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COUNTING INTEGER REDUCIBLE POLYNOMIALS
WITH BOUNDED MEASURE

Arturas Dubickas

The purpose of this work is to give an asymptotic formula for the number of
integer reducible polynomials with fixed degree d > 2 and Mahler measure
bounded above by T and also for the number of such monic polynomials
as T — oo. We also consider the case of monic polynomials which have all
their roots in the disc |z| < R and find asymptotics for the number of such
reducible polynomials too as R — co. In all cases the constants in the main
terms are related to the constants of the corresponding counting formulas for
the number of such irreducible polynomials due to CHERN and VAALER (in
case of Mahler measure) and AKIYAMA and PETHO (in case of a disc).

1. INTRODUCTION

In this paper, we shall give some asymptotic formulas for the number of
reducible polynomials with integer coefficients of fixed degree d > 2 and restricted
height. Throughout, reducibility of a polynomial f € Z[z] is understood over
the field Q, unless indicated otherwise. Sometimes, we also use the concept of
reducibility of f in the ring of polynomials Z[z]. (For example, the polynomial
f(x) = 222 + 4 is irreducible over Q, since it is not a factor of two polynomials
with positive degrees and rational coefficients, but it is reducible in the ring Z[z].)
Below, we shall use the Landau symbol O and the Vinogradov symbol < . Recall
that the assertions U = O(V) and U <« V are both equivalent to the inequality
|U| < CV with some constant C' > 0. In case U and V are of the same size, i. e.
U <V <« U, the notation V =< U will be used. Also, the constants implied in the

2010 Mathematics Subject Classification. 11R09, 11R04, 11R11.
Keywords and Phrases. Reducible polynomials, Mahler measure, polynomials with bounded zeros,
totally real algebraic integers.

308



Counting integer reducible polynomials with bounded measure 309

symbols O, <« and =< only depend on the degree d, unless indicated otherwise, but
are independent of the constants 7" and R standing as bounds of various heights of
a polynomial.

The first author who worked on a problem with the restriction H(f) :=
maxglzo laj| < T on the coefficients a; of f(z) = aqz? + -+ + ap € Z[z], was
VAN DER WAERDEN [26]. Clearly, there are 2|T|(2|T| + 1)¢ ~ (27)%*! such
polynomials. It was shown in [26] that for each d > 3 and each sufficiently large
T all but O(T4+1-1/(6(d=2)loglog T)) 4f them are irreducible and have Galois group
isomorphic to the full symmetric group S4. This direction was then developed and
the error term improved by GALLAGHER [15] and DIETMANN [9], [10].

The case of reducible polynomials turned out to be more subtle. After the
estimates given in [25, Example 266], [11] and [16], the asymptotics was only
recently established by the author in [12]. See also the previous work of CHELA
[7], who proved a corresponding asymptotic formula for the number of reducible
monic polynomials, and the paper of BHARGAVA et al. [6] for an asymptotic formula
for quadratic forms in d variables with integral zero (the case d = 2 corresponds to
the number of reducible quadratic polynomials).

Later, SPECHT [24] investigated the same problem with another quite natural
d

1/2
height restriction (Z a?) < T and gave several asymptotic formulas for the
=0
number of such irreducible and reducible polynomials of degree d.
In this paper, we consider the polynomials with bounded Mahler measure
which is of a similar size as its height. Indeed, for any f € Clz] in view of the
inequality

(1) H(f)2™" < M(f) <H(f)Vd+1,

where d = deg f, the Mahler measure and the height of a polynomial have the same
size, 1. e. H(f) < M(f) < H(f) or, equivalently,

(2) M(f) = H(f).

The left inequality of (1) is given, e. g., in [27, Lemma 3.11], whereas the right one
follows from an old inequality of LANDAU [17].
Throughout, we assume that d > 2. Put

ld/2)-1 o
— od gld/2]—1 (25)~
(3) Vy = 2%d Hl ES=E
J:

where an empty product is 1, so that Vo = 4, V3 = 8, V; = 128/9, etc. In [8],
CHERN and VALLER proved that the number of integer polynomials of degree at
most d and Mahler measure at most 7" is

(4) Vi1 T+ 0(T%),
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whereas the number of monic integer polynomials of degree exactly d and Mahler
measure at most T is asymptotic to

(5) VaT? as T — oo.

