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ON THE SOLUTIONS TO A GENERALIZED
FRACTIONAL CAUCHY PROBLEM

Barbara Lupinska, Tatiana Odzijewicz, Fwa Schmeidel

We show the existence and uniqueness of solutions to the fractional nonlinear
Cauchy problem containing Katugampola derivative. Moreover, in the linear
case, we give a formula for the solution.

1. INTRODUCTION

Fractional calculus studies problems with derivatives and integrals of real or
complex order. As a purely mathematical field, the theory of fractional calculus was
brought up for the first time in the XVIIth century and since then many renowned
scientists worked on this topic, among them Euler, Laplace, Fourier, Abel, Liou-
ville and Riemann [13]. When it comes to the practical applications, however,
the notable development can only be observed during the last decades. Fractional
operators have non—local character and consequently can be successfully applied in
the study of non—local or time—dependent processes. The fields of applied sciences,
where fractional calculus is found to be useful, include chaotic dynamics [19], ma-
terial sciences [14], mechanics of fractal and complex media [4, 18], quantum me-
chanics [6], physical kinetics [20], and many others (see, e.g., [5, 16, 17, 21, 22]).

In the literature many different types of fractional operators have been pro-
posed, with the choice of a relevant definition being linked to the considered system
[10, 11, 15]. Here, in order to simplify the theory, we show that two important frac-
tional problems with different notions of derivatives— the fractional Cauchy prob-
lem with Hadamard derivatives and the fractional Cauchy problem with Riemann—
Liouville derivatives— can be joined together by considering Cauchy problem with
derivative defined recently by Katugampola. The Katugampola operators depend
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on extra paramater p > 0, which by taking p — 0% reduces to the Hadamard frac-
tional operator and for parameter p = 1 becomes the Riemann—Liouville fractional
operator. In this work, applying properties proved recently in [12], we show the
existence and uniqueness of solutions to the Katugampola Cauchy problem. More-
over, we derive a Cauchy formula for the solution to the linear problem of such a
type.

The text is organized as follows. Section 2 recalls definitions and main prop-
erties of the Katugampola fractional integrals and derivatives. Main results are
then stated and proved in Section 3 and Section 4, where we show existence and
uniqueness of solutions to the Katugampola Cauchy problem and give the exact
solution in the linear case.

2. PRELIMINARIES

In this section we present some basic definitions and properties of fractional
calculus used in the work. In the literature we can find several definitions for
fractional integrals and derivatives, each one presenting its advantages and disad-
vantages [10, 11, 15]. In this paper we are focused on the Katugampola integral
and differential operators, which first were introduced in [8]. The reader interested
in the subject is referred to the recent works [1, 2, 3].

By LP([a,b],R), 1 < p < oo, we denote the classical space of measurable
functions f : [a,b] — R which absolute value raised to the p-th power has a finite
integral, or equivalently, that

1
b =
P
1Nl 2o ((a,5,R) = </ |f(t)|pdt) < 0.

Moreover, along the work, we assume that 0 < a <t < b < 0.

Definition 1. Let « >0, p > 0 and f € LP([a,b],R), 1 < p < co. The functions

(0%

erp() =2 / b : " r)dr,

I'(«a) TP —tP)l-a

-« t T -1
1000 =5 [ Gl
1

fort € (a,b) are called the left-sided and right-sided Katugampola integrals of frac-
tional order a, respectively.

Definition 2. Let a >0, p >0, n=[a]+ 1 and f € LP([a,b],R), 1 < p < 0.
The functions

« — d " n—o
Dets0 = (P ) 1)

Dy2P f(t) = (— t1P%>nI£‘“”’ (t)
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for t € (a,b) are called the left-sided and right-sided Katugampola derivatives of
fractional order «, respectively.

These operators generalize two other operators, by introducing a new parame-
ter p > 0 in the definition. The next theorem shows that the Riemann-Liouville and
the Hadamard fractional derivatives are special cases of the generalized derivative
in question.

Theorem 1 (Theorem 3.1, [9]). Let « € R, a >0, n = [a] + 1 and p > 0. Then,
fort>a

1. ii_)niljf (t) = ﬁf:(t—ﬂa_lf@')dﬂ
a— 1

e t
2. ,)1_1)161+ I f(t) = ( (log -

ft
a t_Ta n+1 T

TL—O[

3. lim D3P f(t) = (di)

p—1

. «, B 1 d\" pt AN dr
4 Jim DO = o (1) (eez) FOT

T

Moreover, in [8, 9] the following properties of the Katugampola integrals and
derivatives were proved. Let f, g € LP([a,b],R) and a, > 0 then

(1) LT f(6) = 1570 £ (),
(2) L) + 9] = 1 f () + 15379(1),
(3) DT3P f(t) = (D).

The similar results for the right-sided operators also exist.

