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SECTORIAL OPERATORS AND INERTIAL MANIFOLDS
FOR PARTIAL FUNCTIONAL DIFFERENTIAL
EQUATIONS IN ADMISSIBLE SPACES

Nguyen Thieu Huy, Bui Xuan Quang

We prove the existence of inertial manifolds for partial functional differential

equation dz(;(tt) + Au(t) = F(t)ur + g(t,u:) under the conditions that the
partial differential operator A is positive such that —A is sectorial with a
sufficiently large gap in its spectrum; the operator F(t) is linear, and g is
a nonlinear operator satisfying ¢-Lipschitz condition for ¢ belonging to an
admissible function space. Our main methods are based on Lyapunov-Perron
equations combined with analytic semigroups and admissibility of function
spaces.

1. INTRODUCTION

In this paper, we study partial functional differential equation (PFDE) of the
form
du(t)
——= + Au(t) = F(¢ t t
(1.1) g T Ault) = Fue+ gt u), t>s,
u(s):usecfg, SER:(_OO,-FOO),

where €5 = C([—h,0], Xs), with Xg := D(A”), 0 < B8 < 1, being the domain
of the fractional power of the positive operator A having the property that —A
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Inertial Manifolds for Partial Functional Differential Equations 263

generates an analytic semigroup {e *4},50 on X, F(t) : €5 — X are bounded
linear operators for each ¢t € R, g: R x 43 — X is a nonlinear operator, and u; is
the history function defined as u.(0) := u(t + 6) for all 6 € [—h,0].

The asymptotic behavior of solutions to Equation (1.1) at sufficiently large
time is a matter of great interest and has been extensively studied from various
points of view. One important approach in this direction is to find conditions
under which this equation has an invariant manifold (e.g., a stable, unstable, or
center manifold). The notion of inertial manifolds has been introduced by C.
Foias, G. SELL and R. TEMAM (see [13]). These manifolds, whose existence was
proved by using unstable manifold’s techniques, played an important role in the
study of the asymptotic behavior of the solutions to (1.1) since they are finite-
dimensional Lipschitz manifolds and exponentially attract all the solutions of the
system under consideration. This fact allows to apply the reduction principle to
study the asymptotic behavior of the partial differential equation by determining
the structures of its induced solutions belonging to these inertial manifolds. These
turn out to be the solutions to some induced ordinary differential equations due to
finite-dimensionality.

The existence of inertial manifolds has been proved for several important
classes of evolution equations such as dissipative partial differential equations (see
[10]), reaction-diffusion equations (see KwAK [20]), a generalization of semi-linear
equations (see CHUESHOV [8]), and semi-linear equations under very general condi-
tions (see HUy [17]). The notion of inertial manifolds has been translated and
extended to more general classes of differential equations like non-autonomous
equations (see e.g. [14, 19, 21]), retarded partial differential equations (see e.g.
[4, 32]) or differential equations with random or stochastic perturbations (see e.g.
[3, 6, 7, 9]). Especially, the existence of a new type of inertial manifolds has been
proved in HUY [15], namely the admissibly inertial manifolds which are constituted
by trajectories of solutions belonging to admissible function spaces.

The most popular conditions for existence of inertial manifolds are the spec-
tral gap condition of the linear part and the uniform Lipschitz condition of the
nonlinear term, i.e., ||g(t, ¢) — g(t,¥)|| < q|¢ — 1|, for ¢ small enough (see [27, 34]
and the references therein). However, for equations arising in complicated reaction-
diffusion processes, the Lipschitz coefficients may depend on time and the restricted
spectral gap conditions may not be fulfilled. Recently, for the case of self-adjoint
operator A with a compact resolvent, ANH, HIEU, HUY [1] have used the Lyapunov-
Perron method combined with admissibility of function spaces to obtain the exis-
tence of inertial manifolds in case that nonlinear term g(¢,u) is p-Lipschitz contin-
uous, i.e., Hg(tvut)H < (p(t)(l + |ut|%”ﬁ) and Hg(tvut) —g(t, Ut)” < (p(t)lut - Utl‘ro”ﬁ for
0 being a real and positive function which belongs to an admissible function space
such that norm sup,cp ﬁt_l @(1)dr is sufficiently small.

The aim of this paper is to extend the results in [1] to the case of PFDE
with the linear operator being sectorial. The main difficulties that we face when
transferring to the case of sectorial operators are the following: Firstly, since the
nonlinear operator g is ¢-Lipschitz, the existence and uniqueness theorem for solu-



264 Nguyen Thieu Huy, Bui Xuan Quang

tions to (1.1) is not available. Secondly, the operator —A is just a sectorial operator
in a general Banach space (it is no longer self-adjoint nor has a discrete spectrum
with a compact resolvent acting on a Hilbert space). Therefore, the dichotomy
estimates need to be proved in this situation. To overcome such difficulties, we
reformulate the definition of inertial manifolds such that it contains the existence
and uniqueness theorem as a property of the manifold (see Definition 3.1 below).
We suppose that the spectrum of —A is separated into two parts such that there
is a sufficiently large distance between these two separated parts. This assumption
allows us to use the Riesz projection, Dunford Functional Calculus, and analytic
semigroups to establish the dichotomy estimates for the semigroup generated by
—A (see Proposition 2.2). These dichotomy estimates, together with the admissi-
bility of function spaces representing the ¢-Lipschitz property of the nonlinear term
g, help to implement some procedures in functional analysis combined with the use
of Lyapunov-Perron equations to obtain the existence of an inertial manifold which
is no longer of finite dimension. Our main result is contained in Theorem 3.2 which
extends the results in [1] to the case of sectorial linear operators.

2. PRELIMINARIES

In this section we recall some concepts of sectorial operators and admissible
function spaces. We also prove some preparatory results related to dichotomy
estimates corresponding to the spectral decomposition of sectorial operators to be
used latter.

For a Banach space X (with a norm || - ||) and a given h > 0, we denote by
€3 := C ([—h,0], X) the Banach space of all continuous functions from [—h, 0] into
Xp := D(AP) being the domain of the fractional power A? for 0 < 8 < 1, equipped
with the norm |g|«, := supge(_p o) [|9(0) || for all g € €. For a continuous function
u: R — Xg, the history function u, € %5 is defined by u,(6) := u(t + 6) for all
0 € [~h,0] where h > 0, we call it retardation time.

