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OSCILLATION CRITERIA FOR THREE DIMENSIONAL
LINEAR DIFFERENCE SYSTEMS

Fwa Schmeidel and Arun Kumar Tripathy*

In this work, sufficient conditions for oscillation of solutions of three dimen-
sional difference systems of the form

X(n+1)=AMn)X(n)

are established. Here X (n) = [z1(n),z2(n),z3(n)]”, A(n) = [ai;(n)] is a
given 3 X 3 matrix, z;: N = R, a;;: N—= R for ¢,5 € {1,2,3}.

1. Introduction

Let’s consider the 3-dimensional difference system
(1) X(n+1) = A(n)X(n),

where X (n) = [z1(n),z2(n),z3(n)]T, A(n) = [a;;(n)] is a given 3 x 3 matrix,
z;i: N =R, a;;: N= R fori,j € {1,2,3}. Here N={0,1,2,...}, N,, = {ng,no +
1,n0+2,...},n9 € N and R denotes the set of real numbers.

If a;j(n) = ai; € R for any i,j € {1, 2,3}, then equation (1) is equivalent to
2) X(n+1) = AX(n),
where X (n) = [z(n),y(n), 2(n)]* and A(n) = [a;;]3x3. The characteristic equation
of (2) is given by det(AI — A) = 0, that is,

(3) A — (tr AN+ mA —det A =0,
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where m = a11a22 + a11033 + A22033 — Q13031 — A23032 — 12021 If we denote

m(tr A)  2(tr A)3 1 (trV)?2
G=—detA - H==(m-—
etat 3 27 z(m ="

(tr A)
3 )

),,LL:)\—

then (3) reduces to
pd +3Hu+G=0.

From the theory of algebraic equations (see e.g. [3]), it follows that (3) admits at
least one real root A1 such that the sign of \; is opposite to that of the last term,
namely —det A. Hence, we have the following result:

Proposition 1. Let det A < 0. If G®> + 4H? > 0, then equation (3) admits a
negative real root and two imaginary roots. If G* + 4H? < 0, then (3) admits at
least one negative real root. If m = (tr A)? and T(tr A)> — 27det A = 0, then (3)
admits a negative real root with multiplicity 3. If det A > 0, then (3) admits a
positive real root.

In [11], the author has studied the oscillatory behaviour of solutions of the
systems

and
[sot D] W ] [al) ], Al ]

In this paper, the oscillation criteria of the above systems are established unlike the
oscillation criteria for the differential systems (see e.g. [1], [5]). Keeping in view
of the above purpose as in [11], an attempt is made here to study the oscillatory
behaviour of solutions of equation (1) and also (2) .

Thandapani et al. [10] have studied the oscillation properties of solutions of
three dimensional difference systems of the form:

which is the discrete analogue of its continuous counterpart. Also in an another
work [9], Schmeidel has investigated the oscillation properties of solutions of the
systems
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A close observation reveals that the methods incorporated in both works [9] and
[10] are similar. Unlike the methods of [9] and [10], our objective in this work is
to establish the oscillation criteria for the systems (1). Meanwhile, we use some of
the results of [7] and [8]. Concerning difference equations and system of difference
equations, we refer the monographs by Agarwal et al. [2] and Elyadi [4].

Definition 1. By a solution of (1)/(2) we mean a vector X(n) which satisfies
(1)/(2) for n € N. We say that the solution X(n) = [x1(n),z2(n),z3(n)]T os-
cillates componentwise or simply oscillates if each component oscillates. Other-
wise, the solution X (n) is called nonoscillatory. Therefore, a solution of (1)/(2)
is monoscillatory if it has a component which is eventually positive or eventually
negative.

2. Preliminaries

In [7] and [8], Parhi and Tripathy have discussed the oscillation and nonoscillation
of third order difference equations of the form:

(4) y(n+3) +a(n)y(n+2) + B(n)y(n+1) +y(n)y(n) =0
and
(5) y(n+3) +ay(n+2) + By(n+1) + yy(n) =0,

where «, 8,7 € R such that v # 0 and {a(n)}, {8(n)}, {y(n)} are real valued
sequences defined on N,,,.

