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THE STRONG METRIC DIMENSION OF SOME
GENERALIZED PETERSEN GRAPHS

Jozef Kratica*, Vera Kovacevié-Vujcié, Mirjana Cangalovi¢

In this paper the strong metric dimension of generalized Petersen graphs
GP(n,2) is considered. The exact value is determined for the cases n = 4k
and n = 4k 4 2, while for n = 4k + 1 an upper bound of the strong metric
dimension is presented.

1. INTRODUCTION

The strong metric dimension problem was introduced by Sebo and Tannier
[13]. This problem is defined in the following way. Given a simple connected
undirected graph G = (V,E), where V = {1,2,...,n}, |E| = m and d(u,v) denotes
the distance between vertices u and v, i.e. the length of a shortest © — v path. A
vertex w strongly resolves two vertices v and v if u belongs to a shortest v —w path
or v belongs to a shortest u —w path. A vertex set S of G is a strong resolving set
of G if every two distinct vertices of G are strongly resolved by some vertex of S. A
strong metric basis of G is a strong resolving set of the minimum cardinality. The
strong metric dimension of G, denoted by sdim(G), is defined as the cardinality of
a strong metric basis. Now, the strong metric dimension problem is defined as the
problem of finding the strong metric dimension of a graph G.

Example 1. Consider the Petersen graph G given on Figure 1. It is easy to see
that set S = {ug, u1, us2, us, vo, v1, V2, v3} is a strong resolving set, i.e. each pair of
vertices in G is strongly resolved by a vertex from .S. Since any pair with at least
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Figure 1: Petersen graph G

one vertex in S is strongly resolved by that vertex, the only interesting case is pair
g, vyq. This pair is strongly resolved e.g. by ug € S since the shortest path wug, ug, v4
contains uy. In Section 2 it will be demonstrated that S is a strong resolving set
with the minimum cardinality and, therefore, sdim(G) = 8.

The strong metric dimension has many interesting theoretical properties. If
S is a strong resolving set of GG, then the matrix of distances from all vertices from
V to all vertices from S uniquely determines the graph G [13].

The strong metric dimension problem is NP-hard in general case [10]. Nev-
ertheless, for some classes of graphs the strong metric dimension problem can be
solved in polynomial time. For example, in [8] an algorithm for finding the strong
metric dimension of distance hereditary graphs with O(|V|-|E|) complexity is pre-
sented.

In [4] an integer linear programming (ILP) formulation of the strong metric
dimension problem was proposed. Let variable y; determine whether vertex ¢ be-
1, i€8
0, i¢ S

of the strong metric dimension problem is given by (1).

longs to a strong resolving set .S or not, i.e. y; = Now, the ILP model

n
min Z Yi subject to:
i=1

n
ZA(u,v),i'yi21 1<u<v<n
i=1

y; € {0,1} 1<i<n

—_

, d(u,1) = d(u,v) + d(v,1)
, d(v,i) =d(v,u) + d(u,i).

0, otherwise

—_

where A(u,v) i
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This ILP formulation will be used in Section 2 for finding the strong metric
dimension of generalized Petersen graphs in individual cases, when dimensions are
small. The following definition of mutually maximally distant vertices and two
properties from the literature will also be used in Section 2.

Definition 1. ([4]) A pair of vertices u,v € V, u # v, is mutually mazimally
distant if and only if

1. d(w,v) < d(u,v) for each w such that {w,u} € F and
2. d(u,w) < d(u,v) for each w such that {v,w} € E.

Property 1. ([4]) If S C V is a strong resolving set of graph G, then, for every
two mazimally distant vertices u,v € V', it must be u € S orv € S.

Let Diam(G) denote the diameter of the graph G, i.e. the maximal distance
between two vertices in G.

Property 2. ([4]) If S C V is a strong resolving set of the graph G, then, for every
two vertices u,v € V' such that d(u,v) = Diam(G), it must be u € S orv € S.