2.1. Sectorial Operators and Dichotomy Estimates for Analytic
Semigroups

Definition 2.1. Let X be a Banach space. A linear operator B: X D D(B) = X
is called a sectorial operator of (M, o, w)-type if it satisfies the following conditions:

1. B is closed and densely defined;
2. There ezist real numbers w € R, o € (0,7/2) and M > 1 such that

p(B) D Y5 (w) := {zE(C:|arg(z—w)| <O'+g, z;éw}
and

(2.1) IR, B)| <

for all A € Ly (w).
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We refer the reader to [2, 11, 23, 29, 31] for the systematic study of sectorial
operators and their applications to partial differential equations. The above defini-
tion of a sectorial operator is taken from LUNARDI [23] (see also ENGEL, NAGEL
[11]). We note that the definition of sectorial operators given in [2, 31] is slightly
different. Namely, an operator B is called sectorial in the sense of [2, 31] if —B is
sectorial in the sense of the above definition.

For the proof of existence of an inertial manifold, we consider a specific class
of sectorial operators and suppose the following assumption.

Assumption 1. Let A be a closed linear operator on a Banach space X such that
—A is a sectorial operator of (o,w)-type with 0 < o < g and w < 0. We suppose

that the spectrum o(—A) satisfies the spectral decomposition
o(-A)=0_(-A)Uoy(-A) cC_
with w_ < wy < w < 0 where
(2.2) w_=sup{ReX: A €o_(—A)}, wi:=inf{Rer: A€o (-4}
and o (—A) is compact.
Under Assumption 1 we can choose w; and wy such that
(2.3) w_o <wy <wy <wy <O0.

Let now P be the spectral projection (known as Riesz projection) related to
o4 (—A), defined by

1

(2.4) P= 31 )y R(\, —A)d,
where (1 is a closed regular curve contained in p(—A), surrounding o4 (—A) and
oriented counterclockwise.

It is known that a sectorial operator generates an analytic semigroup (see
e.g., [11, 23, 29]), and we denote by {e~*4},5¢ the analytic semigroup generated
by —A. It is straightforward to see that e *4 commutes with P for all t > 0.

Since the restriction of —A on PX is a bounded operator, it follows that the
restriction {e "4 P};>¢ of the semigroup {e*4};>¢ to PX can be extended to the
whole line R. Therefore, we obtain a group {e~**P};ck.

Since (w,0) C p(—A) with w < 0, we have (—00,0] C (—o0, —w) C p(A).
Moreover,

M
“A—w

Hence, the operator A is positive in the sense of ARENDT, BATTY, HIEBER and
NEUBRANDER, [2] (see also [23, 31]). Therefore, for § > 0 we can define

1 oo
AP = —/ Bt tAqe,
L) Jo

IR A)|| = || — R(—=A,—A4)| < for all A < —w (thus, for all A <0).
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where I' is the Gamma function.
The fractional power of A can then be defined by

AP = (AP for B> 0.

As usual we take the convention that A° = id for B = 0. Also, we denote X :=
D(AP) endowed with the norm ||z||, := [|APz|| for z € X, 0 < B < 1. A detailed
study of fractional powers can be found in [23, 29, 31].

We now state and prove some inequalities, called dichotomy estimates, of the
analytic semigroup {e~*4},>.

Proposition 2.2. Let wy < we < 0 be the real numbers chosen as in (2.3). For
B > 0 we then have the following dichotomy estimates:

(2.5) HeftAPH < Mye~ 2!t for allt € R,
(2.6) HABe_tAPH < Mye~ w2t for allt € R,
(2.7) eI — P)|| < Me*! for all t >0,
(2.8) HAﬁeftA(I — P)H < N ot for all t > 0.

t—Be

Proof. Denote by —A; := —A|px the restriction of —A on PX. Then —Ay is a
bounded operator with spectrum o(—A4 ) = o4 (—A). Furthermore, — A generates
the group {e *4+};cr = {e " P};cr. Using the Dunford Functional Calculus for
{e7t4+},cr we have

1
e tA+ = —/ e R(N\,—A)d\  where £ is chosen as in (2.4).
¢+

2mi

Therefore,

67“"2'“

27

—tA
et +|—\

1
= e”R<A,—A+>dAH < oo [ RO =4O < bt
27TZ o+ ¢+

+
for M; := % sup et [|R(A, —Ay)|l, where |[€1] denotes the length of ¢*. There-

fore, inequality (2.5) follows.
The inequality (2.6) follows from the facts that

e e [ P Y PR

Next, we denote by —A_ the restriction of —A on ker P. Then, —A_ is a
sectorial operator with the spectrum o(—A_) = o_(—A), and generates an analytic
semigroup {e"*4-};>0 = {e (I — P)};>0 with spectral bound (and hence growth
bound) less than wy.

Therefore, the inequalities (2.7) and (2.8) follow from the general theory for
analytic semigroups (see e.g., SELL, YouU [31, Thm. 37.5, Chapt. 3], LUNARDI
[23], PAazy [29]).
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2.2. Green function

Assuming that A satisfies Assumption 1, we define the Green function

e~ (=TAT — P] fort>rT
2.9 t,7) = ’
(2.9) G(t.7) {—e_(t_T)AP fort <.

One can see that G(t,7) maps X into Xz := D(A?). Moreover, by the dichotomy
estimates (2.6) and (2.8) we have

(2.10) e APG(t,7)|| < K(t, r)e "7l forallt, T € R,
where
(2.11) yi= L2 ;“1,
(2.12) o= % and
N :

— ift >,
(2.13) K(t,7):=¢ (t=71)°

MQ if t S T

for wy and wy chosen as in (2.3).
We next recall some notions on function spaces and refer to MASSERA,
SCHAFFER [25] and RABIGER, SCHNAUBELT [30] for concrete applications.

2.3. Admissible Function Spaces

Denote by B the Borel algebra and by A the Lebesgue measure on R. The space
L1,10¢(R) of real-valued locally integrable functions on R (modulo A-nullfunctions)
becomes a Fréchet space for the seminorms p,(f) = [, [g(t)|dt, where J,, = [n,n+
1] for each n € Z (see MASSERA, SCHAFFER [25, Chapter 2, §20]).

We then define Banach function spaces as follows.