Definition 3. By I;}(LP([a,b],R)) or shortly I;5° (L) we denote the set
IRy ={f:[a,b] » R: Jg € LP([a,b],R) : f=1I;3"g(t) on [a,b]}.

Lemma 1 (Lemma 1, [12]). Let « > 0, p > 0 and p > 1. If f € I;5P(LP), then
12" f(a) =0

Let us recall the following technical results.
Lemma 2 (Lemma 2, [12]). If f € L?([a,b],R), 1 <p < oo, a >0, p >0, then

I8 FO)] < eI | F P

= () i)

Consequently, 172" f € L?([a,b],R).

with
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Lemma 3 (Lemma 3, [12]). Let o € (0,1), p > 0. Then we have

11—«
—a, p
I f’( ) =T(a).

tP — aP

Using the relation between the Katugampola fractional operators, we obtain
that

11—«
@) Dﬁ(”) _o,

tP — aP

for a € (0,1) and p > 0.
The following rule of fractional integration by parts holds for Katugampola
operators.

Theorem 2 (Theorem 2, [12]). Leta >0, p>0, p>1, ¢ > 1. If f € LP([a,b],R)
and g € L([a,b],R), then

b b
| ronzrga< B [ gon s,

with B = max{l, (2)17[)}.

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS TO THE
GENERALIZED FRACTIONAL CAUCHY PROBLEM

In this section we show the existence and uniqueness of the solution to the
problem

5) { Dga(t) = h(t, z(t))

I}7%z(a) = 0.

By solution to problem (5) we mean function x € I;7”(LP), where p > 1, satysfying
the equation (5) for ¢ € [a,b]. By Lemma 1, any function belonging to I3 (L”)
satisfies initial condition (5).

Theorem 3. Let a € (0,1), p> 1. If
o the function h(-,x) is measurable for any x € R,
e there exists a constant N > 0 such that
|h(t,z1) — h(t,22)| < N|z1 — 22
for all z1,29 € R and t € [a, b,

e the function [a,b] 3 t — h(t,0) € R belongs to LP([a,b],R),
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then Cauchy problem (5) possesses a unique solution x € I 5P (LP).

Proof. Let a € (0,1) and p > 1. The description of the set I;}”(LP) implies
that the problem of existence of a solution  to problem (5) in the set ;5" (LP) is
equivalent to the problem of existence of a solution ¢ to the equation

(6) o(t) = h(t, 1P o(t))

in the set LP([a,b],R). First, note that the above equation makes sense in any
interval [a, b1] C [a,b], where by is such that the inequality

b1 1-p N b1 —a\® p
g L@ Fem () ) <
v w1 (3) ) (i (45)) <
holds. In order to use the Banach fixed—point theorem for the space L?([a,b;],R),
we introduce the operator

S:LP([a,01],R) > p+— h(t,[g_;_p<p(t)) € LP([a,b1],R).

Let us observe that S is well defined. Indeed, using the Lipschitz condition, we
have

|t 50 o(1))| < |h(t, I35 o(t)) — h(t, 0)] + |A(t, 0)] < NI o(t)] + |h(t, 0)].

Now, from Minkowski’s inequality we obtain
1 1
b1 » P b1 » P
([ ntzzzowpran)” < ([ (ool + o)’ a)

bl % bl %
< <N/ |I§f<p(t)|f’dt> + (/ |h(t,0)|pdt> .

From Lemma 2 and our assumptions it follows that S¢ € L,([a, b1], R). Using once
again Lipschitz condition, Lemma 2 and Theorem 2, we obtain

b1
1560) = SWIE oz = / I(t, 19 o(8)) — ht, TP 0)) [P dt
bl bl
< N / 1P (t) — IoPp(H)Pdt < eNP / I |o(t) — (1) Pt
a bl a
< chB/ lp(t) — »()|PT, P 1dt.
Note that

1=

pl—a /b1 7p—1 o (b’f—t”)o‘ - (bf—ap)o‘
T(a) J; (e —t)=a" = paT(a+1) ~ pol(at 1)
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Therefore,

cNPB(V] — aP)” »
W e — 1/’||L17([(171;1]7]R) )

P __ P\« —1 1—
where ¢ = ((bl @ ) ! )p andB:maX{l,(b—l) p}.
o F'(a+1) a

In accordance with (7),

|S(e) - S(‘/’)Hip([a,bl],n@) =

cNPB(b] — a”)™
P Z9) 0,1
p°T(a+1) 0.1)

and consequently the operator S has a unique fixed point in LP([a, b;],R). This
means that problem (5) possesses a unique solution = € I;}”(LP) on the interval
[a, bl] .

Next, we consider the interval [by, by] where bo = by + hy, hy > 0 is such that

by < b and )
by\1-7 N /by — by
m“{l’(i) }'(F<a+1>( =) ) <!