This last formula is not explicitly given in [8]. To derive (5) from the results of
[8] one can combine the formulas (1.10) and (1.29) of [8] and then verify that the
L(d—1)/2]
product of 2 ] (2j/(2j+1))* % and (d/2) Wd=1)/2] /| (d — 1)/2]! is equal to
j=1
Va defined in (3).

In fact, it is easy to see that the same formula (4) also gives the asymptotics
for the number of integer polynomials of degree exactly d and Mahler measure
at most T (see, e. g., [18]). Distributing all such polynomials into two classes,
irreducible and reducible, and using the fact that the number of reducible ones is
O(T?) for d > 3 and O(T?logT) for d = 2 (by (2) and [12, Theorem 1] or [16,
Theorems 1 and 2]) we find that the number of irreducible integer polynomials of
degree d > 2 and Mahler measure at most 7' is

(6) Vi T + O(T(log T) /%)),

In [18] it was also shown that the number of integer irreducible polynomials
in the ring Z[z] with positive leading coefficient and Mahler measure at most 7" is

Vi1 d+1 d [2/d]
(7) 72C(d+1)T + O(T%(logT) ),
for each d > 2. Consequently, the number of algebraic numbers of degree d > 2 and
Mahler measure at most T is

dVai1

(8) de“ + O(T?(log T) 12/,

Other results implying some special cases of (8) have been earlier obtained
by SCHANUEL [21] and SCHMIDT [22], whereas various generalizations of (8) over
the fields other than @ have been subsequently investigated in [4], [5], [19]. By the
same argument, using (5) instead of (6), one can see that the number of algebraic
integers of degree d and Mahler measure at most T is asymptotic to dVyT? as
T — oco.

2. MAIN RESULTS

In the next theorem, we find the asymptotics for the number of reducible
polynomials with bounded Mahler measure.

Theorem 1. The number of integer reducible (over Q) polynomials of degree d > 5
and Mahler measure at most T is

¢(d—1) d d—
(4Td)—1)VdT +Oo(T Y.
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The number of such quartic polynomials is

(M VT4 0T log T),

T4

the number of such cubic polynomials is

8(32%(3) —1)T% + O(T*(10g T)?),

and the number of such quadratic polynomials is
48
FTQ log T + O(T?).

One can see that all these formulas are explicit and much simpler than those
obtained for the height H(f) < T in [12]. We take this opportunity to correct a
small error of our result given in [12, Theorem 1]. In the quartic case (when d = 4)
the error term there should be O(T?1og T) as it is here in Theorem 1 and not O(T?)
as given in [12]. The reason for the error to occur is that we used the result of
KuBaA [16, Theorem 4] whose second part is incorrectly stated for n = 4. Its correct
version follows from Lemma 6 below: the number of quartic integer polynomials of
height at most H that can be expressed by a product of two irreducible quadratic
polynomials is O(H? log H) (and this bound is sharp).

In the next theorem we establish the same result for monic polynomials (ex-
cept that we do not give any error term, since no error term is given in (5)).

Theorem 2. The number of monic integer reducible polynomials of degree d > 3
and Mahler measure at most T is asymptotic to

(2¢(d — 1)+ 1)Vg 1T as T — oo,
whereas the number of such monic integer quadratic polynomials is
2T log T + O(T).

Let us consider another natural height of a polynomial which is the modulus
of its largest root. The constant naturally coming into the picture is the volume
vgq of d-dimensional real vectors (bg—1,...,bo) for which monic polynomials x4+
ba—12%1 + -+ 4 by have all their roots in the unit disc |z| < 1. This d-dimensional
body was considered by SCHUR [23] in 1918. Then, in [14] FAM proved that

2m? ]_1
=2 H (25 — 12
for d = 2m and

_ o2m?42mil G-1nr
=2 H 21—1) 2 1+ 1)
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for d = 2m + 1 (see also [1], [2]). In fact, by a standard calculation, in view of
Hj' H]’H‘l J and
j=1 j=1 t )