A nontrivial solution {y(n)} of (4) is said to be oscillatory, if for every positive
integer N there exists n > N such that y(n)y(n + 1) < 0. Otherwise, the solution
is nonoscillatory. In other words, a solution {y(n)} is oscillatory if it is neither
eventually positive nor eventually negative. Equation (4) is said to be oscillatory
if all its solutions are oscillatory and strongly nonoscillatory if all its solutions are
nonoscillatory.

In the following, we state some of the main results of [7] and [8] which will
be useful for our next discussion.

Proposition 2. Let v > 0. If G2+ 4H3 >0 or G = 0 and H = 0, then (5) is
oscillatory. If G*> +4H3 < 0, then (5) admits an oscillatory solution, where

P PR a)
Corollary 1. Let v > 0. If one of the cases
(i) 38 > a?;
(i) B<0, @>0, y— 8 4220 _ 2 (& _3)5>0;

(iii) >0, @ <0, 38<a?, y— L 420 _ 2 (2 _ 555 (;
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(iv) 3620(277:&—;—%

holds, then (5) is oscillatory.

Remark 1. We may notice that v > 0, 38 = o2 and v = % — % imply that
v>0and >0. Ifa>0, >0 andy > 0 such that o+ B+~ > 0, then (5) is

oscillatory.
Theorem 1. Let v < 0 and a > 0. If one of the conditions

. 3 2 3 2
()7 - % +5 <255 -0 8<%

2

ss a? a 3 a
(11) O<77%B+2277<%(?76)270§6<?;

M

eee af 2a° 207
(iif) v -5 + 57 =0, 0< 5 <55
holds, then (5) admits one nonoscillatory solution.
Theorem 2. Let v <0, a >0 and g < %2 If
2 /a? 3 af 203
A ) R RN
3\/3(3 ﬂ) LA ST

then (5) admits two nonoscillatory solutions.

Theorem 3. Let v < 0 and o < 0. If one of the conditions

2

. 3 3 2
(i) 0<F—7-F <555 -8 1<B<%;

3V3
. a o o2 3 o2
(i) 0<% v -2 = 3Z(% - B)2, L<B< %
holds, then (5) is strongly nonoscillatory.
Theorem 4. Let v < 0, o < 0 and 0 < %ﬂ— —% < %(%Q—ﬂ)% If

<< %2 or B < %2 < I holds, then (5) admits two oscillatory solutions.
Theorem 5. Suppose that v < 0, a <0 and
3
of 20 2 [a? 2
0< ——v——==57% |5 - :
3 7T 21 T 3/3 ( g P )

is satisfied. If B < I < %2 or B < O‘; < I is satisfied, then (5) admits two
oscillatory solutions.

Theorem 6. Let v(n) >0, B(n) <0, and a(n) <0 forn € N. If
a(n+1)(a(n —1)y(n) = y(n) = f(n)B(n — 1))
> pn—1)(Brn+1)—y(n+1) —a(n)a(n +1))
and
Y(n+1)B(n—1) < a(n+1)(B(n)f(n —1) —y(n)a(n — 1))
hold for large n, then (4) is oscillatory.
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Theorem 7. Suppose that yv(n) > 0, f(n) > 0, and a(n) < 0 forn € N. If
inf a(n) =1<0, linjnfﬂ(n) =m >0 and liriinfy(n) =5 > 0 such that

n>0
2m®  ml 1 2 m? :
o (D) s
2752 352 s 33 \3s%2 s

then (4) is oscillatory.
Theorem 8. Let y(n) > 0, f(n) > 0 and a(n) < 0 for n € N. If liminf (n) =

n—-oo
m >0 and

limsup f(n) > limsup a(n — 1) (O‘(n) - a(m>

holds, then (4) is oscillatory.

Theorem 9. Let y(n) > 0, B(n) < 0 and a(n) > 0 for n € N. If linjnffy(n) =
s >0 and

lim sup y(n) > lim sup % (6(71) _ ﬁsa(n))

hold, then (4) is oscillatory.

Theorem 10. Assume that y(n) > 0, f(n) > 0 and a(n) < 0 for n € N. If

4m > 12, then (4) is oscillatory, where m = liminf B(n) and [ = liminf a(n).
n—oQ n—-oQ

Let us denote

s = liminfy(n),m = liminf (n) and { = liminf a(n).
n—>o0 n—-oQ n—-oQ

Theorem 11. Suppose that v(n) > 0, B(n) > 0 and a(n) < 0 for n € N. If
1> > 3m and .
Im n 203 2 2 2 -0
S——+—=—-—=—x|=—-m
3 27 33\ 3 ’
then (4) is oscillatory.
Theorem 12. Let v(n) > 0, f(n) <0 and a(n) >0 forn € N. If
m 2 2 (0 L.
S——+—=—-—5x|=—m
3 27 33\ 3 ’
then (4) is oscillatory.