Definition 2.3. A vector space E of real-valued Borel-measurable functions on R
(modulo A-nullfunctions) is called a Banach function space (over (R, B, \)) if

1. E is a Banach lattice with respect to the norm || - ||g, i.e., (E,| - ||g) is a
Banach space, and if ¢ € E, ¢ is a real-valued Borel-measurable function
such that [6()] < |p()] (\-a.e.), then ¥ € E and ]| < o]l

2. the characteristic functions xa belong to E for all A € B of finite measure
and

sup ||X[t,t+1]||E < oo, inf ||X[t,t+1]||E >0,
teR teR

3. E < L110c(R).
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We remark that condition (2.3) in the above definition means that for each
compact interval J C R, there exists a number 3; > 0 such that

/J g(Oldt < Byl fls for all f € E.

We now introduce the notion of admissibility.
Definition 2.4. The Banach function space E is called admissible if

1. There is a constant M > 1 such that for every compact interval [a,b] C R we
have

b
M(b—a
(2.14) / o(oldt < MO=a), o)
a I X[a.0)ll 2

2. For ¢ € E the function

t

(2.15) Arp(t) = / o(r)dr
t—1

belong to F,

3. The space E is T -invariant and T~ -invariant where T," and T, are defined,
forT €R, by

(2.16) Trot):=p(t—1) forteR,

T

(2.17) T-o(t) ==t +71) forteR.

T

Moreover, there are constants N1 and Ny such that
|ITH| <Ny and |T7|| < Ny forallT€R.

EXAMPLE 2.5. Besides the spaces Ly(R) with 1 < p < co (see MASSERA, SCHAFFER [25,
Chapter 2, Theorem 23.V]), and the space

M(E) = {1 € Luwe®)ssp [ [ fr]ar < oo

endowed with the norm
t
7w =sup [ | fldr for all § € M(R),
teR Jt—1

many other function spaces occurring in interpolation theory, e.g. the Lorentz spaces
Ly, with 1 < p < 00,1 < g < oo (see CALDERON [5]) and, more generally, the class
of rearrangement invariant function spaces over (R, B, \) (see LINDENSTRAUSS, TZAFRIRI
[22]) are admissible.

REMARK 2.6. If E is an admissible Banach function space, then one can easily see that
E < M(R).
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We collect some properties of admissible Banach function spaces in the fol-
lowing proposition (see Huy [16, Proposition 2.6] and originally in MASSERA,
SCHAFFER [25]).

Proposition 2.7. Let E be an admissible Banach function space, then the following
assertions hold.

1. Let ¢ € L1 10c(R) be such that ¢ > 0 and A1p € E, where Ay is defined as in
(2.15). For o > 0 we define functions Ao and Ao by

¢
(2.18) Af,cp(t)z/ e =) (1) ds,
0

(2.19) "o(t) = /t h e 7 p(7)ds.

Then, Ao and Ao belong to E. In particular, if sup,cp fil p(T)dT < o0, then
Al and Al are bounded. Moreover, the following estimates hold:

N

(2:20 8l < 0 sl
Ny

21 850 < 2 sl

where N1 and No are defined in Definition 2.4.
2. E contains the exponentially decaying functions ¥(t) = e~ for t € R and
any fized constant a > 0.

3. E does not contain the exponentially growing functions g(t) = el fort e R
and any fized constant b > 0.

To obtain the existence of an inertial manifold for equation (2.23), besides
the assumptions on the operator A, we also need the @-Lipschitz property of the
nonlinear term f as defined as follows.

Definition 2.8 (¢-Lipschitz Functions). Let E be an admissible Banach function
space on R and ¢ be a positive function belonging to E. Put Xz := D(AP) for
B €[0,1). Then a function g: R X 63 — X is said to be yp-Lipschitz if f satisfies

L lg(t u)ll < () (1+ |uele,) for ae. t € R and all uy € €3,
2. |lg(t,us) — g(t,ve)|| < o(t)|ur — velg, for a.e. t € R and all ug, ur € Cp.
We need the following assumptions on the functions ¢ and F'(t).
Assumption 2. Let ¢ be a positive function belonging to E, for 0 < 8 < 1, put
148
28

28

t+0 (T 1+

R(¢,B,h) :=sup sup / %dT .
teR 0€[—h,0] t+6—1 (t 40— T)T
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For this symbol, we assume
(2.22) R(p,B,h) <400 and  R(IF()I|,B,h) < +oo.

Note that, in case 8 = 0 we do not need this assumption.

In the case of infinite-dimensional phase spaces, instead of (1.1), we consider
the integral equation

(2.23) u(t) = e~ =9 4(s) +/ e (=94 [F(&ue + g(&u())]dg  for ae. t > s.

S

By a solution of equation (2.23) we mean a strongly measurable function u(t) defined
on an interval J with values in Xp that satisfies (2.23) for ¢, s € J. We note that
the solution u to equation (2.23) is called a mild solution of equation (1.1).

We refer the reader to PAzy [29] for more detailed treatments on the relations
between classical and mild solutions of evolution equations (see also [8, 11, 23, 31]).

3. INERTIAL MANIFOLDS AND MAIN RESULT

In this section we state the our main result on the existence of the inertial
manifolds for partial functional differential equations with finite delay.

We suppose that A satisfies Assuqlption 1, consider the spectral projection
P defined as in (2.4) and the projector P in € by

(3.1) Po = (Pg)(0) := e " Pg(0),

where 0 € [—h,0] and ¢ = ¢(0) is an element of Ej.

Motivated by the definition of inertial manifolds in the case without delays
in Huy [17, Definition 3.1], we then make precise the notion of inertial manifolds
in the following definition.

Definition 3.1 (Inertial Manifold). The inertial manifold of equation (1.1) is a
collection of surfaces M = {M}ier in €3 of the form

(3.2) M, = {p(0) + T1(p(0)) : p(0) € PEs} C €5 forallt € R,

where T'4(+) is a mapping from PX into (I — P)‘fﬁ, possessing the following prop-
erties:

1. For every t € R, My is the graph of a Lipschitz function with the Lipschitz
constants of T'y(+) independent of t, i.e., there exists a constant C independent of t
such that

IT¢(p1) — Te(p2)|«, < Cllpr — p2lls.

2. There exists v > 0 such that to each uy € My, there corresponds one and
only one solution u(t) to (2.23) on (—oo,to] satisfying that u(ty) = ug and

(3.3) sup Hef'Y(toft)Aﬁu(t)H < o0.
t<to
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3. { M }ier is invariant under equation (2.23), i.e., if u(t), t € R, is a solution
to equation (2.23) satisfying conditions that us € My and sup,<, |ut|¢, < +oo for
some s € R, then uz € My for all t € R.

4. { M }+er exponentially attracts all the solutions to (2.23), i.e., for any solution
u() of (2.23) and any fized s € R, there is a positive constant H such that

(3.4) lug — ufle, < He 79 fort>s,
where v is the same constant as the one in (3.3).