H(2j_1 t 1)/21_[ 2]_1 1))t+1—.7

j=1
one can easily compose both formulas into one having a pattern similar to that of
the constant Vy defined in (3):

ld=n/2
_od 2j ) J
) va=2" ]I (Qj 1 '

Jj=1

For a given integer s in the range 0 < s < |d/2], let UEIS) be the volume of d-
dimensional real vectors (bg—1, . . ., bg) for which monic polynomials x4 by qx? 14
-+ 4+ by have 2s complex roots, d — 2s real roots, and all d roots lie in the unit disc

|z| < 1. The value of vl(is) in terms of a (quite complicated) integral was established
by AkryAMA and PETHO in [1]. Note that

L4/2,
(10) =3 o,
j=0

As shown in [1], each v((is) is a rational number which is conjectured to be an

integer multiple of vfio). There are several explicit formulas for v((io) given in [1]. For

instance, combining Theorem 4.1 and Lemma 5.1 of [1] we have

(0) d(d+1)/2 (j—1)!
Yd H (25 —1)!

As above, it can be rewritten it in the following equivalent form (similar to (3) and

(9)):

(11) o) =2 H (2] n 1)

In [2], it was shown that the number of monic integer irreducible polynomials
of degree d whose roots (2s complex and d — 2s real) all lie in the disc |z| < R is

(12) U((is)R(d+l)d/2 + O(R(d+1)d/271),

where the constant in O depends on d and s. Summing over s from 0 to |d/2]
and applying (10), one obtains the total number of such monic integer irreducible
polynomials

(13) UdR(d+1)d/2+O(R(d+1)d/2_l)_
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In particular, since 2-4d4=3)/2 = 4d . 9=d(d+1)/2 354 each monic irreducible
polynomial of degree d has d distinct roots that are real algebraic integers lying
with their conjugates in [—R, R], the formulas (11) and (12) with s = 0 imply that

Corollary 3. The number of algebraic integers of degree d that lie with their con-
jugates in the interval [—R, R] is

d—1 .
d d(d+1)/2 2j )d’J d(d+1)/2—1
d4%(R/2) ]1:[1 (—2j =) +or ).

For applications (see, e. g., the paper of ROYER [20]), an upper bound
O(RU4+1)/2) coming from Corollary 3 is better than the bound O(R¥?+1)) coming
from [13] which was actually used in [20].

For d =1 all 2| R] + 1 monic integer polynomials with roots in |z| < R are
irreducible. For d = 2, only the polynomials of form (z — a)(z — b), where a,b
are integers in the range —R < a < b < R, are reducible, so there are exactly
(2|R] + 1)(|R] + 1) of such quadratic reducible polynomials. For other d in [2,
Corollary 3.1] it was shown that the number of reducible polynomials with roots in
|z| < R is O(RUIHD/2-1),

The next theorem gives the true order and asymptotics for d > 3:

Theorem 4. The number of monic integer reducible polynomials of degree d > 3
whose roots all lie in the disc |z| < R is

ld/2]-1

d 25\ aa—1) /241 A(d—1)/2
(14) 2t ] (2j+1) R +O(R ).

Also, for each s in the range 0 < s < |d/2], the number of monic integer reducible
polynomials of degree d with 2s complex roots and d — 2s real roots all lying in the
disc |z| < R is

(15) 21}((15_)1Rd(d71)/2+1 + O(Rd(dfl)/Q)

when d # 2s,

(16) 8 Uéd/g—l)R(d—l)(d72)/2+3 + O(R(dfl)(d72)/2+2)
3 Va—

when d = 2s > 6, and
(17) 2R+ O(R)
when d = 2s = 4. Here, the constants implied in O depend on d and s.

Note that, by (9), (10) and (11), we have

1 0 4 8
(18) vé):vg—vg)zél—g:g,
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so the constant 32/9 in (17) is equal to the half of the constant 8v§1)/3 = 64/9 that
would occur in (16) for d = 4.

In the next section we will prove several lemmas and also recall two well
known asymptotic formulas for sums involving Euler’s totient function. Then, in
Sections 4, 5, 6 we will prove Theorems 1, 2, 4, respectively.

