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A Roman dominating function on a graph G is a function f: V(G) — {0,1, 2}
satisfying the condition that every vertex u for which f(u) = 0 is adjacent to
at least one vertex v for which f(v) = 2. The weight of a Roman dominating
function f is the sum, ZuGV(G) f(u), of the weights of the vertices. The
Roman domination number is the minimum weight of a Roman dominating
function in G. A total Roman domination function is a Roman dominating
function with the additional property that the subgraph of G induced by the
set of all vertices of positive weight has no isolated vertex. The total Roman
domination number is the minimum weight of a total Roman domination
function on GG. We establish lower and upper bounds on the total Roman
domination number. We relate the total Roman domination to domination
parameters, including the domination number, the total domination number
and Roman domination number.

1. INTRODUCTION

A dominating set in a graph G with vertex set V(G) is a set S of vertices
of G such that every vertex in V(G) \ S is adjacent to at least one vertex in S.
The domination number of G, denoted by v(G), is the minimum cardinality of a
dominating set of G. A dominating set of G of cardinality v(G) is called a v(G)-set.
The literature on the subject of domination parameters in graphs up to the year
1997 has been surveyed and detailed in the two books [6, 7].

A total dominating set, abbreviated TD-set, of a graph G with no isolated
vertex is a set S of vertices of G such that every vertex in V(G) is adjacent to at
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least one vertex in S. The total domination number of G, denoted by v:(G), is the
minimum cardinality of a TD-set of G. A TD-set of G of cardinality v:(G) is called
a vt (G)-set. Total domination is now well studied in graph theory. The literature
on the subject of total domination in graphs has been surveyed and detailed in
the recent book [10]. A previous survey on total domination in graphs can also be
found in [9].

In this paper we continue the study of Roman dominating functions in graphs.
For a subset S C V(G) of vertices of a graph G and a function f: V(G) — R,

we define f(S) = Zf(x) A Roman dominating function on a graph G, ab-

z€S
breviated RD-function, is a function f: V(G) — {0,1,2} satisfying the condi-
tion that every vertex u for which f(u) = 0 is adjacent to at least one ver-

tex v for which f(v) = 2. The weight, w(f), of f is defined as f(V(G)). The
Roman domination number, denoted yr(G), is the minimum weight of an RD-
function in Gj that is, yg(G) = min{w(f) | f is an RD-function in G}. An RD-
function with minimum weight vr(G) in G is called a yr(G)-function. For an
RD-function f, let V;/ = {v € V(G): f(v) = i} for i = 0,1,2. Since these three
sets determine f, we can equivalently write f = (Vof , Vlf , V2f ). We observe that
w(f) = [V{|+2|V{|. The concept of a Roman dominating function was first defined
by COCKAYNE, DREYER, HEDETNIEMI, and HEDETNIEMI [3] and was motivated
by an article in Scientific American by IAN STEWART entitled “Defend the Ro-
man Empire” [16]. Roman domination in graphs is now very well studied, see, for
example, [1, 2, 4, 11, 12, 14, 15, 17] and elsewhere.

Recently, L1u and CHANG [13] introduced the concept of total Roman dom-
ination in graphs albeit in a more general setting. A total Roman dominating
function of a graph G with no isolated vertex, abbreviated TRD-function, is a Ro-
man dominating function f = (Vof , Vlf , V2f ) on G with the additional property that
the subgraph of G induced by the set of all vertices Vlf U VQf of positive weight
under f has no isolated vertex. The total Roman domination number vy;r(G) is the
minimum weight of an TRD-function on G. A TRD-function with minimum weight
vr(G) in G is called a g (G)-function.

Applications of Roman domination were shown in CHAMBERS et al. [2]. The
concept of total Roman domination in graphs requires that every vertex in our
graph (which represents a location in the Roman Empire) be secure in the sense
that it is required to have a legion stationed in at least one of its neighboring
locations. Thus, any location if attacked can be secured by sending a legion to it
from an adjacent location. In the original paper by Liu and CHANG [13] where the
concept was introduced, algorithmic aspects of total Roman domination in graphs
are studied.

Since every TRD-function in a graph G is a RD-function on G, we have the
following straightforward observation.

Observation 1. For every graph G with no isolated vertex, yr(G) < vr(G).

Moreover, we shall need the following properties of TRD-functions in a graph.
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Observation 2. Let G be a connected graph of order at least 3 and let f =
(Vof, Vlf7 V2f) be a vir(G)-function. Then the following holds.
(a) [V | < V). . .
(b) If z is a leaf and y a support vertex in G, then = ¢ Vi and y ¢ VOj.
(¢) If z has at least three leaf-neighbors, then f(z) =2 and at most one
leaf-neighbor of z belongs to Vlf.

In this paper, we relate the total Roman domination to domination parame-
ters, including the domination number, the total domination number and Roman
domination number. Further, we characterize the graphs with largest possible total
Roman domination number, namely the order of the graph.

1.1. Notation

For basic notation and graph theory terminology not explicitly defined here,
we in general follow HAYNES, HEDETNIEMI and SLATER [6]. Specifically, let G
be a graph with vertex set V(G) and edge set E(G). The integers n(G) = |V (G)|
and m(G) = |E(G)| are the order and the size of G, respectively. The open
neighborhood of a vertex v in G is the set Ng(v) = {u € V(G) |uww € E(G)} and
the closed neighborhood of v is Ng[v] = {v} U Ng(v). For a set S C V(G), its open
neighborhood is the set No(S) = U,cg Na(v), and its closed neighborhood is the set
N¢[S] = Ng(S)US. The boundary of a set S C V(G) is the set 9(S) = Ng(S)\ S.
The S-external private neighborhood of a vertex v € S is defined by epn(v,S) =
{w e V(G)\ S | Nglw]NS = {v}}. We define an S-external private neighbor of
v to be a vertex in epn(v, S). If the graph G is clear from the context, we omit it
in the above expressions. For example, we write N[v] and N(v) rather than Ng[v]
and N¢g(v), respectively.