A survey paper [5] contains results on the strong metric dimension of graphs
up to mid 2013. Since then several interesting theoretical papers related to the
properties of the strong metric dimension have been published (see e.g. [6, 7, 12,
14]).

This paper considers the strong metric dimension of a special class of graphs,
so called generalized Petersen graphs. The generalized Petersen graph GP(n,m)
(n > 3; 1 < m < n/2) has 2n vertices and 3n edges, with the vertex set V =
{uj,v; | 0 < i < n—1} and the edge set E = {{us,uir1}, {us,vi}, {vi,vitm} |
0 < i < n—1}, where vertex indices are taken modulo n. The Petersen graph from
Figure 1 can be considered as GP(5,2).

The generalized Petersen graphs were first studied by Coxeter [1]. Various
properties of GP(n, m) have been recently theoretically investigated in the following
areas: metric dimension [9], decycling number [3], component connectivity [2] and
acyclic 3-coloring [15].

In the case when k = 1 it is easy to see that GP(n,1) = C,,[00P,, where [ is
the Cartesian product of graphs, where C), is the cycle on n vertices and P, is the
path with 2 vertices. Using the following result from [11]: sdim(C,OP,) = n, for
r > 2, it follows that sdim(GP(n,1)) = n.

2. THE STRONG METRIC DIMENSION OF GP(n,2)

In this section we consider the strong metric dimension of the generalized
Petersen graph GP(n,2). The exact value is determined for the cases n = 4k and
n = 4k + 2, while for n = 4k + 1 an upper bound of the strong metric dimension
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is presented. In order to prove that the sets defined in Lemma 1, Lemma 3 and
Lemma 5 are strong resolving we used shortest paths given in Tables 1-3, which
are organized as follows:

o The first column named ” case” contains the case number.

e The next two columns named ”wertices’ and "res. by’ contain a pair of
vertices and a vertex which strongly resolves them.

e The last two columns named ” condition” and ”shortest path’ contain the
condition under which the vertex in column three strongly resolves the pair
in column two, and the corresponding shortest path, respectively.

Lemma 1. The set S = {ug;,vili = 0,1,...,2k} is a strong resolving set of
GP(4k +2,2) for k > 2.

Proof. Let us consider pairs of vertices such that neither vertex is in S. There are
three possible cases:

Case 1. (u;,u;), ¢,j are odd. Without loss of generality we may assume that ¢ < j. If
j — i < 2k, according to Table 1, vertices u; and u; are strongly resolved by
vertex u;_1. The shortest paths corresponding to the subcases j — ¢ = 2 and
4 < j—1i < 2k are also given in Table 1. As i — 1 is even, then u;,_; € S. If
j —1i>2k+2, then the pair (u;, u;) can be represented as the pair (u;, u;),
where i = j and j' = i 4+ 4k + 2. Since j' — i’ < 2k, the situation is reduced
to the previous one.

Case 2. (v;,v5), 4,j > 2k + 1. Without loss of generality we may assume that ¢ < j.
If j — i is even, v; and v; are strongly resolved by u; or u;yi. Namely, when
jis even u; € S, while u;11 € S for odd j. If j — 7 is odd, then v; and v; are
strongly resolved by wvor, € S if 7 is even, and vop_1 € S if 7 is odd, and hence
u; and u; are strongly resolved by S.

Case 3. (u;,v5), @ odd, j > 2k + 1. There are seven subcases, characterized by condi-
tions presented in Table 1. Vertices which strongly resolve pair (u;, v;) listed
in Table 1 belong to the set S. Indeed, vertices vor_1 and wve, belong to S by
assumption, while u;_1,u;11,u;45 belong to S since ¢ is odd. Finally, u; € §
since j is even by condition.

O

Lemma 2. If S is a strong resolving set of GP(4k 4+ 2,2), then |S| > 4k + 2, for
any k > 2.