3. AUXILIARY RESULTS

We begin with the following analytical estimate:

Lemma 5. Let k,t,s,kq,..., ks be some positive integers satisfying 1 < s <t and
ki1 < <ki—g <ki_sy1=---=ki=k. Let also

A= {(z1,...,2¢) €R" : where z1,...,2¢>1 and z1... 7, < X}.

Then,
/ gk afdrida, .. de < X (log X)) Y,
Ay

where the implied constants depend on k,t, s, but not on X.

7 )

Proof. Integrating over the last variable x;, we find that
X/ (w1 m) k k+1, —k—1 k—1_,—k—1 k—1
/1 ridr, < X" ] Ty T T

Hence, for our integral I we have I < X**1J with

(19) J = / ghi=k=1 .:cffssfkflzzr;lﬁl cooxp dayday . dog g,
Ag—1
where A;_; is the domain consisting of the vectors (z1,...,z¢—1) € R*~! such that
T1,...,2;-1 > 1land x1...2,_1 < X. Therefore, the task is now to show that
(20) J = (log X)L,

To get the required upper bound on the integral J defined in (19) we observe
that the domain of integration A;_; is contained in the domain D’ := [1, +o0]' "5 U
[1, X]*~L. Integrating over D’ instead of A;_1, we see that the integrals over the first
t — s variables are all bounded above by 1, since f;roo a:?j_k_ld:rj =1/(k—k;) <1
for 1 < 5 <t — s. The integral over each of the last s — 1 variables is equal

b'e

to f1 a:;ldxj =logX fort —s+1 < j < t— 1. This yields the upper bound
J < (log X)L,

For a lower bound on J we integrate over the domain

D=1, Q]t—s U{l<z g1 < <241 < Xl/(s—l)g(s—t)/(s—l)}_
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(Here, the first element of the union is empty for t = s and the second element of the
union is empty for s = 1.) This domain D is contained in A;_; for X > 2!7% since
for each (z1,...,2¢—1) € D the product z7 ... ;1 does not exceed 25 X257t = X,
Now, each integral over the first ¢t — s variables is

2
kj—k=14,. _ 1 1 > 1 1
/1 i T Rk k)2 R~ 2k—ky) 2k
Hence, we immediately get the the required lower bound in (20) when s = 1.
Assume that s > 1. Put r:=s—1>1and Y := X/ (6=D20=0/(s=1)  AJgo,

for simplicity of notation, set y1 = Tt—s41,...,Yr := x¢_1. Since logY > log X
and, as we just showed, J > (2k)*~t.J;, with

J1 ;:/ yr by Ny dy,,

r

where D, ;= {1 <y; <--- <y, <Y}, in order to get the required lower bound in
(20) it remains to show that
J1 > (logY)".

Indeed, integrating over y; in the range 1 < y; < y2, we obtain
Ji = / (logya)ys ..y, *dys ... dy,
Dyr—1

where D, := {1 < yo < --- <y, <Y} Next, integrating over y, in the range
1 < ys < ys3, we further find that

1 _ _
Jy = 5/ (logys)?ys " ..y, "dys ... yr,
Dy_2

where D, := {1 < y3 < --- <y, <Y}, ete. In this way, after r steps we will
finally arrive to the formula J; = (logY)"/r!, which completes the proof of the
lemma. [l

The next lemma is similar to the results given by VAN DER WAERDEN [26]
and KUBA [16].

Lemma 6. Let k,s,d and k1, ..., k: be positive integers satisfying k1 +---+kr =d
and k1 < -+ < ks < kt—s41 = -+ = ke = k. Let R(k1,...,k, H) be the set of
integer polynomials f of degree d and height at most H that can be factorized as
f=fife... ft, where f1 is irreducible over Q polynomial of degree deg f1 = k1 and
fiy i =2,...,t, are irreducible in Z]x] polynomials with positive leading coefficients
and degrees deg f; = k;. Then,

|R(ky, ... Kk, H)| =< H* 1 (log H)*" L.