If X and Y are sets of vertices in G, then X dominates Y if Y C N[X] and
X totally dominates Y if Y C N(X). In particular, if X dominates V(G), then X
is a dominating set in G, while if X totally dominates V(G), then X is a TD-set
in G.

A packing in G is a set of vertices that are pairwise at distance at least 3
apart; that is, if v and v are distinct vertices that belong to a packing S, then
dg(u,v) > 3. Equivalently, a set S of vertices of G is a packing in G if the closed
neighborhoods of vertices in .S are pairwise disjoint.

The degree of a vertex v in G is dg(v) = |Ng(v)|. The minimum and maximum
degree of a graph G are denoted by §(G) and A(G), respectively. For a set S C
V(G), the subgraph induced by S is denoted by G[S]. A leaf of G is a vertex of
degree 1, while a support verter of G is a vertex adjacent to a leaf. We denote by
L(G) and S(G) the set of leaves and support vertices in G, respectively. An edge
incident with a leaf is a pendant edge. A strong support vertex is a support vertex
with at least two leaf-neighbors. If A and B are vertex disjoint sets in G, we denote
by [A, B] the set of edges of G with one end in A and the other end in B.

A tree obtained from a star on at least three vertices by subdividing every
edge exactly once is called a subdivided star. A tree containing exactly two vertices
that are not leaves (which are necessarily adjacent) is called a double star. The
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corona of a graph H, denoted cor(H) or H o K7 in the literature, is the graph
obtained from H by adding a pendant edge to each vertex of H. We remark that
the Roman domination number (among other domination parameters) of the gen-
eralized version of corona graphs has been studied in [5]. We use the standard
notation [k] = {1,2,...,k}.

2. TOTAL ROMAN DOMINATION VERSUS (TOTAL, ROMAN)
DOMINATION

In this section, we relate the total Roman domination with some standard
domination parameters, including the ordinary domination number, the Roman
domination number, and the total domination number.

2.1. Total Roman domination versus domination

We begin with the following useful property of total Roman dominating func-
tions.

Lemma 3. If G is a graph with no isolated vertex, then there exists a vr(G)-
function f = (Vof, Vlf,VQf) such that either V2f is a dominating set in G, or the
set S of vertices not dominated by sz satisfies G[S] = kKo for some k > 1, where
Scv/! andda(s)c V.

Proof. Suppose that there is no y:z(G)-function f' = (Vofl,Vlf/, szl) such that
VQf, is a dominating set in G. Among all v,z (G)-functions, let f = (Vof, Vi Vi) be
chosen so that |V1f | achieves a minimum value. Since f is a TRD-function, the set
V2f dominates VOf . Further, the graph G[Vlf U V2f ] contains no isolated vertex. Let
Vf; be the set of vertices in Vlf that have a neighbor in sz, and let Vlf1 = Vlf \ Vlf2
By supposition, V2f is not a dominating set of G, implying that the set of vertices
not dominated by ng , namely qu, is non-empty.

Among all vertices in V{,, let v be one of minimum degree in G[V/,]. We
show firstly that v has degree 1 in G[V{}]. If v is isolated in G[V{}], let w be an
arbitrary neighbor of v in Vlf U sz and note that w € Vlj;. If v has degree at
least 2 in G[V/}], let w be an arbitrary neighbor of v in Vi. In both cases, let
I V(G) = {0,1,2} be defined as follows: f'(v) =0, f'(w) =2 and f'(u) = f(u)
for every vertex u ¢ {v,w}. By our choice of the vertices v and w, the function f’
is a TRD-function of G. Moreover, since f(v)+ f(w) = f'(v) + f'(w), we note that
F(V(G)) = F(V(G)), implying that £/ = (V{ U {u}, Vi \ {o,w}, Vi U {uw}) is a
vir(G)-function. However, the number of vertices having the value 1 under f’ is
less than |V1f |, contradicting our choice of f. Hence, the vertex v has degree 1 in
GV

Let w be the neighbor of v in V. If w has degree at least 2 in G[V{/ U Vy/],
then the function f’ defined as before is once again a minimum TRD-function of
G, contradicting our choice of f. Hence, w has degree 1 in G[Vlf U sz] If v has
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degree at least 2 in G [Vlf U V2f ] (implying that v has a neighbor in VlfQ), then the
function g: V(G) — {0, 1,2} defined by g(v) = 2, g(w) = 0 and g(u) = f(u) for
every vertex u ¢ {v,w} is a minimum TRD-function of G that assigns the value 1
to fewer than |V1f| vertices, contradicting our choice of f. Hence, v has degree 1
in G[V{/ U V{]. Therefore, v and w induce a Ks-component in G[V{’ U VJ/]; that
is, G[{v,w}] = K. In particular, N(v) \ {w} C V§ and N(w)\ {v} € V;. Thus,
d({v,w}) = N({v,w}) \ {v,w} C V{. Since v is an arbitrary vertex of degree 1
in G[V;}], we deduce that the vertices of degree 1 in G[V{] induce a subgraph in
G[Vlf U sz ] that consists of the vertex disjoint union of copies of K.

