APPLICABLE ANALYSIS AND DISCRETE MATHEMATICS
available online at http://pefmath.etf.rs

ApPpL. ANAL. DISCRETE MATH. 15 (2021), 106-117.
https://doi.org/10.2298/AADM191103008D

CONVOLUTIONS OF THE GENERALIZED
JACOBSTHAL AND GENERALIZED LUCAS NUMBERS

Gospava Pordevié and | Snezana Dordevid|

In this paper we consider the generalized Jacobsthal J, ,, and the genera-
lized Jacobsthal-Lucas numbers j, m. Also, we introduce new sequences of
numbers Ay m, Bn,m, Cn,m and Dy ,m. Namely, these new sequences are
convolutions of the sequences J, m and jn,m. Further, we find the generating
functions and some recurrence relations for these sequences of numbers.

1. INTRODUCTION

At first, we remind to [5], where the generalized Fibonacci polynomials f77"())
and the generalized Lucas polynomials I*(\) were introduced and studied. Also,
in [5], the incomplete polynomials of the Fibonacci type f,,(A) and the incomplete
polynomials of the Lucas type [,.,,(A) were defined and studied. Furthermore, in [5],
the corresponding incomplete polynomials F)”}, (\) and L], ()\) were investigated.

The paper [6] is very interesting. In [6] the author obtains a closed—form
expression for the sum of the elements lying on the nth diagonal of a Fibonacci
triangle. Thereby the author utilizes the ordinary generating functions of two
subsequences of the sequence of diagonal sums.

Next, in [10], the new family of the ¢-Fibonacci polynomials — F¥(z, s, q), as
well as the new family of the ¢-Lucas polynomials — F¥(z, s, q) were introduced.
Further, the authors [10] give several properties and generating functions of each
of these families.
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Two interesting classes of polynomials were considered in papers [1] and [2]:
the generalized Jacobsthal J,, ,,(z) and the generalized Jacobsthal-Lucas polyno-
mials j, m(z). These polynomials are given by the following recurrence relations

(11, 2):
(1) Inm(T) = Jn—1,m(2) + 22Ty —mm(x), n>m, m>2
with Jom(x) =0, Jym(z)=1, n=1,....,m—1;

nm () = Jn-1,m(2) + 2Zjn—mm (), n=m, m =2,
with jom(z) =2, jom(z)=1, n=1,....m—1

The corresponding generating functions for these polynomials are given by

J n— 1
(2) Glt) = 5 E:Jnm )t

; 1+ 4at™m1 =

(@)= ——— = (@)t
(3) In(@:8) = Ty —5rrm n:1j m ()

Explicit formulas for above mentioned polynomials are given by the following
formulas:

[(n—1)/m]
@ Jom() = Z (n —1- ](cm - 1)k> (22)F,
k=0
[n/m]
() — n—(m-=2)k(n—(m-1k iy
) ) = 32 T (U e

Remark 1. The generalized Jacobsthal polynomials J,, () are the special case of
the Humbert polynomials, i.e.,

In,m(x) = Pp(m,z/m,—2,-1,1),
where (see [3, 8])

o0

Z (m,z,y,p,C)t" = (C — mat + yt™)" .

For x =1, from (4) and (5), we obtain the generalized Jacobsthal numbers

(oee 1) [(n=1)/m]
el n—1—(m—1k\ .
Jnm = Jnm(l) = 2

and the generalized Jacobsthal — Lucas numbers

Jrn = Jnm(1) =Y Z_(mi_Z)k (n —(m— 1)k> ok
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Having in view the relation (2), we get the corresponding generating function

of the numbers J,, ,,:
1

1—t—2tm’
Similarly, having in view the relation (3), we obtain the corresponding generating
function of the numbers jy, m,:

Gl (1,t) =

1+ 4¢gm—1

It = .

Remark 2. The particular cases of the numbers J,, y, and jpm are so—called Ja-
cobsthal numbers J, = Jp 2 and the Jacobsthal-Lucas numbers j, = jpnz2, which
were investigated earlier by Horadam [7]. ( See also a systematic investigation by
Raina and Srivastava [9], dealing with an interesting class of numbers associated
with the familiar Lucas numbers).

Motivated by [1, 2, 5, 6, 9, 10], in this paper we introduce and we con-
sider some new sequences of numbers which are convolutions of the generalized
Jacobsthal J,, ,, and the generalized Jacobsthal-Lucas numbers jy, p,.

At first, we find some initial members of the sequences J, ,,, and 7y .