Rewrite the equation (6) in the form

o(t) = h(t, ?1(;; (/1: @ _Tp;)la p(r)dr + /abl ﬁw(ﬂdr))

Since the function ¢(t) is uniquely defined on the interval [a, b;], the second integral
can be considered as the known function, and we rewrite the last equation as

p(t) =h (t, wo(t) + ?1(;; /b t & _T’:pl)la w(T)dT) .

By the same argument as before, we prove that there exists a unique solution
w2 € LP([b1,b2],R) to equation (6) on [b1,b2]. Repeating the previous reasoning,
choosing by, = bx—1 + hi—1 such that hy_1 > 0, by < b and

max{l’ (b:kl)lp} ' (F(oﬁ 1) (bk _pbk_l)ay <1

we see that equation (6) possesses a solution ¢y, € LP([bk_1, bg], R) on each interval
[br—1,b%], (k =1,...,n), where a = by < by < --- < b, = b and we conclude that
for problem (6) there exists a unique solution ¢ € LP([a,b],R). This means that
problem (5) possesses a unique solution z € I;7”(LP) on the interval [a, b]. O

Now, let us consider the following Cauchy problem with non-homogeneous
initial conditions

(8) { Dgify(t) :i(t, y(t))

1—a,p
I,.""y(a) = c,
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where g : [a,0] x R — R, ¢ € R. Solution to problem (8) is a function y €

I55P(LP) + {W; d e R} satisfying the above equation on [a,b] and the

initial condition. Inspired by the method proposed in [7], we formulate and prove
the following theorem.

Theorem 4. Let o € (0,1), p> 1. If
o the function g(-,y) is measurable for any y € R,
e there exists a constant N > 0 such that
lg(t,y1) = g(t, y2)] < Nly1 — yo|
for all y1,y2 € R and t € [a,b],
e the function [a,b] 3 t — ¢(t,0) € R belongs to L?([a, b],R),
then Cauchy problem (8) possesses a unique solution.

Proof. Let g : [a,b] x R — R be any function satisfying assumptions of Theorem
4 and we define

(9) h(t,z(t)) := g<t,x(t) + F(Ca) (tp fap)la).

Now, we will show that this function satisfies the assumptions of Theorem 3. Let

—x
us observe that the function ¢ — — ( p ) is measurable (in fact, it is
I'(a) \tr —ar

continuous on (a, b)) and the function g is measurable in ¢ and continuous (in fact,
Lipschitzian) in y. Thus, we deduce that h is measurable in ¢. The fact that h is
Lipschitzian in x follows from the fact that g is Lipschitzian in the second argument.

Moreover,
c 0 -«
h(t,0)| = |g( ¢, ( )
0l ‘g< [(e) \ P —a? )’

<lo(tii (5 2) ) - ate0)| +late

[(a) \tP —ar

N

IN

j et
c p
t
(7 ls) o)

for t € [a,b] and the function [a,b] 3 t — h(t,0) € R belongs to L?([a,b];R).

Therefore, by Theorem 3, we conclude that there exists € I;7”(LP) such that
h(t,z(t)) = Dyl x(t) for t € [a,b], which is equivalent to

g(t’x(t) * ﬁ (tﬂ = ap)l_a) =Dut <‘T(t) * F(Ca) (tﬂ faﬂ)l_a)’
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by (4) and (9). Hence, there exists

) =20+ 5 (2 fﬂ

tP — aP

which is a solution to the Cauchy problem (8).
Now, it is enough to prove the uniqueness of solution. Let us assume that
y1(t), ya2(t) are solutions to (8). Let us put

tP — aP

l—a
) =0 - 55 (520 ) e

11—«
xo(t) = yal(t) — F(ca) ( L ) .t € (a,b).

tP — af

Of course, by Lemma 3 and (4) we get 1o, " z1(a) = I, *"x2(a) = 0 and

D) = D2tn() =altn(®) = (1) + s (50) )
— h(t, 21 (), t € [a,)

where h is given by (9).
In the same way, we obtain

Dyl xo(t) = h(t,x2(t)), t € [a,b].
Since h satisfies the assumptions of Theorem 3, we get that x1(t) = x2(t) on [a, b].

Consequently, y1(t) = ya(t).

4. LINEAR CAUCHY PROBLEM

Let us consider a linear Cauchy problem of the type (8) with ¢ = 0 in the
following form

A()+B()

(10) { DiiPa(t)

i a(a) =
where B : [a,b] — R, B € LP([a,b],R), and A € R.