For the set of such monic integer polynomials R*(ky, ..., k¢, H), where f1, fo,..., ft
as above are monic, we have

|R* (K1, ... ke, H)| =< H*(log H)*~ L.
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Proof. For t =1 the claim is trivial, so assume that ¢ > 2. By the multiplicativity
of the Mahler measure, the product of Mahler measures M (f1)M(f2) ... M(f:) is
equal to M(f) < H(f) < H (see (2)). Put

ZH(fl), T ‘= H(fg), ey Tt = H(ft)

In view of x; < M (f;) for 1 <i <t, we have z129...2; < H.
The number of integer polynomials with height equal to z; € N and degree
equal to k; is less than
2(ki + 1) (22 + P < b,

since we have k; + 1 choices to choose the coefficient +x;, two choices to choose its
sign, and at most 2x; + 1 choices for each of the remaining k; coefficients of the
polynomial of degree k;. This gives the upper bound for |R(k1, ..., ks, H)| as in the
formula (21) below.

Next, for a lower bound, by (2) and (7), we can assert that the number of
such polynomials that are irreducible in Z[z] is at least 2 (up to multiplication
by a constant depending on k; but not on z;). Furthermore, given any vector
(21,...,7¢) € Nt each polynomial f € R(ky,...,k:, H) which is a factor of poly-
nomials f; (1 < i <t) as above with degrees k; and heights z; is counted at most
t! < d! times. Hence, for the number of possible polynomials f under consideration,
we deduce that

(21) |R(k1,... ki, H)| Aleflx;cz. Lxht
where the sum is taken over all positive integers x1, 2, . . . , ¢ satisfying z1zs ... 1 <
H.

In order to evaluate the sum on the right hand side of (21) it suffices to
estimate the corresponding integral with integrand x’fl . :zrf' over the variables
T1,%2,...,2T: > 1 in the range x122...2; < C'H with some constant C' depending
on d. (Here, k,t,s are all bounded above by d.) The required result now follows
from Lemma 5.

The proof for the monic polynomials is exactly the same except that in the
analogue of (21) for R*(ki,...,k:) we will have the powers k; — 1 instead of k;.
Hence, by Lemma 5, the resulting exponent for H will be k instead of k + 1.

Lemma 7. The number of monic integer polynomials f of degree d > 3 with all
roots in the disc |z| < R that can be factorized as f = f1fa... ft, where f1,..., fi
are monic irreducible polynomials with degrees deg fi satisfying deg f; < d — 2 for
each i =1,2,...,t, is O(R®) for d =3 and O(R\* —39+8)/2) for d > 4.

Proof. We use the fact that the number of monic integer irreducible polynomials
of degree k with all roots in |z] < R is O(RF*+1)/2) (see (13)). For d =
the inequality deg f; < d — 2 = 1 implies that f is a product of three linear
factors. Clearly, the number of such polynomials is equal to the number of triplets
(a,b,c) € 73 satisfying —R < a < b < ¢ < R which is O(| R]?) = O(R?).
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For d > 4, setting k; := deg f;, we obtain O(RF:(*i+1)/2) choices for f; € Z[z],
since there are O(RF:=7) choices for its coefficient for 7 (j = 0,1,...,k; — 1). So
the number of possible f as described in the lemma is O(R?), where

Since t > 2, from u? + v? < (u + v)? for u,v € N it is easy to see that
t

the sum of squares Zkf attains its maximal value d? — 4d + 8 when t = 2 and

t t t

(22) Zkl (ks +1)

i=1 i:l =1

M
T
+
|

(]
%
wl&.
l\JI»—l

=1
{k1,ko} = {2,d—2}. This yields S < (d>—3d+8)/2, whence the result ford > 4. O

Finally, recall that

for each d > 3 and

(24) Z ela) _ % logm + O(1),
a=2

where ¢(a) is Euler’s totient function (see, e. g., [3]).
4. PROOF OF THEOREM 1

We first consider the case d > 3. To be consistent with our notation of
Lemma 6, for any positive integers k1 < -+ < k; summing to d, let M (ky, ..., k;,T)
be the set of polynomials of degree d and Mahler measure at most 1" that can be
factorized as f = f1f2... ft, where f; is an irreducible over Q polynomial of degree
deg f1 = k1 and f;, i = 2,...,t, are irreducible in Z[z] polynomials with positive
leading coefficients and degrees deg f; = k;. In view of (2) we have

(25) M (k1 ..., kt, T)| < |R(k1, ..., ke, T)|.