We show next that every component of G [Vﬂ] is a Ks-component. Suppose,
to the contrary, that G[Vﬂ] contains a component H that is not a Ks-component.
As observed earlier, no vertex is isolated in G [Vlfl] and every vertex of degree 1
in G[V/,] belongs to a Ka-component of G[V;/ UV,/]. Thus, every vertex of H has
degree at least 2. We now let v’ be a vertex of minimum degree in H. We note that
dp(v') > 2. Let w’' be an arbitrary neighbor of v' in H. Let h: V(G) — {0,1,2}
be defined as follows: h(v') = 0, h(w’) = 2 and h(u) = f(u) for every vertex
u ¢ {v/,w'}. Then, h = (VJ U {v'}, V/ \ {v/,w'}, Vi U {w'}) is a yr(G)-function
that assigns the value 1 to fewer than |V1f | vertices, contradicting our choice of f.
Therefore, every component of G[Vljl] is a Ko-component which is in fact a Ks-
component of G [Vlf U V2f ]. From our earlier observations, this implies that letting
S = V! we have G[S] = kK, for some k > 1, S C V| and (S) C V{. This
completes the proof of Lemma 3. O

We are now in a position to relate the total Roman domination and the
ordinary domination number.

Theorem 4. If G is a graph with no isolated vertez, then 2v(G) < vr(G). Further,
if 2v(G) = r(G), then v(G) = v:(G) or there exists a set S of vertices of G such
that the following holds.

(a) G[S] = kK3 for some k > 1.

(b) (G = 5) = (G = 9).

(c) No neighbor of a vertex of S in G belongs to a v:(G — S)-set.

Proof. By Lemma 3, there exists a yr(G)-function f = (V{,V;,Vy) such that
either sz is a dominating set of G or the set S of vertices not dominated by sz
satisfies G[S] = kKs for some k > 1,5 C V;/, and 8(S) C Vof. If V{ is a dominating
set of @, then (@) < |V§] < %f(V(G)) = %%R(G). If V is not a dominating
set of G, then the set V2f is a dominating set of G — S and can be extended to a
dominating set of G by adding to it one vertex from each Ks-component of G[S].
In this case, 1r(G) = f(V(Q)) = 2|Vd| + |V{| > 2|Vi/| + |S|, implying that
(@) <~(G-95) + %|S| < V| + %|S| < %”th(G). This establishes the desired
upper bound on 2v(G).
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Suppose that v,r(G) = 2v(G). Let f = (V{,V{, Vi) be a v,r(G)-function
chosen so that |V;/| is a minimum. As shown in the proof of Lemma 3, the
set V2f is a dominating set of G or the set S of vertices not dominated by V2f
satisfies G[S] = kK, for some k > 1, where S C V;/ and 9(S) C Vof. Sup-
pose that V2f is a dominating set of G. Then, as observed earlier, %”th(G) =

v(G) < |V2f| < %f(V(G)) = %”th(G). Hence we must have equality throughout

this inequality chain. In particular, v(G) = |Vj/| and f(V(G)) = 2|VJ|, imply-
ing that V;/ = 0. This in turn implies that the set sz is a TD-set in G, and so
|V2j| =7(G) <1(G) < |V2f |. Consequently, we must have equality throughout this
inequality chain, implying that v(G) = 7:(G). Hence we may assume that V2f is
not a dominating set of G, for otherwise the desired result follows. In this case,
the set S of vertices not dominated by Vy satisfies G[S] = kK, for some k > 1.
Further, S C Vi and 9(S) C V{/. Thus, Part (a) follows readily.

As observed earlier, %”th(G) =v(G) <~(G-95) + %|S| < V| + %|S| <
%% r(G). Hence we must have equality throughout this inequality chain. In particu-

lar, 7(G—S) = |Vy | and v, r(G) = 2|V |+]S|. We show next that |V;/| = v,(G—S).
The set V;| is a TD-set of G — S, and so (G — S) < |Vy|. Conversely, if D is a
(G — S)-set, then the function g: V(G) — {0,1,2} defined as follows: g(v) = 2 if
ve D, gv)=1ifv e S, and g(v) = 0 for every vertex u ¢ DU.S is a TRD-function
of G, implying that 2V |45 = vr(G) < g(V(G)) = 2|D|+|S| = 27 (G—S)+]S],
and so |V2j| < (G = S). Consequently, |V2f| = (G — S). As observed earlier,
V| = (G — S). Consequently, y(G — S) = v,(G — S). This establishes Part (b).

It remains to show that no neighbor of a vertex of S in G belongs to a
v (G — S)-set. Suppose, to the contrary, that there is a v,(G — S)-set, D*, that
contains a vertex that is adjacent in G to a vertex of S, say v;. Recall that G[S] =
kK> for some k > 1. Let vo be the neighbor of v; that belongs to S. We now consider
the function f*: V(G) — {0,1,2} defined as follows: f*(v) =2 if v € D* U {1},
ffv)y=1if v € S\ {v1,v2}, and f*(u) = f(u) for every vertex u ¢ D* U {v1, v2}.
The function f* is a TRD-function of G satisfying f*(V(G)) = f(V(G)), implying
that f* is a 1r(G)-function. However, the vertices assigned the value 1 under f*
is equal to |S| —2 = [V;/| — 2, contradicting our choice of f. Hence, there is no
v (G — S)-set that contains a vertex adjacent in G to a vertex of S. This establishes
Part (c¢) and completes the proof of Theorem 4.

Theorem 5. If G is a graph with no isolated vertez, then vir(G) < 3v(G). Further,
if ir(G) = 37(G), then every v(G)-set is a packing in G.

Proof. Let S be a minimum dominating set in G. Let S’ denote the set of vertices
in S that are isolated in G[S] (possibly, S’ = 0). For each vertex v € S/, we select
one neighbor of v and denote it by v’. Let S” = U,eg {v'}. Let f: V(G) — {0,1,2}
be defined as follows. For each vertex v € S, let f(v) = 2. For each vertex v € S”,
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let f(v) = 1. For each vertex v € V(G) \ (SUS"), let f(v) = 0. Then, f is a
TRD-function on G, implying that v:z(G) < f(V(G)) < 2|S|+15"| < 2|S|+15"| <
3|S| = 3v(G). This establishes the desired upper bound on vz (G).