Table 1:

n Jn,2 jn,? Jn,S jn,S Jn,4 jn,4
0 (0 0 2 0 2

1 1 1 1 1 1 1

2 1 1 1 1 1

3 13 7 1 5 1 1

4 ) 17 3 7 1 5

5 11 31 5 9 3 7

6 21 65 7 19 ) 9

7 |43 127 | 13 33 7 11
8 85 257 | 23 o1 9 21
9 171 511 37 89 15 35
10 | 341 1025 | 63 155 | 25 53
11 | 683 | 2047 | 109 | 257 | 39 75
12 | 1365 | 4097 | 183 | 435 | 57 117




Convolutions of the Generalized Jacobsthal and the Generalized Lucas Numbers 109

Table 2:

n Jn,m In,m

0 0 2

1 1 1

2 1 1

3 1 1

m—1 1 1

m 1 5

m—+1 3 7

m 4+ 2 5 9

2m 2m +1 2m + 13
2m+1 | 2m+ 7 2m + 27
2m+2 | 2m + 17 | 2m + 45

We can easily prove the following relations

jn,m = Jn,m + 4<]n+1—m,m

(6) = Jn+1,m + 2Jn+1—m,m~

2. SOME PROPERTIES OF SEQUENCES OF NUMBERS Jy ) AND
JIN, M

In this section we are going to prove the following statement.

Theorem 1. Forn > m > 2 and s > m — 2, the generalized Jacobsthal numbers
JIn,m satisfy the following quadratic relation

m

(7) Jn—i—s,m - Jl-l—s,mJn,m + 2 Z Ju+s—m,mJn+l—u,m-
v=2

Proof. We start from

(eS) [e's) 00 0o
(1 —t— th) Z Jn+s,77L tn = Z J7L+s,m " — Z Jn—&-s,m tn+1 -2 Z Jn+s,m tn+m
n=1 n=1 n=1 n=1

') 00 e’}
= Z Jn+s,m " — Z Jn—l—l—s,m " —2 Z Jn—m,—i—s,m "
n=1 n=2

n=m+1
e’}
=Y A,
v=1
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where
J1+s,ma V= 1,
A, = Ju+s,m _Jufl+s,m7 v=2,...,m,
Jotsm — Jov—14s,m — 2Jo—mtsm, VvV =2m+1,
ie.,
J1+57m, V= ].7
(8) Ay =420t mm, V=2,...,m,

0, v>m+1,

because of the recurrence relation (1). Then, using the generating function (2) for
r = 1, we have

=S} 1 0 0o oo
n __ v _ k—1 v
Zjn-i-s,mt - 1_¢_om ( Aut ) - (ij,mt ) (ZAut )7
n=1 v=1 k=1 v=1
i.e.

Z Jn+s,m " = Z (Z Jn+1—u,mAu) tn7

n=1 n=1 v=1

from which we obtain

n
Jn+s,m = Z Jn+1—u,mAu-
v=1

According to (8), we finally get

m

Jn—i—s,m = Jl-l—s,m']'n,’m +2 Z Jl/+s—m7mJn+1—V7m'
v=2

O

Corollary 1. The Jacobsthal numbers Jy, ., for m = 2 and m = 3 satisfy the
relations
Ints2 = Jiqs2dn2 +2Js0dn—1,2

and
Ints3 = Jiqs3Inz +2Js_13Jn—13 +2J53Jp_23,

respectively.
Example 1. From Table I and by (7), we find:
Js43,3 = Ja3Js3+2Ja3J 43 +2J3 3033 = 23.

Jo43,3 = Ju3Je 3 +2J2 3053 +2J3 3043 = 37.
Jsy3.a = Jaadsa+2J14daa+ 202434 +2J34J24 = 9.
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Theorem 2. Jacobsthal-Lucas numbers jy, n, satisfy the following relation
(9) jn+s,m = J1+s,m : jn,m + 2Js+27m,m : jnfl,m +---+ 2Js,m : jn+17m,m-
Proof. Using relations (7) and (6), we arrive to (9). O

Example 2. From Table 1, using (9), we get

Jat33 = Jaz - Jaz+2J23- 733+ 2J33 ja3 = 33.

3. NEW SEQUENCES OF NUMBERS

In this section we introduce and we consider new sequences of numbers:
Anm, Bnm, Com and Dy . For these sequences we find generating functions
and some interesting properties.

Firstly we define the sequence A, ,,.
Definition 1. For m > 2, the sequence of numbers A, , is given by

[(n+m—1)/m]
(10) An,m = Z Ji,mJnfm(ifl),ma

i=1
where n=mp+1, | =0,1,....,m — 1.
Now we are going to prove the following

Theorem 3. For the sequence of numbers Ay, ,, the following formulas are correct

(11) a {Anl,m+2Anm,m, 41,

Anflgm + 2Anfm,m + Jp+1,m7 =1

Proof. Using the formula (10), we get:
1°let I =0, i.e., n = mp, then

An,m = Jl,mJn,m + JZ,mJnfm,m +-+ Jp,mJn—m(p—l),m
An—l,m - Jl,mt]n—l,m + J2,m=]n—1—m,m R Jp,mJn—l—NL(p—l),nm
-An—m,’rn = J1,7an—7n,m + JQ,mJn—Q'm,nL + -+ Jp—l,nLJnfmfm(pr),m'