The main result of this paper is as follows.

Theorem 3.2. Let the operator A satisfy Assumption 1 and the nonlinear term g
be p-Lipschitz satisfying Assumption 2. If

(35) (<1  and % (1@l + 1A FO ) + £ < 1,
where € := ek and
P el + PO
=\ 4N[RG.8.0) + ROFOILE.H] [ ] Wen o<t
P T2 [ v plloo + AL IF O] if5=0,

then equation (2.23) has an inertial manifold.

4. PROOF OF THE MAIN RESULT

In this section we present the proof of Theorem 3.2. We start with some
preparations.

4.1. Lyapunov-Perron Equation

We can now construct the form of the solutions of equation (2.23) which are
after rescaling bounded on the half-line (—oo, tg].

Lemma 4.1. Let the operator A satisfying Assumption 1 and g: R x 63 — X be
p-Lipschitz for ¢ satisfy Assumption 2. For fived to € R, let u(t) be a solution of
integral equation (2.23) such that u(t) € Xg for all t € (—oo,to], and

sup ||ev(t—to)u(t)||ﬂ < 400,
te(—o0,to]

where 7y is defined as in (2.11). Then, for t € (—oo,tg], the solution u(t) can be
rewritten in the form

(4.1) u(t) = e~ (tt0)Ap 4 /to G, T)F(T)ur + g(r,ur)ldr  for all t € (—oo,to],

where p € PX and G(t,7) is Green’s function defined as in (2.9).
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Proof. Put
to
(4.2) v(t) := G(t,7)[F(1)ur + g(t,us)]dr  for t € (—o0, ).
Then v(t) € Xg := D(AP) for all t € (—o0,to].
We estimate the terms on the right-hand side of the above expression. To do
so, we first estimate the function u; € €3 as

lutlg, = sup Ju(t+0)lls
0e[—h,0]
< ethe=7(t—t0) sup 67(t+9_t0)”“(t +0)ls
0€[—h,0]

< eMem ) sup 6T flu(s) |6
set—r,t]

< et gup Y|y (t)||g for all ¢ < to.

te(—oo,to]
Hence
(@3) ot ull < @O+ Jule,) = olt) + o) sup [ut+0)]s
€l—-h,
< e e (14 sup T u(p)]ls),
te(—o0,to]
and
(@.4) |F@ul < 1F@lule, < [F@) (e sup e u(o)]s).
o
Now,

(4.5) o (t)]|

to
= / G (L, 7) || F(7)ur + g7, ur)||dr

o0

t() t()
< / 0 G (1,7 s llg (. ur) | dr + / =0 G(t, 7| 5| F (r)u | dr.

— 00 — 00

Then the integral containing ||g(7, u,)|| can be estimated by

to
@o) [ g lotrular

to
<1+ s W u)s) [ OIGET) p(ra

te(—o0,to] —o0

Using (2.10), (2.20) and (2.21) we estimate the integral

to
/ ST G(t, )| pip(r)dr

— 00
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t N to
S/ Be*a(t*T)gp(T)dT +/ Mle*a(T*t)gp(T)dT
—o00 (t - T) t

M Ny

l—e @

N
< [ S e+ T Al

The integral in the right-hand side can be estimated for 0 < 5 < 1 by
t
N —a(t—T)

et N —a(t—T ¢ N —a(t—T
= / me @ )Lp(T)dT+/ me @ )Lp(T)dT
oo t—

[

t N 18
1 1
< NNia”AlQD”oo"‘N(/ ) * 1+5—d7'> +B</ 670‘%(“7)&-) 7
1—e t—1 (t—T)T t—1
18
NNy 1-8 ]1+8
Arollo + NR(p, B,0) | ——L_| "7
< T gl + NR(p.50)| 20|
where R(y, 8, h) is defined by (2.22).
For 8 = 0 we have
to to
[ e lgnlaptnr = [ g nllerdr
MN, + M, N.
S ﬁ”AW’”m

Next, in (4.5) for the term containing F'(t)u; we have
to
| oG D sIF () ar

to

<e( s D)) [ gl P
te(—o0,to] —o0

The last integral in the above expression is estimated for 0 < 8 < 1 by

(4.8) / "G (e, 7) |5l P () ar

— 00

NN;
<

1-8
< T IMIFOIl. + NRAFCI,8,0) Lyl—ﬂ ]Hﬂ

(1+8)
For 8 = 0 we have

to to
[ g rlar = [* oewige el
MN; + M1 N,
< WHAH‘F()HHM
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Thus
t
(4.9) / i e"(tft(’)Hg(t,T)HBHF(T)uT +g(r,ur)||dr <,
hence
(4.10) o) < (14 sup D fu()]s).

te(—oo,to]

This implies that
sup 7~ [u(t)]| < oo
t<

<to

Next, by computing directly we verify that v(-) satisfies the integral equation
to
(4.11) v(ty) = e~ =D Ay(t) + / e~ =D Ag(1,u,) + F(r)u,]dr
t

for all t € (—o0,to]. Indeed, substituting v from (4.2) into the right-hand side of
(4.11) we obtain

to
e_(to_t)A'U(t) + / e_(tO_T)A [F(T)UT + g(Tu uT)] dr
t

to

= ¢ (to—D)A /fg(t, ) [F(T)ur + g(7,ur)|dr + / ef(tofT)A[F(T)ur +g(7,ur)|dr

t

_ e%trt)A/ e~ DAL — PY[F(r)u, + g(7,ur)]dr
-
e (tot)A / e~ (0 DAP[F(r)u, + g(r,u,)|dr
t
to
+ / e~ (to—T)A [F(T)U-,— + g(7, u.,_)} dr
t
t
_ / e~ (0A(] = PY[F(T)ur + g(7,u,)]dr
= .
_ / e TIAP[F(T)ur + g(r,ur)|dr + / e” TR (T)ur + g(7,ur)]dr
p t

_ /_ " e DA(T _ P)[F(r)ur + g(r,ur)]dr

o0
to

=/ G(to, 7) [F(T)UT + g(T, uT)} dr = v(to),

where we use the fact that

e (o) A—(t=9)Ap _ o=(l=9)Ap  forallt < s < to.
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Thus, we have

to
v(to) = e~ D Ay(t) + / e~ (to=mA [F(T)ur + g(1,u,)]dr.
¢

On the other hand,

to
u(to) = e~ P04y () + / e~ (to—m)4 [F(T)ur + g(7,u;)]dr.
¢

Then
(4.12) u(to) — v(te) = e~ DA u(t) — v(t)].