Consequently, by Lemma 6 and (25), the number of reducible polynomials of degree
d lying outside the set M (1,d — 1,T) is

(26) O(T?(log T)?) for d=3

(those lying in the set M (1,1,1,T)),

(27) O(T?logT) for d=4

(those lying in the union of the sets M(1,1,1,1,7), M(1,1,2,T) and M(2,2,T)),

and

(28) o(T+1') for d>5
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(where the main contribution comes from those lying in the union of the sets
M(1,1,d—2,T) and M(2,d —2,T)).

It remains to evaluate the cardinality of the set M (1,d — 1,T) which gives
the main contribution. Let M; . (d,T) be the set of polynomials of degree d and
Mahler measure at most 7" which have a fixed rational root r and an irreducible
in Z[z] factor of degree d — 1 with positive leading coefficient. In [12], a similar
notation Ry, (d,T) was used for the set polynomials, where “height” was stand-
ing for “Mahler measure”. Then, for each d > 3, since the sets M ,(d,T) and
My (d,T), r # r', are disjoint and nonempty only when the numerator and the
denominator of |r| are both at most |T'], exactly as in [12, Lemma 6], we deduce
that |M(1,d — 1,T)] is equal to

[T
(29) My o(d, )|+ 2|Miy(d, T +4> 0 > [Myap(d,T).

a=2 1<b<a,
ged(a,b)=1

Here, the factor 4 comes from the fact that the following four sets
(30) Ml,a/b(d7 T)v Ml,b/a(dv T)v Ml,—a/b(da T)a Ml,—b/a(d7 T)v

where a > 2, b # 0 and ged(a,b) = 1, are all of the same cardinality, whereas the
sum

|Mo(d, T)| +2[M1,1(d, T)| = [M1,0(d, T)| + |M1,1(d, T)| + [ M1, -1(d, T)]

stands for the number of polynomials which have a root in {0,1, —1}.

By the definition, the set My o(d, T') contains polynomials of the form cx f2 (),
where ¢ is a nonzero integer and fo € Z[z] is irreducible in Z[z] polynomial of degree
d — 1 with positive leading coefficient. Hence, g(x) = cfa(z) is irreducible over Q
polynomial of degree d — 1 and Mahler measure at most 7. By (6), we see that
there are

VaT + O(T (log T) >/ 4=V = v, 7% + O(T (log T) /4
of such polynomials g. Hence,
(31) |Mi,0(d,T)| = VaT* + O(T* *(log T)*/4)
for d > 3. Since the Mahler measure of z — 1 is 1, we also have
(32) |M11(d, T)| = [My,o(d,T)|

for d > 3.

To evaluate My q/,(d,T) in (29), we first observe that the set M ,/(d,T)
contains polynomials of the form c¢(bx — a) f2(z), where ¢ is a nonzero integer and
f2 € Z|z] is irreducible in Z[x] polynomial of degree d — 1 with positive leading
coefficient. Then, g(z) = cf2(x) is irreducible over Q of degree d — 1 and its Mahler
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measure is at most T'/a, since 1 < b < a and M (bx — a) = a. By (6), the number
of such polynomials g is Vy(T/a)? + O((T/a)?*(log T)'3/4). Thus,

> Mol D)) = Vil 5 4 074 tog ) /4 5.
1<b<a,
sed(a. )1
Summing over a in the range 2 < a < T and using (23) we find that

L7)

(33) D> D> M) = Vde(C(d; y_ 1) + O(T% (log T) 3/
a=2 1<b<a, ¢(d)
ged(a,b)=1

for each d > 4. The formula (33) also holds for d = 3, but in view of (24) and
(log T)13/4 = log T the error term is T?(log T)?.

Consequently, for each d > 4, by (31), (32) and (33), it follows that the sum
given in (29) is equal to

(34) IM(1,d—1,T)| = (44(?(;)1) —1)VaT + 0T ),
For d = 3 the formula (34) is the same, but the error term T?(log T')?.

Now, for d > 5, combining (28) with (34) we deduce the assertion of the
theorem. Similarly, for d = 4 the corresponding claim follows from (27), (34),
¢(4) = 7*/90 and V; = 128/9. For d = 3 the result follows from (26), (34) (with
d=3),((2) =72/6 and V3 = 8.