Proof. Since d(u;, wiyop+1) = d(vi, Vizok+1) = k + 3 = Diam(GP(4k + 2,2)),i =
0,1, ...,2k, from Property 2, at least 2k + 1 u-vertices and 2k + 1 v-vertices belong
to S. Therefore, |S| > 4k + 2. O
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Table 2: Shortest paths in Lemma 3

Case vertices res. by condition shortest path

1 (ug, uz), U1 = Uit j—i=2 gy U1 U2 = U, uji
i,j > 2k,i,j even uji1 j—i>4 Uiy Vs Viggs s Vg g, U1
2 [CIETE Wit j—i<2k—2 Vg Vi s Vg -
i,j even u; and u;yop j—i=2k Wiy Uiy Vigas e Vigog = V4, Uy
3 (ugr 50, wi_1 0<j—i<2k—2 Wi 15 Ugs Vs Vit s Uy
i,j even, Up_op = uj j—i=—2k Uy Uiy Vs s Vo) = Vi, Uy o) = uj
i> 2k uj_q —2k < j—i< —2 Uj s Ufs Vg Vg, s Vg Uy
i > 2k Wit j—i=—2 Vi Vg = g, g, Uit

The strong metric dimension of GP(4k + 2, 2) is given in Theorem 1.
Theorem 1. For all k it holds that sdim(GP(4k + 2,2)) = 4k + 2.

Proof. 1t follows directly from Lemmas 1 and 2 that sdim(GP(4k+2,2)) = 4k +2
for Kk > 2. For k = 1, using CPLEX solver on ILP formulation (1), we have
proved that the set S from Lemma 1 is also a strong metric basis of GP(6,2), i.e.
sdim(GP(6,2)) = 6. O

The strong metric dimension of GP(4k,2) will be determined using Lemmas
3 and 4.

Lemma 3. The set S = {w;|i = 0,1,...,2k — 1} U {ugptoi41/i = 0,1,...k — 1} U
{vo;y1]t = 0,1,..2k — 1} is a strong resolving set of GP(4k,2) for k > 2.

Proof. Since S contains u;, i = 1,...,2k — 1 and all u; and v; for odd ¢, we need to
consider only three possible cases:

Case 1. (ui,uj), 4,j > 2k are even. Without loss of generality we may assume that
i < j. Vertices u; and u; are strongly resolved by vertex w41 (see Table 2).
The shortest paths corresponding to subcases j —¢ = 2 and j —¢ > 4 are
given in Table 2. As j + 1 is odd, then u;1; € S.

Case 2. (v;,v), 1,j are even. Without loss of generality we may assume that i < j.
If j —4 < 2k — 2, vertices v; and v; are strongly resolved by w;jy1 € S. If
j — 1> 2k + 2, then the pair (v;,v;) can be represented as the pair (vy, vy ),
where i = j and j' =i + 4k. Since j' — 4’ < 2k — 2, the situation is reduced
to the previous one. If j —¢ = 2k, vertices v; and v; = v;19, are strongly
resolved by both u; and u; = u;42k. Since S contains uy, ..., ugi—1 it follows
that u; or u;42k belongs to S and hence v; and v; are strongly resolved by S.

Case 3. (u;,v5), ©,j even, ¢ > 2k. Let us assume first that ¢ < j. If j —i < 2k — 2,
vertices u; and v; are strongly resolved by vertex u;—;1. As ¢ — 1 is odd it
follows that u;—1 € S and u; and v; are strongly resolved by S. Assume now
that i > j. If j —7 = —2k then vertices u; and v;=v;_g, are strongly resolved
by vertex uj=u;_2;. Since S contains ug,...,u2r—1 and 7 > 2k, it follows
that u;—op belongs to S and hence u; and v; are strongly resolved by S. If
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—2k < j —i < 0 then the pair (u;,v;) is strongly resolved by u;_1. Since
j —1is odd, then u;_; € S. These three subcases cover all possible values
for ¢ and j having in mind that vertex indices are taken modulo n.

