. Let E be a conditional Bananch space, and let K C E be on 1 and
conditionally weakly closed. Suppose that for each r € R there is a conditionally
weakly compact set K, C E such that

KC K, + rBg.

Then K is conditionally o(E, E*)-compact.

Proof. Let K* denote the conditional o(E*™*,E")-closure of j(K), with j the natural
conditional embedding. Due to Lemma 4.2, it suffices to show that K"’ CE.

For each r € R™™ it holds that K_rw*z j(K,). Further, the conditional conti-
nuity of addition yields

K' CK,+rBg CK, +rBg" CjK;)+rBg:-.
Consequently

K'c N (j(K:)+rBg~).

reRt+
But M (j(Ky) +rBg+) C j(E).
Indeed, let x € M (j(K;) + rBg+). For each r € R, let
Ar:=[(y,u) €j(Ky) X Bg- ; x =y +ru].

Thereby, we obtain a conditional family {A},cgr++ of conditional sets. The con-
ditional axiom of choice (see [9, Theorem 2.26]) allows us to find a conditional
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family {(y,, ur)}rer++ such that x =y, + ru, with y, € j(K;) and u, € Bg-- for
all r € RT". Then {y,},cr++ defines a conditional net in j(E) which condition-
ally converges to x. Given that E is conditionally complete, we have that j(E) is
conditionally closed in E**, and it follows that x € j(E).

Lemma 4.8. Let E be a conditional Banach space, and let C C” E be on 1, con-
ditionally bounded, conver and balanced. If we define E¢ := spangy C and the
conditional gauge functional || - ||c, then:

1. || - ¢ is a conditional norm on E¢ that induces a conditional topology which
is a finer than the one induced by || - || on Ec;

2. If C is conditionally sequentially closed (i.e, {xz,} T C and lim,x, = =
implies © € C), then (E¢,| - | ¢) is conditionally Banach;

3. If C is a conditional neighborhood of 0 € E, then Ec = E and, besides, | - ||
and || - || ¢ are equivalent conditional norms on E.

Proof. 1. Suppose that C is conditionally bounded, convex and balanced. First
note that Ec = |_|NnC, hence C is conditionally absorbent in Ec. By Proposition

ne

3.2, | - |c is a conditional seminorm on Ec. Let r € R™™ be such that ||x|| < r
for all x € C. Fix x € Ec, and let us take a conditional sequence {s,} € R™™
which conditionally converges to ||x|/c and with x € s,C for all n € N. Then
Ix|| < snr, and therefore ||x|| < r|x|/c. This proves that || - ||c is a conditional
norm and 7y C 7).

2. Suppose that C is conditionally sequentially closed and let {x,} be a
conditional Cauchy sequence in (Eg, || - ||c). Then, we can choose a sequence n; <
n, < ... such that xp,,, — Xn, € 275C for each k € N. For k € N of the form

k = Zki|ai, we define y; = anh |a;. By doing so, we obtain a conditional
sequence {yy } such that y, ., —yy € 27%C for each k € N. Since C is conditionally

bounded, it follows that {y, } is also conditionally Cauchy with respect to ||-||. Now,
since

=yi+ Y. (k- Yi1)Eyi+ Y. 27XCrCy, +ClorallneN,
1<k<n 1<k<n

we have that {y,} is in y; + C. Since y; + C is conditionally sequentially closed,
there exists x € y; + C C Ec¢ such that {y, } conditionally converges to x. Let us
show that ||y, — x||c conditionally converges to 0. For p > q > 2, p,q € N,

Yo=Ya= Y. OGx-wea)e Y 2*Vcrzec
q+1<k<p 1<k<p

We obtain that y, —y, € 2@V C whenever p,q € N, p > q > 2. Since C
is conditionally sequentially closed, it follows that x —y, € 2@ U for all q,
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and therefore [[x —y|lc conditionally converges to 0. Then, by using that {xn} is
conditionally Cauchy, it is easy to prove that it also conditionally converges to x.