Theorem 13. If a(n) > 0, B(n) > 0, and v(n) > 0 for n € N such that a(n) +
B(n) +v(n) >0, than (4) is oscillatory.

Theorem 14. If y(n) >0, 8(n) >0, a(n) <0 and

yn+1) pn+1)  Bn)
an+1Dan—-1) " an+1) an-1)

—a(n)

hold for large n, then (4) is oscillatory.
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Theorem 15. Ifv(n) >0, 5(n) <0, a(n) >0 and

a(mh(n+1)  y(man —1)
Bln+1) Bln—1)

holds for large n, then (4) is oscillatory.

pn) >

Theorem 16. If
> n(la(n) + 2|+ [8(n) — 1| + y(n)]) < =,
n=1

then (4) admits a bounded nonoscillatory solution.
3. Oscillation Criteria for the System (2)

In this section, sufficient conditions are established for oscillation and nonoscillation
of the system (2) .

Theorem 17. Let det A < 0. If G? +4H3 > 0 or G = 0 and H = 0, then
the system (2) is oscillatory. If G* + 4H? < 0, then (2) admits an oscillatory
component.

Proof. The proof of the theorem follows from Proposition 2 and Proposition 1.
Hence, the details are omitted. O]

Corollary 2. Let det A < 0. If one of the cases

(i) 3m > (tr A)?;
(i) m <0, tr A <0, —detAJerMfi{M—m} > 0;

3 27 373

(iii) m >0, tr A >0, 3m < (tr 4)?,

—det A - -
Aty 27 343

m(trA)  2(tr A)3 2 [(trA)2 3

(iv) 3m = (tr A)2, 20A° _ mA) 4 qop g —

holds, then the system (2) is oscillatory.

Proof. For Cases (i)-(iii), there is G* + 4H3 > 0. For Case (iv), we have G = 0,
H = 0. Hence, by Corollary 2 and Proposition 1, equation (3) admits a negative
real root and two complex roots for Cases (i)-(iii), whereas Case (iv) comes out
with one negative real root repeated thrice. This implies that X (n) is oscillatory
in each of cases. This completes the proof of the corollary. O
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Example 1. Let us consider the following system of difference equations

z1(n+1)=—z1(n)
(6) xza(n+1) = —z3(n),
x3(n+1) = xz2(n)

with initial condition [x1(0),22(0), 23(0)]T = [c1, ca,c3]T. Here

-1 0 0
A=1] 0 0 -1 |,
01 0

det A =—1,trA = —1 and m = 1. Hence, the assumptions of Corollary 2 Case
(i) are satisfied. On the virtue of this corollary the system is oscillatory. In fact,
it is easy to see that a solution of (6) is the following

z1(n) = ci(=1)"
r3(n) = co cos G — czsin 4F,
nmw

r3(n) = c3cos 55t + ¢y sin 75
and it is oscillatory.

Remark 2. From Corollary 2 and Remark 1 it follows that the system (2) is
oscillatory when

m—trA—det A > 0.
Theorem 18. Let det A > 0 and tr A < 0. If one of the conditions

o

. m(tr A 2(tr A)® tr A)2 2 tr A)2
(i) —detA—i—i(3 )—7(27) <%[( 3) —m} 7m<7( 3) :

(i) 0 < —detA—i—w_ 2@;;‘)3 < ﬁ {(trBAV —m}

(iii) —detA+w_w:07 0§m<w
is satisfied, then the system (2) is nonoscillatory.