Suppose next that y;r(G) = 37(G). Let S be an arbitrary v(G)-set and let S’
and S” be as defined earlier in the proof. As observed earlier, 3v(G) = vr(G) <
2|1S| + 15" < 2|S| 4+ |97| < 3]S| = 3v(G). Consequently, we must have equality
throughout this inequality chain. In particular, |S’| = |S|, implying that S’ = S
and therefore that S is an independent set. Further, |S”| = |S’|. Let u and v be
distinct vertices in S. Since S is an independent set, dg(u,v) > 2. We show that
dg(u,v) > 3. Suppose, to the contrary, that dg(u,v) = 2. Let w be a common
neighbor of v and v, and choose u’ = v = w where, as before, v’ and v’ are the
vertices chosen to be adjacent to u and v, respectively. With this choice of v’ and
v, we note that |S”| < |S’|, a contradiction. Therefore, dg(u,v) > 3. This is true
for every pair of distinct vertices in S, implying that S is a packing in G. Thus,
every v(G)-set is a packing in G. O

We remark that the upper bound of Theorem 5 is sharp. For example, for
k > 2, let G be obtained from the disjoint union of k stars K, where ¢t > 3, by
selecting one leaf from each star and adding any number of edges joining these ¢
selected leaves so that the resulting graph is connected. Then, v(G) = k and the set
of k support vertices of G form the unique v(G)-set (which we observe is a packing
in G). Let f: V(G) — {0,1,2} be a TRD-function of G and consider a central
vertex v of one of the original stars used to construct G. If f(v) < 1, then every
leaf-neighbor of v in G has value at least 1 under f, implying that f([N[v]) >t > 3.
If f(v) = 2, then at least one neighbor of v is assigned a positive value under f,
once again implying that f([N[v]) > 3. This is true for each of the k central vertices
of the original stars. Therefore, f(V(G)) > 3k. This is true for every TRD-function
f of G, implying that v:z(G) > 3k = 3v(G). As shown earlier, 1:r(G) < 3v(G)
holds for every graph. Consequently, v:z(G) = 3v(G).

It remains an open problem to find a necessary and sufficient condition for
equality to hold in Theorem 5. We remark that if G is a graph with no isolated
vertex such that every ~(G)-set is a packing in G, then it is not necessarily true
that v:r(G) = 37(G). For example, for k > 3, suppose that G}, is obtained from a
star K1 with central vertex v by subdividing k£ — 1 edges twice and subdividing
the remaining edge exactly once. Then, v(Gj) = k and the set of k support vertices
of Gy, form the unique v(Gy)-set which is a packing in G. However, the function
f:V(Gr) — {0,1,2} that assigns the value 1 to
every leaf and to every support vertex, the value 2
to v, and the value 0 to the remaining vertices of
G} is a TRD-function of Gy of weight 2k + 2,
and so vr(Gr) < 2(k +1) < 3k = 3v(Gk). The
graph G4, for example is illustrated in Figure 1,
where the darkened vertices form a v(G4)-set and
the given function f is a TRD-function of G4 of
weight 2(k + 1) = 10.

Figure 1. The graph Gj4.
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2.2. Total Roman domination versus total domination

In this section, we relate the total Roman domination and the total domina-
tion number.

Theorem 6. If G is a graph with no isolated vertex, then

(1) 7(G) < nr(G) < 27(G).

Further, the following holds.
(a) 7(G) = vr(G) if and only if G is the disjoint union of copies of K.
(b) If +r(G) = 2v(G) and S is an arbitrary v:(G)-set, then epn(v,S) # 0
for allv € S.

Proof. Let f = (V§,V/,V{) be an arbitrary ~,z(G)-function. Then, V;/ UVy is
a TD-set of G, implying that v,(G) < |[V{/| + Vi | < |V/| + 2|V | = 4:r(G). This
establishes the lower bound in the statement of the theorem. Suppose that v:(G) =
Ytr(G). Then we must have equality throughout this inequality chain. In particular,
V2f = (), implying that V(G) = Vlf. Since f is an arbitrary y:r(G)-function, this
implies that (0; V(G); 0) is the only vir(G)-function. Let P: v1vs ... vx be alongest
path in G. We note that all neighbors of v; belong to P. If £ > 3, then the function
= {n},V(G) \ {v1,v2}, {v2}) is a :r(G)-function, contradicting our earlier
observation that (0; V(G);0) is the only vir(G)-function. Therefore, k = 2 and G
is the disjoint union of copies of Ks. Conversely, if G is the disjoint union of copies
of Ky, then it is immediate that v(G) = 1:r(G) = |V(G)|. This completes the
proof of Part (a).

The upper bound follows immediately from the observation that assign-
ing a weight of 2 to each vertex of a given 7:(G)-set and assigning a weight
of 0 to all remaining vertices of G yields a TRD-function on G, implying that
r(G) < 2%(G). Suppose that 1:r(G) = 2%(G) and let S be an arbitrary
~:(G)-set. Suppose, to the contrary, that epn(v,S) = () for some vertex v € S.
The function f = (V(G)\ S,{v}, S\ {v}) is a TRD-function of G, implying that
wr(G) < f(V(G@)) =14 2(|S| — 1) < 2|S| = 2v(G), a contradiction. Therefore,
epn(v, S) # 0 for all v € S. This proves Part (b). O

By Theorem 6, if G is a graph with no isolated vertex, then y:r(G) > % (G).
Further, v:r(G) = v(G) if and only if G is the disjoint union of copies of K5. We
next characterize the connected graphs G satisfying vr(G) = 1(G) + 1.

Proposition 7. Let G be a connected graph of order n > 3. Then, v1r(G) =
Y(G) 4+ 1 if and only if A(G) =n — 1.