3. Now suppose that C is a conditional neighborhood of 0 € E. Let us take
a conditional ball rBg conditionally contained into C. Then, rx||x|~* € C for all
x € E, and consequently r|/x|/c < ||x]||. This proves that both conditional norms
are equivalent.

Theorem 4.9. A conditional Banach space E is conditionally reflexive (i.e. j(E) =
E™) if, and only if, the conditional unit ball Bg is conditionally weakly compact.

In that case, the conditional dual unit ball Bg- is conditionally weakly-+ se-
quentially compact.

Proof. First suppose that E is conditionally reflexive, then Bg is conditionally
weakly compact as a consequence of Lemma 4.2.

Conversely, suppose that Bg is conditionally weakly compact. Then it is clear
that j(Bg) is conditionally o (E**, E*)-compact. Therefore, j(Bg) is a conditionally
o(E™, E")-closed subset of Bg++. But Theorem 3.6 yields that j(Bg) = Bg-=.

Let us show the second part of the theorem. By the conditional Banach-
Alaoglu theorem (see [9, Theorem 5.10]), Bg~ is conditionally weakly-* compact,
and as E is conditionally reflexive, we have that Bg- is conditionally o(E*, E**)-
compact. Besides, by Theorem 4.7, Bg~ is conditionally sequentially o(E*, E**)-
compact, and by using again that E is conditionally reflexive, we obtain that Bg~
is conditionally weak-* sequentially compact.

Lemma 4.9. Let {E,} be a conditionally countable family of conditional Banach
spaces (Enp, | - ||n). Consider the conditional set

Shenoi= (e} € MoenBus X[l € B,
n>1
Then we have the following :

1/2
1. (B2 NEn, || - ||2) with |- |2 = (Z H:anQ) is a conditional Banach space;

n>1
2. (@%ENE")* = @ieNErﬁ
3. The conditional set
OoenEy = [(z}) € @2 NEy; IME N, @, = 0 for all n > m|

is conditionally dense in @ieNErr

2

Proof. 1. Inspection shows that ©Fcn

is a conditional norm.

E,, is a conditional vectorial space and || - ||
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Let us prove that ®i€NEn is conditionally complete. Let {xn} be a condi-
tionally Cauchy sequence in ®2_NEp, with xp = {x2}men for each n € N. Let
r > 0, let us choose an n,. € N such that

Ixp — %qll3 = > X% — x2(|2, < r?, forall p > q > n,.
m>1

We see that, for each m, the conditional sequence {x},cn is conditionally Cauchy
and, being E,, conditionally Banach, it converges to some x™ € E,,. Besides, note
that the application m — a™ is stable, hence x := {x"} € X ,en En.

Now, for fixed k € N and for each n > n,, we have

S xm —xPE =lim; Y [l - xPE < v
1<m<k 1<m<k

Then, by taking conditional limits in k, we obtain ||x — xu|l2 < r for n > n,.

This means that, first, x — x, € ®ieNEn for n > n,, and consequently so does x;

second, since r > 0 is arbitrary, it follows that lim x, = x.
2. Consider the conditional function T : @2 Ej, = (®2.nEn) X" = Tx-,

where
Ty ({xn}) = Y x4(xn), with x* = {x}}.
n>1

We claim that T is a conditional isometric isomorphism.

The Cauchy-Schwarz inequality for conditional series, which is proved in the
Appendix (see Proposition 5.7), allows us to show that T is well defined and

9) [T || < [ [2-

On the other hand, let x* = {x};} € &2 NEj.
For each n € N, we can choose y,, € E,, with ||y,|ln = 1. For n € N of the

form n = Zni|ai, let us put y,, = yn|1l with y,, := Zym

a;. Doing so, we obtain

a conditional sequence {y, } so that ||y, |ln = 1 for each n.
Now, we construct the conditional sequence {x,} where x5, := x5 (¥,)¥n-
Note that ||Xn|ln = |x%(ya)| for each n. Consequently we have

(10) X5 (Xn) = ||Xnl|2, for each n € N.
Now, for given n,m € N, let us define
zZ2 = Xpla + 0[a’, with a :=V{b € A; n|b < mlb}.