It remains to establish the assertion of the theorem for d = 2. For this we
need to evaluate the number of polynomials in M (1,1, T). Recall that M ,(2,T) is
the set of quadratic integer polynomials of Mahler measure at most 7" which have
a rational root r. We claim that

LT)

(35) MO, LT =2 Y (M2 1) < T?
a=2 1<b<a,
ged(a,b)=1
as T — oo.

To deduce (35) we first observe that each polynomial in M (1,1, T) must have
a rational root r = a/b, where a € Z, b € N, ged(a,b) = 1 and |a|, |b| < |T]. In
the union Uy = U, M; ,(2,T) (where r runs through all rational numbers a/b as
above) that contains M (1,1, T) each polynomial is counted exactly twice except for
polynomials with a double root, i. e., c(bx — a)?, where ¢ € Z\ {0}, a € Z, b € N,
ged(a,b) = 1 and |¢| max{|a|,b}? < T.

We first show that the number of polynomials with a double root is small. For
this assume first that 1 <b<a < T and ¢ > 0. Then ¢ < T/a? and 1 < a < VT.
Clearly, by (24), there are at most

LVT]
Z T% <L TlogT
a=1



320 Artiiras Dubickas

of such f. In all the other cases (0 < a < b and also for negative a and negative c)
the estimates are the same.

Furthermore, it is clear that |M; .(2,T)] < T? for each fixed value of r.
Hence, in the union Uy we can ignore the values r = —1,0, 1. Observing that the
four sets given in (30) for d = 2 are of the same cardinality for each pair a,b € N
satisfying @ > 2, a > b and ged(a,b) = 1, we obtain (35).

To find the cardinality of M, 4/,(2,T') for a fixed pair a,b, where 1 < b < a,
we just need to cound the number of integer pairs u,v (u # 0) for which M ((bz —
a)(uz —v)) < T. Since M (bz — a) = a and M (ux — v) = max{|ul, |v|}, the only
condition on u and v is max{|u|, |v|} < T/a. There are 2|T/a| possibilities for
u and 2|T/a) + 1 possibilities for v. Hence, |Mj 4,(2,T)| = 4|T/a)* + 2|T/a)].
Consequently, taking the sum over b coprime to a we obtain

> IMiapn(2T) = (AT/a)? +2(T/a))p(a).
gcldg(s <b;l: 1

Now, summing over a, by (24) and ¢(a) < a, we find that

|7
> |M1,a/b(2,T)|=%TQIOgT—i—O(TQ),

a=2 1<b<a,
ged(a,b)=1

Combined with inequality (35), this implies the assertion of the theorem for d = 2.
5. PROOF OF THEOREM 2

For any positive integers k1 < - -+ < k; with k1 +- - -+k = d, let M*(kq, ..., ke,
T) be the set of polynomials of degree d and of Mahler measure at most T that
can be factorized as f = fi1f2... ft, where f;, i = 1,...,t, are irreducible monic
polynomials with degrees deg f; = k;. (This time, since the polynomials are monic,
their irreducibility over Q and in the ring Z[x] means the same.) As above, by (2),
we have

\M*(ky, ... ke, T)| = |R*(ky, .. ke, T)).

Consequently, by the second part of Lemma 6, the number of reducible polynomials
of degree d lying outside the set M*(1,d —1,T) is

O(T(logT)?) for d=3
(those lying in the set M*(1,1,1,T)),
O(T?*logT) for d=4
(those lying in the union of the sets M*(1,1,1,1,T), M*(1,1,2,T) and M*(2,2,T)),

and
O(T42) for d>5
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(where the main contribution comes from those lying in the union of the sets
M*(1,1,d—2,T) and M*(2,d —2,T)).

All the above bounds fall into the error term. Therefore, to find asymptotics
for d > 3 it suffices to count the polynomials of the form (z —a) f(x), where a is an
integer satisfying |a| < T and f is a monic integer irreducible polynomial of degree
d — 1 satisfying M (f) < T/max{|a|,1}. By (5), the number of such polynomials is
asymptotic to

(36) Va_1(T/max{|a|, 1)1 as T/a — .