Proof. Since det A > 0, then (3) admits a positive real root which then implies
that one component of X (n) is nonoscillatory. The rest of the proof follows from

Theorem 1. This completes the proof of the theorem. O
Theorem 19. Letdet A >0, tr A <0 and m < %. If

3
m(trA)  2(tr A)* 2 [(trA)? 2
0< —detA+ T o7 =3/ o -m

then the system (2) is nonoscillatory.
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Proof. By Theorem 2, it follows that (3) admits two positive real roots and hence
two components of X (n) are nonoscillatory. Therefore, (2) is nonoscillatory. Thus
the proof of the theorem is complete. O

Theorem 20. Let det A > 0 and tr A < 0. If one of the conditions

o

. (tr A) 2(tr A)® 2 (tr A)? det A (tr A)? |
(1) O<detA—mT+T<m[T—m} s ﬁ§m<T,

Njw

(ii) 0 < det A — MO 4 A0 _ o2 [Or) |7 detd < gy (0

is satisfied, then the system (2) is nonoscillatory.

Proof. Due to det A > 0 and Theorem 3, equation (3) admits three positive real
roots. Therefore, X (n) has three nonoscillatory components. Hence, the theorem
is proved. O

Theorem 21. Let detA > 0,trA < 0 and 0 < det A — % + % <

3
2 tr A)? 2 det A tr A)? tr A)® detA ;
3V3 [( 3) m} cAfm < STE < % orm < % < Ga s satisfied,

then the system (2) is nonoscillatory.

Proof. Since det A > 0, then (3) admits one positive real root. By Theorem 4, sys-
tem (3) admits two complex roots. Hence, X (n) is nonoscillatory. This completes
the proof of the theorem. O

Theorem 22. Let det A > 0,trA < 0 and 0 < det A — w + % =

3
2 [(tra)? 2 det A (tr A)® (tr A)? det A .
m 3 m . If m < tr A < 3 or m < 3 S T A 18 SatZSﬁed,

then (2) is nonoscillatory.

Proof. Due to Theorem 5 and det A > 0, it is easy to verify that two compo-
nents of X (n) are oscillatory and one component is nonoscillatory. Hence, (2) is
nonoscillatory. O

Example 2. Consider the system of equations

1
(7) X(n+1)=AX(n),A= | 2
1

O~
= o O

Clearly, det A = —1,tr A = 3 and G? + 4H? = f%. Hence, by Theorem 3.1,

(7) has an oscillatory component. Indeed, A = 1,1+ /2,1 — /2 are the roots of
the characteristic equation of the system (7) and the corresponding components of
X (n) are given by

0 1 1
xm)= | 0 |, ym)= (1 +v2)" | V2 |, 20)=(1- VD" | V2
1 7 -7
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4. Oscillation Criteria for the System (1)

In this section, sufficient conditions are established for oscillation and nonoscillation
of all solutions of the system (1). From the system (1), it is easy to see that

z1(n+3)—ann(n+2)z1(n+2) —u(n+ D (n+ 1)
= [a21(n)vr(n +1) + agi(n)s1(n + D]z1(n)

= [aga(n)v1(n + 1) + asz(n)si(n + 1)]za(n)
(8) [agg(n)vl (TL + 1) + a33(n)81(n + 1)]1‘3( ),
where
up(n) = agy(n)arz(n + 1) + az1(n)ais(n + 1),
v1(n) = age(n)aia(n + 1) + agz2(n)aiz(n + 1),
s1(n) = asz(n)aiz(n + 1) + azz(n)ais(n + 1).

Let z5(n) and x3(n) be nontrivial sequences. If we assume that

(9) [a22 (n)m (n + 1) + aso (n)sl(n )} O
[azs(n)vi(n + 1) + agz(n)s1(n +1)] =0,

then (8) becomes a third order difference equation of the form

z1(n+3)—an(n+2)z1(n+2) —u(n+ D (n+1)
(10) — [a21(n)vi(n + 1) + az1(n)si(n + 1)]z1(n) = 0.

If we assume that

(11) [a11(n)ua(n + 1) 4+ asi1(n)sa(n + 1)] =0,
[a13(n)uz(n + 1) + assz(n)s2(n + 1)] = 0,

and

(12) [a12(n)us(n + 1) + az2(n)vs(n + 1)] =0,
[a11(n)us(n + 1) + a1 (n)vz(n+1)] =0,

where

<
)
2
I
=
g
Q
)
=
S
+
—_
_|_
IS
pad
g
Q
IN)
w
3
_|_
—



356 Ewa Schmeidel and Arun Kumar Tripathy

hold, then we find the third order difference equations of the form

za(n 4+ 3) — aga(n + 2)xa(n + 2) —va(n + 1)za(n+ 1)
(13) — Ja12(n)uz(n + 1) + aza(n)sa(n + 1)]az(n) =0