O

Lemma 4. If k> 10 and S is a strong resolving set of GP(4k,2), then |S| > 5k.

Proof. Let us note that d(v;, viyor—1) = k+2 = Diam(GP(4k,2)),i =0,1, ..., 4k —
1. If we suppose that S contains less than 2k wv-vertices, since we have 4k pairs
(vi, Vizok—1),t = 0,...,4k — 1, and each vertex appears exactly twice, there exists
some pair (v, Viyor—1),V; & S, viyor—1 ¢ S. This is in contradiction with Property
2. Therefore, S contains at least 2k v-vertices.

Considering u-vertices, we have two cases:

Case 1. If there exist ug; ¢ S and ugj41 ¢ S, then, as pairs {ug;, usiyoi—1},01 =
3,4,...,2k — 2 and {ugji1,uzj4u},l = 3,4,..,2k — 2 are mutually max-
imally distant, at most 8 additional vertices are not in S: wuo;_3,u2_1,
Uit1, U2i43, U252, U2j, U2j+2, U2j+4. Consequently, at most 10 vertices, where
10 < k, are not in S.

Case 2. Indices of u-vertices which are not in S are all either even or odd. With-
out loss of generality we may assume that all these indices are even. Since
d(ugi, ugirar) = k+ 2 = Diam(GP(4k,2)),i = 0,1,....,k — 1, according to
Property 2, we have k pairs (ug;, u2i42x),7 = 0, ...,k — 1, with at most one
vertex not in S. Therefore, at most k u-vertices are not in S.

In both cases we have proved that at most k wu-vertices are not in S, so at
least 3k u-vertices are in S. Since we have already proved that at least 2k v-vertices
should be in S, it follows that |S| > 5k. O

The strong metric dimension of GP(4k,2) is given in Theorem 2.
Theorem 2. For all k > 5 it holds sdim(GP(4k,2)) = 5k.

Proof. Lemma 3 and Lemma 4 imply that S = {u;]i = 0,1, ..., 2k—1}U{uggt2i+1|i =
0,1,...k — 1} U {vgi41]i = 0,1,...2k — 1} is a strong metric basis of GP(4k,2) for
k > 10. Using CPLEX solver on ILP formulation (1), we have proved that the set
S from Lemma 3 is a strong metric basis of GP(4k,2) for k € {5,6,7,8,9}. O

In the case when n = 4k + 1, an upper bound of the strong metric dimension
of GP(4k + 1,2) will be determined as a corollary of the following lemma.

Lemma 5. The set S = {ug;y1]i = 0,1, ...,k —1}U{ugr+it =0,1,..., 2k} U{v;|i =
0,1,...2k + 3} is a strong resolving set of GP(4k +1,2) for k > 3.

Proof. As in Lemma 1, there are three possible cases:
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Table 3: Shortest paths in Lemma 5

Case vertices es. by condition Shortest path
1 (ugj, ugj), w2541 j-iz2 U2y V2 V24425 -eer V255 U2 U2j41
0<i,j<k—-1 w2541 j—-i=1 U4, U4 1, URi42 = U5, UDi43 = U541
2 (vi,vj), vy i,j even Vi Vg 2y ooes Vs Vjp2s ooy U1
2k +4 < i, j < 4k vo i,j odd Vi Uiy e Vs Vj4D,s s VO
vo i even, j odd Vi Uiy Ui Vi1 Vi 3s s Vs Vjp2s o VO
vy i odd, j even Vs Wy Ui 1y Vil Vi3 s Vg Vjg2s o UL
3 (wai,v;), w) J even, j — 2i < 2k Unis V2, V252, s Vg g
0<i<k—1, wj j even, j — 2i > 2k 4 2 Wi, UG VD, s Vg1, U1, Uy
2k +4 < j < 4k uj J_Odva_*%SZk*l UG5 U215 V24415 V24435 --r Vjr Uj
U jodd, j —2i>2k+1 Ujs Vo Vj42s o) V24, U4

Case 1. (u2;,u25), 0 < 4,5 < k —1. Without loss of generality we may assume that
i < j. Vertices ug; and ug; are strongly resolved by vertex ugj11 € S. The
shortest paths corresponding to subcases j —i > 2 and j — i = 1 are given in
Table 3.