Theorem 5. The unique solution to problem (10) is given by

a(t) = /: Ly (tp ;Tp> B(r)dr,

St Akta(k+1)71
2 T(alk+ 1)

where ¢q(t) =
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Proof. From Theorem 3 we know that problem (10) has a unique solution z €
I37(LP) and that this solution is given by

2(t) = 1. pu(t), t € [a,0], ae
where ¢, € LP([a,b],R) is a unique fixed point of the operator

S: LP(la,b],R) — LP([a,b],R)

11—« t 7_p—l
Sieult) = AT o.0) + BO) = Al [ T (e + BO).

Therefore, p,. = S(¢.) and

a(t) = I{fou(t) = I Spu(t) = I (AL 0. (t) + B(t))
= AIZYP 0. (t) + I B(t) = ALY (AIS ol (t) + B(t)) + I8P B(t)
= A2 0. (t) + ALZSP B(t) + I3 B(t)
= AP0 (AISPo.(t) + B(t) + ALZYPB(t) + 137 B(t)
= ABIISP o (t) + AZIVP B(t) + ALZSPB(t) + ISP B(t), t € [a,b)].

One can easily check, applying mathematical induction principle, that
a(t) )+ Z AT By,

for any m € N and ¢ € [a, b], where
Ry (t) = AP 10020 (1),

Note that, for sufficiently large m € N, we have

1—(m+1)a t p—1
R,(t)] <A™ «(7)]d
R0 < A" frms [ T el ar

P
(
(m+1)a b p—1
m P T
< *
<\ F((m—l—l)a)/a (o — oy G P+(T) A7
P
(

1—(m+1)a b
(b° — ap)(erl)o‘*l/ "7 o, (T)| dT.

SRR TR

Now, using the Hélder inequality and the Gauss-Legendre formula

mz—1/2 m—1 k
F(mz): L71 H F<Z+E),

m

(2m) 2 k=0
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we obtain
|A™ pe — g\ (e su(o—1)g+1 _ (p—1)g+1 %
<t ma ()" b (P “(p”qﬂf el
I'((m+1)a) p (p—1)g+1 r
< |[A|™ (27) %m”sp*”Lp e { e — ap7 }m (b(pl)qH _ glp—1)g+1 >%
(m+1)<m+1>a—%gr(a+mil) (p=1)g+1

1 <|A| -Dv21 >m| | (b(Pl)q+1 _ gD+l > : 1
S\l Px||Lp ,
E E (p—1)g+1 (m + 1)(m+l)a—%

b’ —af

where D = max{

interval (0,00). In an elementary way, we check that

<|A| . DV27 )’” 1
E (m+ 1)(m+1)o¢—%

,1}, FE is the minimal value of the function I" on the

— 0, as m — 0.

This means that
R, (t) = 0, as m — oo,t € [a,b)].

Consequently,
0 0 1—a(k+1) t 7p—1
1) =S AFrkDer gy = N7 gk L / B(r)d
t 1—a(k+1) =1
= Ak L B(r)d
/akz_; T(a(k + 1)) (t2 — r7)l-alk+D) (7)dr
which completes the proof. (I

Now, we consider the non—homogeneous linear Cauchy problem

{ D)= 40+ 50
1y =

(11)

where ¢ € R, B : [a,b] — R, B € L?([a,}],R), and A € R. The following theorem
gives a formula for the solution to problem (11).

Theorem 6. The unique solution to problem (11) is given by

t
y(t) = b <” - ) o+ / g, <” ;T”> B(r)dr,

St Akta(k+1)71
2 T(alk+ 1)

where ¢q(t) =
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Proof. Note that, by Theorem 4, there exists y € Ig‘jrp(Lp)—l—{ﬁ, de R}
J— a «@
satisfying (11). Suppose that « € I ;3" (LP) satisfies problem

Dyfa(t) = Ax(t) +
I}.%"z(a) = 0.

Ac (tp —a’

a—1
e p) + B(t)

(12)

Then, the function

o0 = o (25) a0

satisfies problem (11). Now, applying Theorem 5 to (12), we have

=5 [ (5 o)

for ¢t € [a,b]. Note that, performing the substitution 7 = a” + u(t” — a”) and using
the definition and properties of the beta function, we obtain

¢ P — 1P\ Ac [0 —aP\* "
(5 )i ()
/a p ) T(a) p
/t pfli Ak <t”—7”))a(k+1)1 Ac (Tp—ap)ald
=/ 7 - T
L AT ) \ 7

i Ake /t o1 (BT oh=l frp g\ q
= = T
& T(r(ak) J, * p p

= Ak tp — qp\ @D el kel o
= e () /Xl‘wkl“ du

k=1 P 0

oo AkC *_q Oc(kJrl) 1 oo " ap a(k+1)—1
= k .

gznmrmm< ’ ) @0k =2 1 k+1 ( ’ )

=1 k=1
Therefore,

0o a(k+1)—1 t
tP — a” P — P
()=> + LION B(r)d
I'(a k+1 < p ) /aT ¢ ( p > (r)dr

k=0
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