and

xz3(n 4+ 3) —agz(n + 2)zz(n + 2) — s3(n + az(n+ 1)
(14) — [a13(n)ug(n + 1) + asg(n)vs(n + 1)]zs(n) = 0.
For all n, if we denote

u11(n) = [az1(n)vi(n + 1) + az1(n)si(n + 1)],
vi2(n) = [a12(n)uz(n + 1) + az2(n)s2(n + 1)),
s13(n) = [a13(n)us(n + 1) + agz(n)vs(n + 1)),

then (10), (13) and (14) can be rewritten as

(I (n+3)—a1(n+2)x1(n+2) —ur(n+ Dz1(n+ 1) —ugr(n)z1(n) =0,

(16)2(n + 3) — az2(n + 2)x2(n + 2) — va(n + 1)za(n + 1) — viz(n)z2(n) =0,
and

(Iws(n+3) —asz(n+2)xz(n+2) — ss(n+ 1)zs(n + 1) — s13(n)zs(n) =0,
respectively.

Theorem 23. Letaq1(n) > 0,a22(n) > 0,a33(n) > 0,uy(n) > 0,v2(n) > 0, s3(n) >
0,u11(n) < 0,v12(n) < 0 and s13(n) < 0 for alln € N. Assume that conditions (9),
(11) and (12) hold for allm € N. If

a1 (n+ 3)ur(n)ur(n+ 1) — a1 (n+ ugr(n) — uip(n))
(I1) > ur(n)[ar1(n+ 2)a11(n + 3) + ur(n 4+ 2) — ugi(n+ 1)),
ur(n)uir(n+1) <agr(n+ 3)urr(n)arr(n + 1) — ur(n)ui(n + 1))

asa(n + 3)[va(n)va(n + 1) — aga(n + 1)via(n) — vi2(n)]
([2) > ’l}g(n)[agg(n + 2)(122(77/ + 3) + Ug(n + 2) - ’U12(7’L + 1)],
va2(n)vi2(n + 1) < age(n + 3)[viz(n)aza(n + 1) — va(n)ve(n + 1)]

and

ass(n + 3)[s3(n)sz(n+ 1) — azz(n + 1)s13(n) — s13(n)]
(13) > s3(n)]ass(n + 2)ass(n + 3) + s3(n + 2) — s13(n + 1)},
sz(n)siz(n + 1) < agg(n + 3)[s13(n)agz(n + 1) — s3(n)sz(n + 1))

hold for all n € N, then the system (1) is oscillatory.
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Proof. Since (I1) holds, in the view of (9), we obtain (15). Due to Theorem 6,
equation (15) is oscillatory. It means that 21 (n) is oscillatory. Analogously, we get
the thesis for z2(n) and xz3(n). This completes the proof of the theorem. O

Theorem 24. Let ai1(n) > 0, a22(n) > 0,a33(n) > 0,u1(n) < 0,v2(n) <0, s3(n) <
0,u11(n) < 0,v12(n) < 0 and s13(n) < 0 for alln € N. Assume that conditions (9),
(11) and (12) hold for alln € N. If

1nf( au(n + 2)) =11 <0, 1112%(_a22(n + 2)) =12 <0,

mf( ass(n+2)) =n31 <0, lilginf(ful(n +1)) =n2 >0,

hmlnf va(n+1)) =n9e >0, liminf(—s3(n+1)) =mn32 >0,
n—oo

(=
hm 1nf( uii(n)) =ms >0, lirginf(—vlg(n)) =193 > 0,
(=

n—oo
liminf(—s13(n)) = 133 > 0 such that
n—oo
23 1 2 [ H
Mo Mi12 M2 M1\’
(18) - +—(—) >0,
277]%3 377%3 ms 3\/3 377%3 ms
3 2 3
2055 M2aM22 1 2 N2 121
(19) . w373 \ak ) O
N23 23 723 V' M23 7123
and
(20) 23 M3 n 12 ( 2 7731>g <0
2777?2,3 377?2,3 133 3\/3 377?2,3 133

are satisfied, then every solution of the system (1) oscillates.