Proof. Suppose that vz(G) = v(G) + 1. By Lemma 3, there exists a vr(G)-
function f = (Vof V', V) such that either V3 is a dominating set of G or the set
S of vertices not dominated by V2f satisfies G[S] = kK> for some k > 1, S C Vlf,
and 8(S) C V{. If Vi = 0, then V(G) = S and G = G[9] is a disjoint union
of copies of Ky. But then v,z(G) = n = 7(G), a contradiction. Hence, V5 # 0.



Total Roman domination in graphs 509

Since V{f UVy is a TD-set of G, we note that vz(G) — 1 = 7(G) < [V{ | + |V | <
V| +2|Vf| =1 = %r(G) — 1. Hence, we must have equality throughout this
inequality chain. In particular, [V;'| = 2|V| — 1, and so |Vi| = 1. Let V/ = {o}.

We show that V2f is a dominating set of G. Suppose, to the contrary, that
V2f is not a dominating set of G and consider the set S of vertices not dominated
by V4. Since 8(S) C V/, there must be a vertex in V; \ S that is adjacent to v.
Using the notation employed in the proof of Lemma 3, let Vlf2 be the set of vertices
in Vlf that have a neighbor in sz. In our case, every vertex in Vf; is a neighbor
of v. If |V17;| > 2, then removing all but one vertex from Vlg and adding it to
the set Vof produces a new TRD-function of G of weight less that f(V(G)), a
contradiction. Hence, |Vih| = 1. Thus, yr(G) = |S| + |[Vi,| + 2|V | = |S| + 3.
Recall that G[S] = kK> for some k > 1. Let C denote the set of k components of
G[S] and let F € C be an arbitrary Ks-component in G[S]. Since G is connected,
there is a vertex vp in V(G)\ V(F) that is adjacent to a vertex of V(F) in G. Since
a(S) C Vof, we note that vp € Vof and therefore vg is adjacent to v in G. Let up
be a vertex in V(F) that is adjacent to vp in G and let

Sl = U {uF,vF}.

FecC

The set S’ U {v} is a TD-set of G, implying that v(G) < |81+ 1 < |S]+1 =
vr(G) — 2, a contradiction. Therefore, V is a dominating set of G. As observed
earlier, VJ = {v}. The vertex v is therefore a dominating vertex of G (in the sense
that it dominates V(G)), implying that A(G) = n—1. Conversely, if A(G) =n—1,
then :(G) = 2 and y;:g(G) = 3. Thus, 1r(G) = #(G) + 1. O

COCKAYNE et al. [3] established the following relationship between the dom-
ination number and the Roman domination number of a graph: For every graph G,

(2) 7(G) < vr(G) < 29(G).

The graphs G satisfying v(G) = vr(G) were characterized in [3]. A graph
G for which yr(G) = 2v(G) is defined in [3] to be a Roman graph. While the
class of Roman trees has been characterized in [8], it remains an open problem to
characterize Roman graphs in general. We now define an analogous concept for
the total Roman domination number and define a graph G to be a total Roman
graph if v1r(G) = 2v(G). Examples of total Roman graphs include the corona,
cor(H), of a graph H with no isolated vertex and cycles or paths on n vertices
where n = 0 (mod 4).

We present next a trivial necessary and sufficient condition for a graph to be
a total Roman graph.

Proposition 8. Let G be a graph without isolated vertices. Then, G is a total
Roman graph if and only if there exists a y:r(G)-function f = (Vof, Vlf, V2f) such
that V/ = 0.
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Proof. Suppose that G is a total Roman graph. Let S be an arbitrary v:(G)-set.
As observed in the proof of Theorem 6(b), the function f = (V§/,V//,Vy) that
assigns a weight of 2 to each vertex of S and a weight of 0 to all remaining vertices
of G is a TRD-function on G, and so 2v,(GQ) = vr(G) < f(V(G)) = 2|V | =
2|S| = 2v:(G). Hence, we must have equality throughout this inequality chain. In
particular, v:r(G) = f(V(G)), implying that f is a v:z(G)-function satisfying Vlf =
(). Conversely, suppose there exists a v;g(G)-function g = (V, V7, V) satistying
V# = 0. Since the set VY UVY = VY is a TD-set of G, we note that v,(G) < |VJ| =
%%R(G), or, equivalently, 27:(G) < vg(G). By Theorem 6, v:r(G) < 2v:(G) for
all graphs G. Consequently, vr(G) = 27:(G), and so G is a total Roman graph. O

It remains an open problem to find a nontrivial necessary and sufficient con-
dition for a graph to be a total Roman graph, or to characterize the total Roman
graphs. Recall that by Theorem 6(b), if G is a total Roman graph and S is an arbi-
trary ~y;(G)-set, then epn(v, S) # 0 for all v € S. However this condition is not suf-
ficient for a graph to be a total Roman graph. For example, for k > 3, suppose that
Hj, is obtained from a star K j with central vertex v by subdividing k—1 edges three
times and subdividing the remaining edge exactly twice. Let A be the set k support
vertices in Hy, and let B be the set of vertices of degree 2 in Hj, that are adjacent to
a support vertex. Then, v¢(H}) = 2k and the set S = AU B is the unique ~;(Hy)-
set. We note that epn(v, S) # 0 for all v € S. However, the function f: V(Hy) —
{0,1,2} that assigns the value 0 to every leaf, the value 2 to every vertex in A, the
value 1 to every vertex in B, the value 2
to v, and the value 0 to the remaining
vertices of Hy is a TRD-function of Hy
of weight 3k+2, and so v;r(Hy) < 3k+
2 < 4k = 2v;(Hy). The graph Hy, for
example is illustrated in Figure 2, where
the darkened vertices form a ~;(Hy)-
set and the given function f is a TRD-
function of Hy of weight 3k 4+ 2 = 14.