We need to prove that u(to) —v(ty) € PX. Applying the operator A% (I — P) to the
expression (4.12) we have

(= P)futto) — vlta))], = [|le 94 — P)lu(t) — v(1)]],
< Ml +00=0 |7 Pl 70 u(t) — u(t) | 5.
Since

0 ut) —v(t)p < sup O ut)llg+ sup TR u(t)]]s < oo,

te(—oo,to] te(—oo,to)

letting t — —o0 we obtain that

|(I = P)u(to) — U(to)]Hg =0,

hence
AP(I - P)[u(to) — v(to)] = 0.

Since A” is injective, it follows that (I — P)[u(to) — v(tp)] = 0. Thus
p = u(ty) — v(ty) € PX.

Using the fact that the restriction of e~(*o=%4 on PX is invertible with inverse

e~ (t=t0)A we obtain that

u(t) = e~ (=t Ay 4 v(t)

to
= e (Tt0)Ap 4 / G(t, 7)[F(7)ur + (7, ur)ldr  for all ¢ € (=00, o).

This finishes the proof.

REMARK 4.2. Equation (4.1) is called Lyapunov-Perron equation and is used to determine
the inertial manifold for equation (2.23). By computing directly, we can see that the
converse of Lemma 4.1 is also true. This means that all solutions of equation (4.1) satisfy
equation (2.23) for ¢t < to.
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4.2. Existence and Uniqueness of Solutions in Weighted Spaces

For £y € R we introduce the space

Lriy = e Cloo D) swp el < +oc),
te(—oo,to
and put
oy = sup 7T Ju(t)|g.

te(—oo,to]

Then the pair (£, ,] -3
We have the following lemma which describes the existence and uniqueness
of certain solutions belonging to weighted spaces.

) is a Banach space.

Lemma 4.3. Let the operator A satisfy Assumption 1 and the nonlinear term
g: Rx €3 — X satisfy Assumption 2. If £ < 1, then for any fized to € R and any
p € PX, there exists a unique function v(p) € L, satisfying the integral equation
(4.1) for all t € (—o0, tg] with Pv(p)(to) = p. Moreover,

(4.13) lu(p)l;, < +oo,

(114) o) (@5 < 722 Ip—alls

Proof. For v € L7, and p € PX, Equation (4.1) can be rewritten as

where Z(v;p,to)(t) is the map defined by
to
(4.16) Z(v;p, to)(t) = e~ p +/ G(t, m)[F(r)or + g(1,v)]dT

for all t > to and vs € €. Take v € L7, and p € PX. From (4.16), we have

0| Z (v, p) ()15

<Gt to) ool + [

t

1=t (¢, T)||/3H[F(T)UT + g(r, vT)]HdT

to

< Mpelrte2) =t | +/ NGt ) 6| [F (7)or + g7, 0)]|dr

— 0o

to
<Ml + [ OG5 (Pr)er -+ glr, w0

oo

As in the proof of Lemma 4.1, we obtain that

| Z (v, p)()lls < Mallpll + €1+ [o]).
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This implies that
|Z (v, p)(t)]5 < +o0.

Take u, v € L, and p, ¢ € PX. Since the nonlinear term g is ¢-Lipschitz

and F(t) is a bounded linear operator for each ¢, we have
lg(t, ue) = g(t, vl < p(t)e? e fu — o7,

and
IF(t)u — F(t)or]| < [F(E)]le e 10 |y — ol

We have
1)1 Z(u, p) (t) = Z (0, ) ()5

0
< Gt T llp — glls + e / G, T)lIsllg(T,ur) — g(7, v7) | dT

— 00

t

to
+ [0 Dl (e~ Fr)oar

—oo
t

0
< e —glly + (u—ol;e™) [ UG se(riar

— 00
to

+(fu=ve™) [ G075l F)ar

— 00

< Mallp—qllg + llu— |3
Therefore

(4.17) |Z(u,p) — Z(v,p)|; < Mallp—qllg + £lu— |

which implies that Z(-,p) is a strict contraction operator in L4, uniformly in
p € PX. Therefore there exists a unique fixed point v(p) of Z(-,p), which is the
unique solution of the integral equation (4.15), hence of (4.1).

Using (4.17) and the fact that v(p) = Z(v(p),p) and v(q) = Z(v(q), q), we have

[v(p) —v(@)ly < Mallp—qlls + Lv(p) —v(g)l5 -
Hence,
__ M
lv(p) —v(@)ly < —llp—als
1-7
and the lemma is proved.

4.3. Proof of the Main Theorem

We now prove the main theorem of this paper. We separate the proof into four
steps corresponding to the four properties in the definition of the inertial manifold.
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Step 1 (Invariant Manifold as Graph of the Lipschitz Function). In this
step, we will construct the Lipschitz manifold. Precisely, we construct the manifold
as graph of the Lipschitz mapping with Lipschitz constant independent of time.

Lemma 4.3 enables us to define a collection of manifolds {M;};cr by the
formula

(4.18) M, = {p(0) +Te(p)(0) : p(0) € PEs} C €5, forallteR

where p = p(0), and
(4.19) Ty(p / G(t+0,7)[F(T)vr + g(7,v;)]dr  for all 6 € [~h,0].

Here v, is an element from %3 defined by the equality
vr(0) :=v(r+0) forall € [—h,0] and T € (—o0, +00),

and v(7) = v(p)(7) is the solution to integral equation (2.23) for all 7 < ¢.
Take p, ¢ € PX. For y = —-2 T and 6 e [—h,0], from (4.14) and (4.19),

we have

(120)  [Tup)6) - Tu(@)0)]],

</ Hg<t+en>uﬁuF<T>UT<p>—F<T>UT<q>udT
+ [ 19+ 0.9 lgtr. vr ) — gt (a7

< (@) —o(@)ly) [ e TING 0+ 0.7

— 00

(@) o) [ eTTIGE 6. plr)dr

Mye he= K .,
< (Mgl ) [ g+ 0l o

MQe h B ¢ y(t+60—7)
+ 17HP qlls e G(t+6,7)llpp(T)dr

— 00

We estimate the integral

t
| et g e + 0.0l (r)ar

— 00

t+6 N (140 ) t ( 0)
< —a(t+0—1 d + Mie @ T—1— d
_Lm 7(1%—}—9—7)/36 o(r)dr » 1€ o(T)dr