For m € N, we have that z™ := {z }nen is a conditional sequence.
Then, in view of (10), for fixed m € N, it follows that

Ty (2™) = Y xi(%a)= > |lxall2.

1<n<m 1<n<m
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The inequality |Tx-(z™)| < || Tx~||||z2™]|2 together with the above equation,
implies that

1/2
> ||xn||is||Tx*||zm|2=||Tx*l( > |Xn”ﬁ) '
1<n<m 1<n<m

It follows that

1/2
z< > ||x;2||i> |

1<n<m

HTX*

Since m € N is arbitrary, we finally obtain ||Tx«|| > ||x*||2.

Let us show that T is conditionally surjective. Indeed, suppose that x* &
(@ieNEn)*. For each n € N, we define x%, : E, —» R, x5(%) := X*({¥1n} meN)
with

Ym :=z|a+0|a®, a:=V{be A; m|b=nlb}.

By doing so, we obtain

PR ()] = X {ym DI < (I H{ymHl2 = X7 [H1x]n-

This means that x}, € E,, for each n. Besides, T({x}}) = x*.
3. Given x = {xn} € ®Z.NEn, we take the conditional sequence {sp}
where s, := Z Xy . Inspection shows that this conditional sequence conditionally

1<k<n
converges to x.

Lemma 4.10. Let (E,| -||) be a conditional Bananch space, and let K T E be on
1, conditionally weakly compact, convex and balanced. Then there is a conditional
subset C of E which is also conditionally weakly compact, convex and balanced with
KC C, and so that (Eg, || - ||¢) is a conditionally reflexive Banach space.

Proof. For each n € N put B, := (2“K+ 2_nBE). Since K is conditionally
closed, convex and balanced, B, is conditionally weakly closed, convex and bal-
anced. Further, B, is a conditional neighborhood of 0 € E since it conditionally
contains 27"Bg. By Lemma 4.8, E can be conditionally renormed obtaining an
equivalent conditional norm || - ||, on E. Let C := [x eE; ) x|z < 1}.

n>1

Then
_ . 2
- OfxeE X Nz <1
1<k<n

So C is conditionally norm closed, convex and balanced; hence, by Proposition
3.3, it is also conditionally weakly closed. It can be easily verified that ||x||c =

1/2
(Z ||x||121) for x € Ec. Then:

n>1
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1. For x € K it holds that 2"x € 2"K which is conditionally contained in
By, and therefore, ||x|ln < 27" Then |x[lc = Y [x[Z2 <> 27 =r<1.So

n>1 n>1
KrCC.

2. C is conditional weakly compact in E. This follows from Lemma 4.7 by
just noticing that C is conditionally weakly closed and C C 2™ + 27"Bg for each
n e N.

3. The conditional topologies o(E,E*) and o(Ec, E¢) coincide on C. Note
that the conditional function Ec — ®2_En which sends x to {y,} with y,, = x
for each n € N, is a conditional isometric embedding.

Besides, in view of Lemma 4.9, we have that (@2 nEn)* = @2 nEj, and
@2 nEq is a conditionally dense subset of &2 Ej,.

Therefore, due to Lemma 4.6, we have that the conditional topologies

U(@ieNEm(@ieNEn)*) and U(@ieNEm@geNE;)

agree on the conditionally bounded subset C.

But on C the conditional topology o (2 NEn, ®%cnEj) turns out to be the
conditional weak topology o(E,E").