Recall that for every graph G with no isolated vertex, v(G) < %(G) <

27(G). Let G be a total Roman graph. If *yt( ) > ( ), then by Theorem 5, we

Figure 2. The graph Hy.

note that 57(6’) < 1(G) = §7tR(G) < (G), a contrad1ct1on Hence, 7(G) <

SV(G)- Further, suppose that vg(G) = vR( ). By Inequality (2), we note then
that 2v(G) > vr(G) = 11r(G) = 2%(G) > 2v(G). Hence, we must have equality
throughout this inequality chain. In particular, 27(G) = vr(G), implying that G
is a Roman graph. We state these observations formally as follows.

Observation 9. If G is a total Roman graph, then v(G) < %W(G). Further, if
wr(G) = vr(G), then G is a Roman graph.

We remark that the upper bound in Observation 9 is tight, as may be seen
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by taking G to be a path Pjo; where k > 1. In this case, G is a total Roman graph,
v (G) = 6k, and v(G) = 4k, implying that 1 (G) = g’y(G).

Suppose that G is a Roman graph and v(G) = 4:(G). Then, by Inequality (1),
we note that 2v:(G) = 2v(G) = Yr(G) < 1r(G) < 2v(G). Hence, we must have
equality throughout this inequality chain. In particular, yg(G) = 2v(G), implying
that G is a total Roman graph. We state this observation formally as follows.

Observation 10. If G is a Roman graph and v(G) = %(G), then G is a total
Roman graph.

2.3. Total Roman domination versus Roman domination

In this section we relate the total Roman domination number and the Roman
domination number. By Observation 1, for every graph G with no isolated vertex,
Yr(G) < 1:r(G). We establish next an upper bound on the total Roman domination
number in terms of the Roman domination number.

Theorem 11. If G is a graph of order n with no isolated vertex, then yir(G) <
2vr(G) — 1. Further, +r(G) = 2vr(G) — 1 if and only if A(G) =n — 1.

Proof. Among all vg(G)-functions, let f = (Vof,Vlf, sz) be chosen so that |V2j|
is a maximum. Suppose firstly that Vlf # (). If some vertex in Vlf is adjacent to
a vertex in V2f , then we can simply re-assign it a weight of 0 to produce a new
RD-function of weight less than f(V(G)), a contradiction. Hence, no vertex in
Vlf is dominated by V2f. We show that Vlf is an independent set in G. Suppose,
to the contrary, that u and v are adjacent vertices in Vlf . Then, f' = (Vof , Vlf \
{u, v}, Vs U{v}) is a RD-function of G. Moreover, since f(u)+ f(v) = f'(u)+ f'(v),
we note that f/(V(G)) = f(V(G)), implying that f’ is a vg(G)-function. However,
the vertices assigned the value 2 under f’ exceeds |V2f |, contradicting our choice of
f. Hence, Vlf is an independent set in G. We show next that Vlf is a packing in G.
Suppose, to the contrary, that w and v are two distinct vertices in Vlf at distance 2
apart. Let w be a common neighbor of u and v. Since Vlf is an independent set
and since neither u nor v are dominated by V2f , we note that w € Vof . In this
case, we let f' = (VJ \ {w}) U {u,v}, Vi \ {u,v},Vd U {w}) and note that f’ is
a RD-function of G. Moreover, since f(u) + f(v) + f(w) = f'(u) + f'(v) + f'(w),
we note that f/(V(G)) = f(V(G)), implying that f’ is a vg(G)-function. However,
the vertices assigned the value 2 under f’ exceeds |V2f |, once again a contradiction.
Therefore, Vlf is a packing in G.

As observed earlier, no vertex in Vlf is dominated by V2f . Further, Vlf is a
packing in GG. Thus, all neighbors of a vertex in Vlf belong to Vof . For each vertex
w E Vlf, we select an arbitrary neighbor, w’, of w and we let W = Uyevy {w'}.

We note that [W| = [V;/| and W C Vof. Further, each vertex in W is adjacent to
at least one vertex in V;/, implying that |Vy/| > 1. We also observe that yz(G) =
[V |+2|V{f|. We now consider the function g = (VZ, V¥, V&) = (Vi \w, v/ uw, V).
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Suppose that there are no isolated vertices in G[V, UVY|. In this case, g is a TRD-
function of G, implying that

1r(G) < g(V(G)) = 2|V | + 2|V | = 2vr(G) — 2|V | < 2(7r(G) - 1).

Suppose that there are isolated vertices in G[VY U VJ]. Let U be the set of
isolated vertices in G[VYUVY]. Since G[V{’] contains no isolated vertex, we note that
U C V2f . As observed earlier, each vertex in W is adjacent to at least one vertex in
V2f , implying that U C V2f . For each vertex u € U, we select an arbitrary neighbor,
', of u and we let Z = Uyep{u'}. We note that |Z| < |U| < |Vy/ | and Z C V¥, We
now consider the function h = (Vy\ Z, VUZ, V). In this case, h is a TRD-function
of G, implying that r(G) < h(V(G)) = ¢(V(G)) + |2 < g(V(G)) + Vi | - 1.
Thus, since g(V(G)) = 2|V{/| + 2|V{/|, we note that

Yr(G) <2V |+ 31V | — 1 < 2V | + 4V | =1 = 29&(G) — 1.

Hence we may assume that Vlf = (), for otherwise vr(G) < 2vr(G) — 1
and the desired bound follows. Let U be the set of isolated vertices in G[VQf . It
U =), then f is a TRD-function of G, implying that v:z(G) < f(V(G)) = vr(G).
Consequently, by Observation 1, vr(G) = vr(G). Hence we may assume that
U # (. For each vertex u € U, we select an arbitrary neighbor, u’, of u and we let
U' = Uyer{u'}. We note that |U’| < |U| < |Vy/|. We now consider the function
=W\, v/ uu’, V). The function f’ is a TRD-function of G, implying that
vr(G) < f/(V(Q)) = F(V(Q) + |U'| < f(V(G)) + |Vi|. Thus, since in this case
F(V(G)) = 2|V |, we note that

3
1r(G) < 2| + V3 | = S7r(G) < 2vR(G) — 1.