Proof. The proof is analogous to the proof of Theorem 23 and hence is omitted. O

Theorem 25. Let ai1(n) > 0,a22(n) > 0,a33(n) > 0,u1(n) < 0,v2(n) <0,s3(n) <
0,u11(n) < 0,v12(n) <0 and s13(n) < 0 for alln € N. Suppose also that conditions

(9), (11) and (12) hold for all n € N. Furthermore, assume that
hmlnf( 1(n+1)) =n2 >0,
hmlnf( va(n+1)) =122 >0 and
lim 1nf( ss(n+1)) =n32 >0. If
n—oo
. . 12
lim sup(— +1)) > limsup(— +1) ([ —22— — +2) ),
imsup(-uan + 1) > msup(-an(n-+1) (s —an (o +2)
. . 22
limsup(—wva(n + 1)) > limsup(—ag2(n +1 ——— —axn(n+2
imsup(—va(in + 1)) > msup(aza(r-+ 1) (22— o +2))
and
. . 132
limsup(—s3(n + 1)) > limsup(—asz(n+1)) | ———= —ass(n + 2
n—>o£)( 3( )) n—>o<€)( 33( )) (CLBS(” + 3) 33( )>

are satisfied, then (1) is oscillatory.
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Proof. Applying Theorem 8 to (15), (16) and (17), the proof is analogous to the
proof of Theorem 23. Hence the details are omitted. O

Theorem 26. Let air(n) < 0,a2:(n) < 0,a33(n) < 0,u1(n) > 0,v2(n) > 0, s3(n) >
0,u11(n) < 0,v12(n) < 0 and s13(n) < 0 for all n € N. Suppose that conditions
(9), (11) and (12) hold for all n € N. Furthermore, assume that

linniiol.}f(*un(n)) =ms =0,

lirginf(—vm(n)) =123 > 0 and
liminf(—s13(n)) = n33 > 0. If
n—oo

) uy(n) ( msaii(n + 2))
lim sup(—u > limsup ————— | —wi(n+1) - —————= |,
n—)oop( 11( )) n—)oop afll(”“‘ 1) 1( ) ul(n+2)

) ) va(n) ( n2gaz2(n + 2))
lim sup(—vi2(n)) > limsup ——— | —v3(n+1) - ——————~
n—)oop( 12( )) n—)oi3 a2 (TL + 1) 2( ) UQ(n + 2)

and

' s3(n) ( n3zass(n + 2))
limsup(—s13(n)) > limsup ———— [ —s3(n+1) - —————= | ,
n—)oop( 13( )) n—>o<I>) (133(” + 1) 3( ) Sg(n + 2)

then every vector solution of (1) oscillates.
Proof. The proof follows directly from Theorems 10-16. O

Theorem 27. Leta1(n) > 0,a22(n) > 0,a33(n) > 0,u1(n) < 0,v2(n) < 0,s3(n) <
0,u11(n) < 0,v12(n) <0 and s13(n) <0 for alln € N. Assume that conditions (9),
(11) and (12) hold for all n € N. Furthermore, suppose that

liminf(—a11(n +2)) =11, liminf(—age(n + 2)) = 921,

n—00 n—00

liggigf(—agg(n +2)) = ns1, linrr_1>ior<1>f(—u1(n +1)) = mo,

liminf(—va(n + 1)) =192, liminf(—s3(n+1)) = ns2.

n—oo n— o0
If 41 > 12, 4m2 > 03, and 4132 > n3,, then the system (1) is oscillatory.

Theorem 28. Letay1(n) > 0,a22(n) > 0,a33(n) > 0,u1(n) < 0,v2(n) < 0,s5(n) <
0,u11(n) < 0,v12(n) < 0 and s13(n) < 0 for all n € N. Suppose that conditions
(9), (11) and (12) hold for all n € N. Furthermore, assume that

liminf(—au(n +2)) =m1, l%lrgi()lgf(—agg(n +2)) = 11,

hm 1nf( ass(n+2)) = ns31, liggioréf(—ul(n +1)) =2,
hnrglogf( va(n+1)) =122, liminf(—s3(n+1)) =1z,
liminf(—ui1(n)) =ms, liminf(=via(n)) = 123,
hmlnf( s13(n)) = n3s.

n—oo
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If 32 < 13y, 322 < M31, 3032 < 13, and

3
mimz 204 2 ([ 2
21 - - M _ >0,
(21) 1713 3 + 27 373 3 N2
Nan2e | 205 2 (3, 2
22 — — a1 _ >0,
(22) 123 3 + 97 33 \ 3 122
3
N3imz2 | 205 2 7731 :
23 - - e 0
(23) 133 3 + 97 373 132 >

are satisfied, then every vector solution of (1) is oscillatory.