t+6
N M N:
< —a(t+0—7) d 14V2
_Lm 7@‘—1—9—7)/36 <p(7’)7’+1_ —

A1l oo
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The first integral on the right-hand side is now estimated for 0 < 6 < 1 as follows

t+6 N o

t+6—1 N (t+9 ) t+60 N (t+9 )
_ —a -7 dr + / —a -7 d
/_Oo (677" SRR AR o s p(r)dr

t+6—1 N )
<[ GErmpe

o 1 26 " 1-8
2 1+5 —oB e s 15
+ N</ <P(T) 1+3 dT> </ e 1-5 (t+6 )dT)
t+0—1 (t 10— T)T t+60—1
1-38
NN1 ol 1-8 e
< T=a M@l + NR(p, 5, h)e ’ [ )} ,

a(l+ 4

where we have used the Holder inequality. And, for § = 0, we have

— 00

t t
/ SO G(t +6,7)|pp(r)dr = / TGt + 6, 7) |ip(r)dr

MN1 + M1N2

A1 oo
< I g

For the term F'(t)u;, we estimate the integral

t
[ NG+ 6.0l F)lr

— 00

[

=)

NN o 1_ﬂ 1+
< 7 [MIFON| o + NRAFC. B, R)e {m} for all 0 < 8 < 1.

A=y

For 8 =0, we have

n t
/ G (t + 0, 7)] 5l| F(7)ldr = / DG (¢ + 0, 7| F(7)

— 00

|dr

MN1 + M1N2

eI

Substituting above inequalities into (4.20) we obtain that

e Y
(.21) L)) ~ L)) < 2T~ gl
Hence
L) ~Ti@lg, = s [T)0) - Tep)O)], < 22— g
0e[—h,0]
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Thus

ITe(p) = Te(g)le, < Clip—dlls,
yielding that I'; is Lipschitz continuous with Lipschitz constant

Mgf@vh
C:= 17

independent of time ¢. We thus obtain the property 1 in Definition 3.1 of the Inertial
Manifold.

Step 2 (Existence and Uniqueness). The property 2 in Definition 3.1 follows
from Lemma 4.1, Lemma 4.3 and Remark 4.2.

Step 3 (Positive Invariance). We now prove that property 3 in Definition 3.1
is fulfilled. To do this, fix any to € R and let u(t), t € R, be the solution to (2.23)
such that uy, € My, and supye(_ o 1) |eY(t=t)y(t)]|5 < +oo. We will prove that
uy € My for all t € R.

To simplify the representation we put
b(tu ut) = F(t)ut + g(tu ut)'

Firstly, for ¢ > ¢y, we show that u; € M,. Indeed, the function u;, satisfies

to

u, (0) = e "4v + [ Glto +0,8)b(E, ue)de,

—0o0

where vy € ker P and for all 6§ € [—h,0]. Assume that v(-) is a solution to equation
(2.23) on [tg,t] with the initial condition vy, = ut,. We put

w(s) = {u(s) if s < ¢y,

v(s) if s € [to,t].

Obviously, w(s) is continuous and bounded on (—oo,t] and u; = w;. We will prove
that w; € M.
For s € [to, ], we have

w(s) =v(s) = e_(s_tO)Av(to) + /S e_(s_f)Ab(g,vg)dg

to

to S
:e—(s_tO)A(vl—i— g(toaﬁ)b(fauﬁ)d§>+ / e~ mONb(E, ve)de

to

to s
= e~(smt) Ay, 4 / e”CTOAPD(E, ue)dé + / ™ TOAPh(E, ve)de

—00 to

+ / e~ COAT — Plb(€, ve)de

to
— e~ (s—to)Ay 4 /S e*(sff)A[] — Pb(§, we)dE + /S G(s,8)b(&, we)dE.
to —00

Putting
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t
= ef(titD)A’Ul —|—/ ei(tig)A[I — P]b(¢, wg)dg € ker P,

to
we obtain
e~ (t=9)Ay, _ o—(s=t) Ay, | / e~ (TOAT — PIb(¢, we)dg
t
. 0
+ / e~ E=DAT — Plb(¢, we)de.
Thus,

w(s) — e*(tfs)A'UQ — /t e*(é*s)A[I — P]b(f,wg)dg + /S g(s,g)b(g,’u)g)dg

S

= e*(t*S)sz + /7 g(s’g)b(g’wddé

For s < ty, we arrive at

to

w(s) =u(s) = e" 0=y 4 [ G(s,€)b(E, ug)de

— 00

s to

et Ay, / e mOAPH(E, ug)de — / e~ DA — Plb(¢, ug)de
= -

= e~ (to=5)Ay, _/ e—(f—S)A[I — P]b(¢, we)d€ +/ G(s,8)b(E, we)dE

+ S
=0y — [N P g+ [ Gl e v

S

t
(DA, / G(s, Ob(E, we)de.

Therefore, for all s < ¢, there exists vo € ker P, such that

t
w(s) = e~ =Dy, 4 / G(s,€)b(€, we)de.

This yields wy; € My and thus u; = w; € M; for all t > tg.
Secondly, for t < tg, we shall also show that u; € My. In fact, for t € [s, to],
we have

to

u(s) = e~ 04y, 4 / G(s, E)b(, ue)de

to
_ —lo=9)Ay, _ / eI — PIB(E, ug)dé + / e~ (O Ph(¢,ug)de.

S — 00
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Putting
to
by 1= e~ (o= Ay / e~ EDAT — PIb(€, ug)dE € ker P,
t
we obtain
to
R I —/ e (T4 - P1b(€, ug)d€
t
to
=ty = [T eI Pl ug)a
t
+ [ e = P ue)de,
Therefore,

S

t
u(s) _ e*(t—s)AU2 _/ e*(f*s)A[I_ P]b(§,u5)d§+/ e*(st)APb(&ug)dg

S — 00

t
L / G(€,ue)de  forall s < 1.

— 00
Hence u; € M;.

Step 4 (Exponential Attraction). In this step, we show that the collection
{M}1cr determined as in the previous step possesses the property of exponential
attraction. More precisely, the manifold { M, }:cr is an exponentially asymptotically
complete inertial manifold, i.e., for any mild solution u;, any s € R, there exists a
solution u} lying in the inertial manifold {M;}:cr such that

(4.22) lug — ufle, < He =) forallt>s,
where
M M2 Nyteh
§:= 2 12%€ (1M1 @lloe + [[ALIFC)I|| ) + 2] <1 defined by (3.5), and

(1—-0)(1—e @)
H:= % Ty (Pu(s)) — (I — P)us|%.