Case 2. (v;,v5), 2k +4 < i,j < 4k . Without loss of generality we may assume that
i < j. If j is even, vertices v; and v; are strongly resolved by v; € S, while
if j is odd, they are strongly resolved by vy € S. The details about shortest
paths can be seen in Table 3.

Case 3. (ug,v5), 0 <i<k—1,2k+4 < j <4k. Vertices ug; and v; are strongly
resolved by u;, and the shortest paths corresponding to four subcases can be
seen in Table 3. Since the set S contains u-vertices uog, Uog+y1, ---, Ugr and
2k +4 < j < 4k it follows that u; € S.

O
Corollary 1. If k > 3 then sdim(GP(4k + 1,2)) < 5k + 5.

The strong metric bases given in Lemma 1 and Lemma 3 and the strong
resolving set given in Lemma 5 hold for n > 20. The strong metric bases for n < 19
have been obtained by CPLEX solver on ILP formulation (1). Computational
results show that for n € {6, 10, 14, 18} the strong resolving set S from Lemma 1 is
a strong metric basis. The strong metric bases for the remaining cases for n < 19
are given in Table 4.

3. CONCLUSIONS

In this paper we have studied the strong metric dimension of the generalized
Petersen graphs GP(n,2). We have found closed formulas of the strong metric
dimensions in the cases n = 4k and n = 4k + 2, and a tight upper bound of the
strong metric dimension for n = 4k + 1.

The experimental results for remaining cases of GP(n,2) indicate the follow-
ing hypotheses: sdim(GP(4k + 1,2)) = 5k + 5, for k > 5, sdim(GP(4k + 3,2)) =
5k +6 for k = 5] —2 and sdim(GP(4k+3,2)) = 5k +4 for k # 5] — 2, where [ € N.



The strong metric dimension of some generalized Petersen graphs 9

Table 4: Other strong metric bases of GP(n,2) for n < 19

n | sdim(GP(n,2)) S
5 8 {wo, w1, u2,us, vo,v1, v2,v3}
7 9 {uo, u1, uz, us, vo, v1, Va2, V3, V4, Vg }
8 8 {u4,us, ue, u7, v1,v3, vs, V7 }
9 13 {u2, u4, us, ug, w7, us, vo, V2, Vs, V4, Us, Ve, U7
11 12 {uo, u1, u2, us, ua, us, vo, V1, V2, Vs, Ve, U7 }
12 13 {wo, u1, u2, us, us, us, us, vo, V2, V4, Vs, Us, V10 }
13 17 {uo, u1, u2, us, u4, us, us, u7 }
U{w1, vs, vs, ve, U7, Us, Vg, V10, V12 }
15 20 {uo, u1, U2, us, ua, Us, ug, Uz, Us, Uy }
U{UQ,U1,U2,’U3,’U4,’Us,’l}6,’U7,’Us,’Ug}
16 19 {uo, w1, u2, us, ua, us, us, U7, Us, Ug, U10 }
U{vo, v2, v4, Ve, Vs, V10, V12, V14 }
17 24 {wo, w1, u2, us, ua, us, Us, Uz, Us, Uy, U10, U11
U{vo, v1, v2, V3, Va4, Vs, Vs, U7, Us, Vg, V10, V11 }
19 24 {uo, ua, ue, Uz, us, U, U10, UL1, U12, U13, Uld, U15, U16, U1T }
U{wvo, v1, vs, Ve, V9, V10, V11, V14, V15, V16 }

Future work could be directed also towards obtaining the strong metric di-
mension of some other challenging classes of graphs.
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