We conclude that, as C is conditionally o(Ec, E¢)-compact, Ec is condi-
tionally reflexive in view of Theorem 4.9. O

Proof of Theorem 4.8. Suppose that E = spang K where K C E is on 1,
conditionally weakly compact, convex and balanced. Let C be the conditionally
weakly compact, convex and balanced subset provided by Lemma 4.10. On one
hand, we have that the conditional function i : Ec — E, x — x is conditionally
linear continuous with conditionally dense range. On the other hand, second part
of Theorem 4.9 tells us that, being Ec conditionally reflexive, it has condition-
ally weakly-* sequentially compact dual unit balls. Hence, by Proposition 4.4, we
conclude that the same occurs for E.

5. APPENDIX

T. Guo et al. [17] provided a study of the algebraic structure of finitely
generated L’-modules. Also P. CHERIDITO et al. [4] introduced the notion of
linear L%-independence in the module (L°)9.

Then we have the following results, which can be proved using methods as in
[4, Section 2]. For the sake of saving space we omit the proof:

Proposition 5.5. If E is a conditionally finitely generated vector space, then there
exists a conditionally finite subset [xy; 1 < k< n] of E such that

1. E=spang[zr; 1 < k< nj;

2. the conditional function T : R™ — E given by T({7} 1<k<n) := Z LT 08
1<k<n
a conditional isomorphism.
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Furthermore, this m is unique in the sense of it does not depend on the conditional
finite subset chosen.

Now we state and prove the conditional version of the Heine-Borel Theorem:

Proposition 5.6. If (E,| - ||) is a conditionally finitely generated normed space
then it holds:

1. T is a conditional homeomorphism.
2. FEvery conditionally closed and bounded subset of E is conditionally compact.

Proof. 1. The conditional continuity of T is a consequence of conditional bound-
edness. Indeed, for z = {zx }1<k<n € R"

E Zx Xk

1<k<n

()| < < rll{zic} 1, with r := max [Jxi| 5 1 < k < n].

Let us show that T™! is conditionally continuous. Firstly, note that S :=
[z € R"; ||lz||l1 = 1], being conditionally closed and bounded, is conditionally
compact in R™ by the conditional Heine-Borel theorem (see [24, Theorem 5.5.8]).
Also the conditional function f: S — R defined by f(z) := || T(z)]| is conditionally
continuous and, since T is conditionally injective, 0 € f(S)E. Consequently, f attains
its minimum in S, hence 0 < r := min[f(z) ; z € S]. Then for z € R™ we have
f(z) > r|/z||1, which yields r|z|1 < |T(z)|, and therefore T~! is conditionally
continuous.

2. Let K be a conditionally closed and bounded subset of E. Since T is con-
tinuous, T~ (K) is conditionally closed; since T~ is conditionally linear and con-
tinuous T~ '(K) is conditionally bounded. By the conditional Heine-Borel theorem
(see [24, Theorem 5.5.8]), T~*(K) is conditionally compact. Since T is continuous,
in view of [9, Proposition 3.26]), we have that K = T(T*(K)) is conditionally
compact. ([l

Next, we give the conditional version of the Cauchy-Schwarz inequality for
conditional series:

Proposition 5.7. For given two conditional sequences {an}, {bn} in R, we have
that

(11) (;akbk)zg (kzak)(kzbk)

Proof. For fixed n € N, it follows that

Z (axx + by)? > 0 for all x € R.
1<k<n
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This means that

(12) ax?+2bx+c>0 forall x € R,
where a = Z a2, b= Z axby and ¢ = Z bi.
1<k<n 1<k<n 1<k<n

The result is trivial on supp(a)€. So, by consistency, we can suppose w.l.g.
supp(a) = 1.
Doing so, we have that a € [0]-. Now, if we take x := —E, from (12) we
a

obtain b? — ac < 0. Equivalently
2
(X am) <( X a)( X u2)
1<k<n 1<k<n 1<k<n

The result follows, by taking conditional limit in n.
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