Note that, by (2), the number of monic integer polynomials of degree d — 1
with Mahler measure at most log T is O((log T)4~1). Thus, for each integer a in the
range T/ logT < |a| < T there are O((logT)?~!) monic integer polynomials with
degree d — 1 and Mahler measure at most T'/|a|. Therefore, for all such a there are

(37) O(T(log T)* )

such polynomials.

Summing over other a, by (36), we find the number of such polynomials with
la| <T/logT (soa=0or |a| € {1,2,...,|T/logT]|}) is asymptotic to

T/ Jog T}
VaaT (1423 ) ~ Vaa (L4 2(d - )T

a=1

Combined with (37) this completes the proof of the theorem for each d > 3.

For d = 2, each reducible monic quadratic polynomial has the form (z —
a)(z — b), where a,b are integers satisfying |ab| < T. For ab = 0, there are 2|T'| +1
of such polynomials. For 1 < |a| = |b| < [V/T| there are 3[/T'| of them.

Suppose |a] # |b|. Then, without loss of generality we may assume that
la] < |b]. Next, we will evaluate the number of pairs 1 < a < b satisfying ab < T,
and multiply the result by 4. Clearly, at least one pair a < b with fixed a exists if
ala+ 1) < T, namely, a < |/T 4+ 1/2 —1/2|. Then, one can take b = a+ 1,a +
2,...,a+juntila(a+j) <T,i e j<|T/a]—a.

It follows that the total number of such quadratic reducible polynomials is

exactly
I/T+1/2—1/2]
5IT|+1+4 > ([T/a] —a) =2TlogT + O(T),
a=1
as claimed.

5. PROOF OF THEOREM 4

In order to prove (15) for some fixed s and d, where 0 < s < |d/2], we first
find the cardinality of the set of polynomials with a linear factor and an irreducible
factor of degree d — 1. Evidently, all such polynomials have the form (z — a) f(z),
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where a is an integer satisfying |a| < R and f is a monic irreducible polynomial of
degree d — 1 with exactly 2s complex (nonreal) roots (since a is a real root) and all
d — 1 roots lying in the disc |z| < R. Clearly, there are 2| R] + 1 of such integers a.
So, multiplying (12) (with the same s but d — 1 instead of d) by 2| R] + 1, we find
that our set contains

(38) 2U51521Rd(d—1)/2+1 + O(R(d(d—l)/2)

polynomials, which is exactly as claimed in (15).

In case d = 2s any reducible polynomial of degree d whose all roots are
complex (nonreal) has only factors of even degree, so the factorization cannot be
(x — a)f(x) as above. Let Lg be the number of such polynomials with all roots
in |z] < R that are products of a quadratic factor and an irreducible factor of
degree d — 2. By (12) and (18), the number of quadratic factors is 8R3/3 + O(R?),

whereas the number of irreducible factors of degree d —2 is 1)((;1_/2271)R(‘7l_1)(d_2)/2 +

O(R4=1(d=2)/2=1) ' Thus, in case d > 6 the set Ly contains

(39) %v((id_/g_l)R(d’l)(d’Q)/”?’ + O(RU-1(d-2)/2+2)
polynomials, which is exactly as claimed in (16). In evaluating the cardinality |L4]
of the set L, we should take into account the fact that both factors of a quartic
polynomial are quadratic. Hence, |L4]| is equal to ('L;‘) + |La| = |Lo|(|L2| + 1)/2.
Here, |L2| = 8R3/3 + O(R?), so |L4| = 32R%/9 + O(R®) as claimed in (17).

Next, by Lemma 7, the number of other reducible g)olynomials of degree d
(irrespectively of the number of their real roots) is O(R(@ ~34+8)/2 for d > 4 and
O(R3) for d = 3. In view of (d?> —3d+8)/2 < d(d — 1)/2, this contribution falls into
the error term of (38). This completes the proof of (15). Similarly, in case d = 2s,
by (22) (see the proof of Lemma 7), one can easily see that the number of other
reducible polynomials falls into the error term of (39). In fact, for d = 2s = 4, all
reducible polynomials belong to the set L4. This completes the proofs of (16) and
(17).

Now, it easy to see that (14) follows from (10) and (15)-(17).

Acknowledgements. The author thanks the referee for careful reading and cor-
recting a misstatement in the first version of Theorem 4.
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