The solution uy is called an induced trajectory.
To this purpose, we will find the induced trajectory in the form

w(t) = u(t) + w(t)
such that

(4.23) lw|sy = sup "I |w(t)||s < +oo.
t>s—h
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Substituting u*(-) to equation (1.1) we obtain that w*(-) is a solution to (1.1) for
t > s if and only if w(-) is a solution to the equation

(4.24)  w(t) = e~ 4y(s)
t
+ / e O () (ug + we) — F(€)ue + (&, ue + we) — g(€, ue)ld.
For the sake of simplicity in the presentation we put
B(t,we) = F(t)(ue +wy) — F(Oue + g(t, ue + we) — g(t, ue),
and set

HIOO = {y e C([s—h,+00),X3): sup eW(t_s)Hy(t)Hﬂ < —l—oo}
>s—h

t>s—

endowed with the norm |- |5 + (defined as in (4.23)).

Then, one can prove that a function w(-) € H{  is a solution to (4.24) if
and only if it satisfies

(4.25) w(t) = e~ 74G(0) + / h G(t, 7)B(r, w,)dr
0

for t > s — h and some ¢ € (I — P)‘KB, where the value ¢ is chosen such that
ul = us +ws € Mg, ie., such that

(I — P)(us +ws)(0) = Ts (Pus +ws)(0)) ().

From (4.25) it follows that

(4.26)  we(0) = §(0) — e 4 / e~ "APB(r,w,)dr  for all § € [—h,0].

Hence -
P(u, + w,)(0) = Puy(h) — e_eA/ e~ "DAPB(r,w,)dr

S

and therefore

(4.27)  4(0) = (I - Pyuy ()

= —(I - P)us(H) + Ty (PU(S) _ /OO 67(577')APB(7_7 wT)dT> (9)
Substituting this form of ¢ into (4.25) we obtain that
(4.28) w(t) =e 794 [—(1 — Pyu(s) + o (Pu(s) / T tapp(y, w,)dr) (0)]

S

+ /00 G(t,7)B(1,ws)dr.
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To prove the existence of u* satisfying (4.22) requires that equation (4.28) has a
solution w(-) € H{ . To do this we prove that the transformation T" defined by

(Tw)(t) = e~ E=94G(0) + / G(t,7)B(r,w;)dr forallt>s—h

acts from H}  into itself and is a contraction.

Indeed, for w(-) € HI ,, we have
lg(t,we)l| < @) e wl, 1, and [[FEw)|| < [[F(@)]ee D uwly

therefore we can estimate

0 Tw)E)]5 < TV (0]
#eMulss) [ OGN sletr) + IFGan
< 14(0)[|5 + llwls+  forallt > s — h.
Using the estimate (4.21) with 6 = 0, we have
140, = |7 = 2o + . (Puts) - [ e IPB(r wnar) )

< M|Pu(Pu(s))(0) (I — P)uy(0

B
0]l

+M HFS(PU(S))(O) - T, (Pu(s)(()) - / T e -nApp(r, wT)dT) (O)Hﬂ
< M|T(Pu(s)) = (I = P)uy, + MM?E H ~TAPB(r,w )| jdr
< MIT(Pu(s)) — (I - P, S
+ Ml [T DG s IFO)ldr
+ My [T DG s ptrar
< MIT(Pu) (1~ Py, + XV ), [ emetemran
M MZterh }

ol [ e (s

<M ‘I‘S(Pu(s)) — (I - P)u,

Cp
{ M MZNyleh
(

T (Ml + M IFON)] s

It follows that (Tw)(-) € H{,, and
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(4.29) |Tw|s4 < M|Ty(Pu(s)) — (I — P)us\cgﬁ

MMZN,teth

A—Oi—ea) (IArelloo + [[AIF O ) + €| Tw]s,+-

Therefore, the transformation T acts from HF  into itself.
We take w!, w? € HT__ and use the fact that

5,00

[B(t,w) = B(t,w))|| < (p(t)e™ e ! —w?|, 1)
+(IF@) e e |w! —w?ls,4),

to obtain
e'Y(tfs)H(Twl)(t) _ (Twz)(t)Hﬁ < e’)’(tfs)He*(tfs)A(ql (0) . 42(0))"5
4 / Gt )| | F(r)wk — Flryu?||dr
4 / Gt )5 lg(r wh) — glr,w?)|dr
< [161(0) = @ (O)]] + e [w —w?], / G (t, 7)o F(7) | dr

+e" ‘wl - w2’5,+/ et 1G(t, )| sep(T)dT

= 1080) = GO, + ¢ =Pl [ OGN (o(0) + [ dr

S

1-4
M MZee
1-4

< [ M M2 Nyteh
T 1A =-01-e)

for all t > s — h. Here we have used the estimate (4.21) with 6 = 0. Therefore

MMyl [ . .
< 1_24 . |e=C=DAP [B(r,wy) — B, wi)] dr || jdr + £ o' —w?| |
2 o)
T [0 B ) — B far + fut — ...

IN

' — w2|s,+/ NG5, )l (0(7) + 1E (7)) d7 + ' —w?]s 1

(IAslloe + [JAIFOL) + 4 = ot

M M3 Nole?"

W(HAWHM + HA1||F(')||HOO) + 4 lw' — w?|s 4.

‘Tw1 — Tw2’5,+ < [

Hence, if
5 M M3 Nole'"
' (1=0)(1—e)

then we obtain that T': HI_ — M1 is a contraction. Thus, there exists a unique

w(-) € HI, such that Tw = w. By the definition of T, w(-) is the unique solution

(IArelloo + [AEON]L) +4 <1,
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H{ . of equation (4.28) for ¢ > s — h. Also using (4.29) we have the estimate

M
s+ ST
|w|7+_1_

5 T (Pu(s)) — (I — P)us\%

Furthermore, as argued above, the existence of such w yields the existence of the
solution u* = u 4 w to equation (1.1) such that u} € M, for t > s, and u* satisfies

[u (0) — wi(O)l[p = [Jw(t + )]

—v(t—s M > —v(t—s
<e )|w|s,+ < m‘rs(Pu(S)) - - P)u5|cbﬂﬁe v(t=e)

for all t > s and 6 € [—h, 0]. For

o )
H = 75 Tu(Pu(s) = (I = Plusl .

we have
|luy — ut|% < He =% forallt>s.