Theorem 29. Let ai1(n) > 0,a22(n) > 0,a33(n) > 0,u1(n) < 0,v2(n) <0,s3(n) <
0,u11(n) > 0,v12(n) > 0 and s13(n) > 0 for alln € N. Assume that conditions (9),
(11) and (12) hold for all n € N.

Let lim inf(—au(n +2)) =m1, liminf(—a(n+2)) =n,
n—oo
agz(n +2)) =31, liminf(—ui(n + 1)) = mo,

hmlnf(

hmlnf( va(n + 1)) = o2, linrr_1>i£f(—53(n +1)) = 132,
(=
(=

n—roo

hmm uir(n)) =ms, liminf(—vi2(n)) = 123,
n—oo
hm mf

tm in s13(n)) = 73
If conditions (21), (22) and (23) hold, then (1) is oscillatory.

Theorem 30. Assume that conditions (9), (11) and (12) are satisfied for alln € N.
Ifa11(n) <0, ase(n) <0, azz(n) <0, u;(n) <0, va(n) <0, s3(n) <0, u;(n) <0,
v12(n) < 0 and s13(n) < 0 for alln € N such that a11(n+2)+u1(n+1)+uii(n) <0,
az2(n+2) +va(n+1) +v12(n) <0 and azz(n+2) + sg(n+ 1) + s13(n) < 0 for all
n € N, then (1) is oscillatory.

Example 3. Let us consider the following system of difference equations

z1(n+1) = —x1(n) + (=1)"x2(n)
(24) z2(n+1) = (—=1)"z1(n)
z3(n+1) = —x3(n)

Here
-1 (=)™ 0
A= (=" 0 01,
0 0 -1

asz(n) < 0. We see that ui(n) = —1 <0, va(n) =
=0 S 0, 1)12(71) = -1 § 0, 813(”) =0 S 0,
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CL11(71+2) +’LL1(TL+ ].) —|—u11(n) =-2<0, a22(n+2) +v2(n—|— 1) +'U12(TL) =-2<0
and ags(n + 2) + ss(n + 1) + s13(n) = =1 < 0 for all n € N. On the virtue of
Theorem 30, the system (24) is oscillatory. In fact, it is easy check that a solution
of (24) is the following

21(n) = ¢1 cos 22T + ¢y sin 227
ra(n) = (~1)" (1 cos 2517 ., sin 2520)
w3(n) = c3(—=1)"

forn > 1, and it is oscillatory.

Theorem 31. Letay1(n) > 0,a22(n) > 0,a33(n) > 0,u1(n) < 0,v2(n) <0,s3(n) <
0,u11(n) < 0,v12(n) <0 and s13(n) <0 for alln € N. Assume that conditions (9),
(11) and (12) hold for all n € N.

If the following inequalities

(—u11(n+1)) - up(n + 2) up(n+1)
a11(n+3)a11(n—|— 1) a11(n+3) all(n+ 1)

+ all(n + 2),

(7’[112(714’1)) Ug(n+2) ’Ug(n+1)
aza(n+3)az(n+1) = ax(n+3)  axn(n+1)

+ agg(n + 2),

and
(=s13(n +1)) s3(n+2) | s3(n+1)

a33(n + 3)&33(77, + ].) a33(n + 3) a33(n + ].)
hold for large n, then (1) is oscillatory.

+ a33(n + 2)

Theorem 32. Letaq1(n) < 0,a22(n) < 0,a33(n) < 0,ui(n) > 0,v2(n) > 0,s5(n) >
0,u11(n) < 0,v12(n) <0 and s13(n) <0 for alln € N. Assume that conditions (9),
(11) and (12) hold for all n € N.

If the following inequalities

all(n+2)u11(n+ 1) ull(n)an(nJr 1)

b= ui(n +2) us(n) ’
ase(n +2)via(n+1)  wvia(n)as(n +1)
va(n+1) < o ) o
and
sa(n+1) < ass(n+2)s13(n+1)  siz(n)n—+1)

s3(n+2) s3(n)
hold for any large n, then the system (1) is oscillatory.
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