Further, if vr(G) = 2yr(G) — 1, then vg(G) = 2, implying that |V2f| =1
and A(G) = n — 1. Conversely, if A(G) = n — 1, then %r(G) = 3 = 2vr(G) — 1,
which completes the proof.

3. GRAPHS WITH LARGE TOTAL ROMAN DOMINATION
NUMBER

In this section, we characterize the graphs with largest possible total Roman
domination number, namely the order of the graph. Let G be the family of graphs
that can be obtained from a 4-cycle v1vovzvav1 by adding k1 + ko > 1 vertex-disjoint
paths P, and joining vy to the end of k; such paths and joining vs to the end of
ko such paths (possibly, k; = 0 or ks = 0). Let H be the family of graphs that
can be obtained from a double star by subdividing each pendant edge once and
subdividing the non-pendant edge r > 0 times. A graph G in the family G and a
graph H in the family A are illustrated in Figure 3(a) and 3(b), respectively.
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N B

(a) Geg YHeH
Figure 3. Graphs in the families G and H.

We show firstly that the total Roman domination number of a nontrivial path
or a cycle is the order of the path or cycle.

Proposition 12. If G is a nontrivial path or a cycle on n vertices, then yir(G) =
n.

Proof. If G = P,, then the result is immediate. Hence we may assume that G = P,
or G = C,, where n > 3. Let f = (VOf,Vlf,VQf) be a v:r(G)-function. Suppose
that there is a vertex v in Vof that is adjacent to two vertices v and w that both
belong to V2f. Thus, uvw is a path in G where f(v) = 0 and f(u) = f(w) =
2. Since G[V{’ U VJ] contains no isolated vertices, dg(u) = dg(w) = 2 and the
neighbor of u (respectively, w) different from v in G has value at least 1 under f.
Let f': V(G) — {0,1,2} be defined as follows: f'(u) = f'(v) = f'(w) = 1 and
f(z) = f(x) for every vertex = ¢ {u,v,w}. Since f is a TRD-function of G, so too
is the function f’. Moreover, since f'(u)+ f'(v)+f'(w) < f(u)+f(v)+ f(w), we note
that f/(V(Q)) < f(V(G)) = vr(G), a contradiction. Hence, every vertex in V;’
is adjacent to exactly one vertex in V', and so |V | < |Vi/|. By Observation 2( ),
|V2| < |V0| Consequently, |V0| \V/|. Therefore, yr(G) = |V{| + 2|V{|
VI |+ VY| + V| = n.

O

We are now in a position to state the following result.

Theorem 13. Let G be a connected graph of order n > 2. Then, vr(G) = n if
and only if one of the following holds.

(a) G is a path or a cycle.

(b) G is a corona, cor(F), of some graph F.

(c) G is a subdivided star.

(d) GeGUH.

Proof. Suppose that 1:r(G) = n. If A(G) < 2, then G is a path or a cycle and
the result follows from Proposition 12. Hence we may assume that A(G) > 3. In
particular, this implies that n > 4. Let V(G) = V. We proceed further with a series
of claims that give us structural properties of the graph G.

Claim A. FEvery support vertex is adjacent to exactly one leaf.

Proof of Claim A. Suppose, to the contrary, that G contains a strong support
vertex v. Let u and w be two leaf-neighbors of v. Let f: V — {0, 1,2} be defined
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as follows: f(u) = f(w) =0, f(v) =2, and f(x) =1 for every vertex x ¢ {u, v, w}.
Then, f is a TRD-function of G, and so 1:zr(G) < f(V) = n—1, a contradiction. @

Claim B. If dg(v) > 3 for some vertex v of G, then at most two neighbors of v
are not support vertices.

Proof of Claim B. Let v be a vertex of degree at least 3 in G, and let N, =
{v1,v2,v3} be an arbitrary subset consisting of three neighbors of v. By Claim A,
at most one vertex in N, is a leaf. Suppose, to the contrary, that no vertex of NN,
is a support vertex. Let f: V — {0, 1,2} be defined as follows: f(v1) = f(v2) =0,
f(v) =2, and f(z) =1 for every vertex = ¢ {v,v1,v2}. If f is a TRD-function of
G, then 14r(G) < f(V) = n — 1, a contradiction. Hence, f is not a TRD-function
of G, implying that there exists a vertex vi2 such that Ng(vi2) C {v1,v2}. By
supposition, the vertex vz is not a leaf. Thus, Ng(vi2) = {v1,v2}. Analogously,
there exists a vertex, vq3 say, in G adjacent to both vy and vz but to no other vertex
in G. Let g: V — {0,1,2} be defined as follows: g(vi2) = g(va3) = 0, f(v2) = 2,
and f(z) = 1 for every vertex « ¢ {va,v12,v23}. Then, g is a TRD-function of G,
and so vr(G) < g(V) =n — 1, a contradiction. @)

As an immediate consequence of Claim B, §(G) = 1. If every vertex of G is
a leaf or a support vertex, then G is a corona, cor(H ), of some graph H. Hence we
may assume that at least one vertex of G is neither a leaf nor a support vertex. Let
L = L(G) and S = S(G) denote the set of leaves and support vertices, respectively,
in G. Let W = V\ (LUS). By assumption, W # ). Let H = G[W]. As an immediate
consequence of Claim B, every vertex in W has at most two neighbors in W. We
state this formally as follows.

Claim C. A(H) < 2.
Claim D. Every support vertex in G has degree 2.