Therefore, { M, };cr exponentially attracts every solution u of the integral equation
(2.23). The proof is complete.

REMARK 4.4. By the definition of the constant ¢, we have that, for 0 < § < 1, condition
(3.5) is fulfilled if the following three conditions hold:

1. The sectorial operator —A has large enough spectral gap, meaning that the differ-
ence w2 — wi is sufficiently large,

2. The norms
t t
[A1elloo = Sup/ p(rydr,  [[MIFOI, = Sup/ £ (7)l|dr
teR Jt—1 teR Jt—1
are sufficiently small,
5. AN EXAMPLE
As an example we consider the modified Hutchinson equation with diffusion

(see [12, 27] and the references therein)

ou(t, x) Ow(t,x)

Eram d D +yYQ)w(t —1,2)[1+w(tz)], t>0, ze(0,),
(5.1) ou(t,0)  Ou(t,m)
a ot 0 £20,
w(f,z) = ¢(0,7) € €5, 0 €[-1,0], = € (0,m).

where d > 0.
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In this problem, we can choose = 0 and the space X := L2[0, w]. Consider
the linear operator A: X D D(A) — X defined by

D(A) :={y € X : y and ¢y’ are absolutely continuous, y' € X, y(0) = y(7) = 0},
Aly) = —dy" for all y € D(A).

It can be seen (see ENGEL, NAGEL [11]) that —A is sectorial of ({, —1)-type
for any ¢ € (0,7/2) and generates an analytic semigroup {e~*4};>¢. Moreover, the
spectrum of —A consists of eingenvalues

o(—A) = {~d,~2%d,--- ,—n?d,—(n +1)*d,---} C (—o0,0)  (because d > 0).

Also, we have that p(A4) D (—o0,d) D (—o0, 0], implying that A is positive.
Define the function F: R — £ (%3, X) by

F(t)(p) :==9(t)o-1¢ for all ¢ € Cp,
and the function : R x 3 — X by

9(t,¢) :=P®)[(0-19)(¢)]  for all ¢ € Cp

where 0_1 is the Dirac delta function concentrated at —1, and the real function
() is defined for a fixed constant ¢ > 0 by

O S R TFY
(52) w(t) = A
0 otherwise.

+2i} foralln=0,1,2, ...,

We fix any p > 0 and denote by B, := {¢ € €5 : |¢|g < p} C €3 the ball with
radius p in €. The problem (5.1) can now be rewritten as the following abstract
Cauchy problem

du(t, )
— >+ Au(t,-) = F(t 0,- t 0,
(53) dt + u( ) ) ()(ut( ’ ))+g( 7ut( ) ))7
uO(ea ) = ¢(97 ) € Cgﬁa
where F(t) are linear operators and ||F(t)(¢)|| < ¢(t)||¢| for all ¢ € B,. Moreover,

||9(t w(6,-)) — g(t, ve(6, )]
Y(©)][ue(8, ult,-) — ve(0,-)o(t, )]
( )”ut( )u(t7 ) - Ut( )u(t7 ) + Ut(97 ')u(tv ) - Ut(ev ')U(tv )H

< w( ) [[lwe(0, -Yult, ) = ve(O, Jult, )| + [ve(8, -ult, ) = ve (B, -)o(t, )]

< 2p)(t) ees[l—l]i) ’ lug —ve]|  for all ug, v, € B,,.

Thus [|g(t, us) — g(t,ve)|| < 2p9(t)|us — ve|,, meaning that g is (2p1)(t))-Lipschitz.
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We now use the cut-off technique to obtain a “modified” equation of (5.3)
(see Eq. (5.6) below) so that we can apply Theorem 3.2 to the modified equation.
When we restrict to any fixed ball of 63, the two equations are identical.

Let g is @-Lipschitz, and x(s) be an infinitely differentiable function on
[0, +00) such that

o x(s)=1for0<s<1;

e x(s) =0 for s >2;

e 0 < x(s) <1land [x/(s)] <2 fors e [0,400).
We define the mapping by assuming that

(5.4) gr(t,ut) == x (%) g(t,us) for all u € 2(AP).
We have

55 lonttu) - gnttol < [P p0)] - ul,
Indeed,

1. If lu|g, ¢ Bag and |v|g, ¢ Bag for all u, v € P(AP), we have
|u|‘€3 |U|%”5
_— = — = O
X ( R X R ,

2. If |ulg, € Bog and |v|g, € Bag for all u, v € 2(A?). Then

hence (5.5) is true.

lgr(t,ut) = gr(t, vr)||

= ("2 ) ate = x (M2 ) a0
< e ("2 ) ateew = (M2 Y ate| + v (M) e = o)
() (ot (2 -

< (B lhule, o] ) - (0) (1-+ k) + (Ol = v

o) (1+ utle,) (5 +1) = ule,

2
o(t) (14 2R) (R +1) lus — vt |,
[2R2+5R+2

IN

IN

@(f)] lut — vl -
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3. Suppose |u|g, € Bog and |v|g, ¢ Bog for all u, v € Z(A?), we have

lontesu) = antt, 0l = [ (2 ) att w0 = (22 ) ot

< Hx (%) g9(t,ue) — x (lvllfﬂ) g(t,ue)

< [T+ 2R)p(t)]|ur — vel s,

Thus

2R?* 4+ 5R +2
lon(tu) - gn(t. )l < | 2200 = e

2R+ 5R 42

= )—Lipschitz.

Because g is (2p)(t))-Lipschitz, we have gp is (2p1/)(t)
Next, we consider the following abstract Cauchy problem

du(ta ) o
(5.6) g At ) = FO) (w8, ) +gr(t w0, ), t>s,
U(S, ) = (b()
We have that
t %4»2711«#(2 1
sup/ [(T)|dr < 2sup/ (t—n)dt = —.
ek Jiy ner 2t 2

Hence, ¢ € M(R) and ||A1¢] < 26—171 in spite of the fact that the values of ¢ can

be very large.
Now, choose w1 and ws as

wr = [—(n+1)%d] + (=n?d) — [;(n+1)2d] _ 302 —3471—2d,
_ 2 (—n%d) — [~(n+1)%d]  —3n2—2n-1
we =[—(n+1)*d]+2 2 _ . d
(2n+1)d

Then the difference wy —w; = is sufficiently large if so is n. By Theorem

3.2 we obtain that, if ¢ is large enough (consequently, the norms || A1 [[F(-)]||| and
[[A1%]|co are small enough), the Problem (5.1) has an inertial manifolds.
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