Proof of Claim D. By the connectivity of G, there is at least one edge in [S, W]
that joins a vertex of S and a vertex of W. Let vw € E(G), where v € S and w € W.
By Claim A, every support vertex is adjacent to exactly one leaf. Let v’ be the
leaf-neighbor of v. We show that the support vertex v has degree 2. Suppose, to
the contrary, that v has degree at least 3 in G. Let u be a neighbor of v different
from v’ and w. By Claim B, the vertex u is a support vertex. Let u’ be the leaf-
neighbor of u. Let f: V — {0,1, 2} be defined as follows: f(u') = f(v') = f(w) =0,
f) = f(u) =2, and f(x) = 1 for every vertex x ¢ {u,u’,v,v’,w}. Then, f is a
TRD-function of G, and so 1:g(G) < f(V) = n — 1, a contradiction. Therefore,
Ng(v) = {v/,w} and dg(v) = 2. Hence, every support vertex of G that is adjacent
to a vertex of W has degree 2 in G. By the connectivity of G, this implies that
every support vertex of G has degree 2. ()

By Claim D, every support vertex in G has degree 2. Thus, by the connectivity
of G, the graph H is necessarily connected. We state this formally as follows.
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Claim E. H is connected.

Let Wg be the set of vertices in W that are adjacent to a (support) vertex in
S. By Claim C, A(H) < 2.

Claim F. If w € Wg has degree 2 in H, then the two neighbors of w in H are not
adjacent and G — Ng(w) has exactly one isolated vertex.

Proof of Claim F. Let w € Wy and suppose that dg(w) = 2. Let Ny(w) =
{wi,we}. Let f: V — {0, 1,2} be defined as follows: f(w1) = f(w2) =0, f(w) = 2,
and f(z) = 1 for every vertex z ¢ {w,wy,ws}. If f is a TRD-function of G, then
nr(G) < f(V) = n — 1, a contradiction. Hence, f is not a TRD-function of G,
implying that there exists a vertex x such that Ng(x) = {w1,w2}. Let X be the set
of all such vertices = that are adjacent to both w; and ws but to no other vertex
in G. Let g: V — {0, 1,2} be defined as follows: g(z) =0if x € X, g(w1) = 2, and
g(x) =1 for every vertex ¢ X U {ws}. Then, g is a TRD-function of G, and so
n =vr(G) < g(V) =n—|X|+ 1. Thus, |X| < 1, implying that |X| = 1. Thus,
there is exactly one common neighbor, say wis, of w; and ws that is adjacent to
no other vertex of G; that is, Ng(wi2) = {w1, ws}. Notice that w2 is neither a leaf
nor a support vertex, and so wis belongs to H. If w; and wy are adjacent, then
they have degree 3 in H, which is a contradiction with Claim C. @)

Claim G. The graph H is either a path or a 4-cycle, Cy. Further, the following
holds.
(a) If H = Cy, then at least two adjacent vertices of H have degree 2 in G.
(b) If H = Py, then every internal vertex of H has degree 2 in G.

Proof of Claim G. By Claim E, H is connected. By Claim C, H is either a
path or a cycle. Suppose that H is a cycle Cy for some k > 3. Let H be given
by wiws ... wrw;. Renaming the vertices of H if necessary, we may assume that
wg € Wg. By Claim F, the vertices w; and ws are not adjacent and G—{wy, w3} has
exactly one isolated vertex. This is only possible if £k = 4 (and the isolated vertex
in G — {wy, w3} is the vertex wy). In this case, we note that N(ws) = {wy,ws},
and so dg(ws) = 2. Suppose that both w; and ws have degree at least 3 in G.
Thus, Wg = {w1, ws, ws}. By considering the vertex w; instead of the vertex ws,
an analogous argument shows that dg(ws) = 2, a contradiction. Hence, at least
one of wy and ws has degree 2 in G. This proves Part (a). Part (b) follows readily
from Claim F. @)

We now return to the proof of Theorem 13. By Claim G, the graph H is
either a path or a 4-cycle, Cy. If H = Cy, then by Claim G we deduce that G € G.
If H = Py, then G is obtained from a star by subdividing each of its edge once; that
is, H is a subdivided star. If H = Pj, where k > 2, then G is obtained from a double
star by subdividing each pendant edge once and subdividing the non-pendant edge
k — 2 times; that is, G € H. Therefore, if v;g(G) = n, then the four conditions in
the statement of the theorem hold.
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Conversely, suppose that the graph G satisfies one of the four conditions
in the statement of the theorem. Suppose, to the contrary, that 1:r(G) < n. By
Proposition 12, G is neither a path nor a cycle. Hence, G satisfies condition (b), (c)
or (d) in the statement of the theorem. Let f = (Vof, Vi, Vi) be a vr(G)-function.
Then, |Vy/| < |V{|, which implies that there is a vertex v € V; with at least two
neighbors belonging to Vof . If v has degree precisely 2 in G, then v is isolated in the
graph G[Vlf U V2f], a contradiction. Hence, v has degree at least 3in G. If G ¢ G,
then the structure of the graph G implies that every such vertex v of degree at
least 3 has at most one neighbor that is not a support vertex. This in turn implies
that at least one support vertex of v belongs to Vof , contradicting Observation 2(b).
If G € G, then the vertex v of degree at least 3 belongs to the 4-cycle in G. Further,
the two neighbors of v that belong to Vof belong to the 4-cycle of G. The remaining
vertex of the 4-cycle is therefore isolated in the graph G [Vlf U V2f ], a contradiction.
Hence, v:z(G) = n. This completes the proof of Theorem 13.

4. CLOSING REMARKS

We close with the following three open problems that we have yet to settle.
Problem 1. Characterize the graphs G achieving the upper bound in Theorem 4;
that is, characterize the graphs G satisfying 2v(G) = vr(G).

Problem 2. Characterize the graphs G achieving the upper bound in Theorem 5;
that is, characterize the graphs G satisfying v:r(G) = 3v(G).

Problem 3. Characterize the graphs G achieving the upper bound in Theorem 6;
that is, characterize the total Roman graphs G (satisfying vr(G) = 2v:(G)).
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