So we find that

Anfl,m + 2An7m,m = Jl,mJn,m + J2,m<]n7m,m
+-+ Jp—l,mJZm,m + Jp,mt]m—l,m = An,ma

where Jy—1.m = Jmm = 1.
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2° For [ =1, we get:

An,m = Jl,mJn,m + JQ,mJn—m,m +-+ Jp,mJn—m(p—l),m + Jp+1,m<]n—mp,ma
»An—l,m = Jl,mt]n—l,m + J2,mJn—1—m,m + -+ Jp,’rn']n—l—m(p—l)7m7
-An—m7m = Jl,mJn—m,m + J2,mJn—2m,m + -+ Jp,mJnfmfm(pfl),mv

hence

An,m = Anfl,m + 2~/4n7m,7n + Jp+1,m~

3° If I > 2, then

An,m = Jl,mJn,m + JQ,mJnfm,m +--+ Jp+1,m=]n7mp,m7
Anfl,m = Jl.,mJnfl,m + J2,m=]n717m,m +-- Jp+1,m<]n717mp,m,
An—m,m = Jl,mt]n—m,m + J2,mJn—2m,m + -+ Jp,mJn—m—m(p—l),mv

hence

An,m = An—l,m + 2An—m,m-

This proves the formulas (11). O

Example 3. Using Table 1 and by (10), we get:

As s =Ji3Js s+ JosJzs =S8,
As s =Ji3Js 3+ JosJasJas =6,
Azz = J13J33 =1,

A6,3 = A5’3 + 2,/4373.

Example 4. Again, from Table 1 and by (10), we get

A73 =17, As3 =8, As3=J13Ja3+ JazJ13=4,
A7s=As3+ 2A43+ 1.

In the next step we find the generating function of the series of numbers

-An,m-

Theorem 4. The generating function of A, p, is given by

t

A _ _ n
(12) () = (1 —t—2tm)(1 —¢m — 2tm?) *;A"*mt '
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Proof.

Ga(t) = f:An,m tn
n=1

=Aimt + Az’mt2 + Ag_’mt3 Foot Apnt™ + Ams1m gl
= (J1,mJ1,m)t + (J17mJ27m)t2 + (J17mJ3,m)t3 et (T )E™
+ (J1mdmstm + J2md1m) " 4
= (J1i,m + Jo,mt + ,]37mt2 NI Jm,mtm71  Tmstmt™ )
(Jimt + Jomt ™+ T 2™ )
1 t "

Tl—t—2tm T—tm—2tm® (1—t—2tm)(1—¢m —2tm?)

We can see that
GA() =t-GL(1,t) Gl (1,t™).
Corollary 2. For m =2 in (12), we get

t

Gs'(t) = (1 —t—2t2)(1 — 12 — 2t4)’

which presents the generating function of the sequence A, 2.
Definition 2. A convolution of the numbers Jy, y, and j, m is given by
[(n+m—1)/m]

(13) Bn,m = Z Ji,mjnfm(ifl),ma
i=1

wheren=mp+1, {=0,1,...,m— 1.

Theorem 5. For the series of numbers By, ,,, the following relations are correct

anl,m + 2Bn7m7m + 4Jp7m7 n =mp,
(14) Bn,m = anl,m + 2Bn7m,m + Jp+1,m7 n=mp+ 1,
Bn—l,m + 2Bn—vn,nfu n=mp-+ l, [ >2.

Proof. The proof of the formula (14) is similar to the proof of the formula (11). O
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Example 5. From Table 1 and by (13), we get:

Bs,3 = J1,3j6,3 + J2.343,3 = 24,
Bs 3 = Ji3j5,3 + J2,3j2,3 = 10,
B3z =Ji13j33 =5,
Bes=Bs3z+2Bs3+4-Jas.
Br s =41,

Bys =8,

87,3 = 6673 + 28473 + J3,3.
Bss = 61 = By + 2Bs.5.

Theorem 6. The generating function of the sequence By, »,, is given by

t(1 4 4¢m=1)
(1 —t—2tm)(1 —tm —2tm*)°

GE(t) =) Bymt" =
n=1
Proof. Since

ZBn,m " = Bl,mt + Bg’th 4+t Bm,mtm + Bm+1,mtm+1 ...
n=1

= (Jimdrm)t + (1, J2m)t + -+ (Jimdmm )"
+ (Jimimatm + J2mitm) ™+

= (Jim + Jomt + Jamt 4+ + Gmmt™ "+ Jngrmt™ + )
(Tt + o™ 4 T3t 4 Ty 3T L),

hence
1+ 4¢gm—1 t
GB(t) = .
m(®) 1—t—2tm 1 —tm—2m?
t(1+4¢m1)

(1 —t—2tm)(1 —tm —2tm*)’

We can notice that
GE(t)=t-G/(1,t™)-¢7 (1,1).

Finally, we introduce two more sets of numbers, Cy, ,, and Dy, ,. For these
sets of numbers we find recurrent relations and functions of generatrices. We also
give a number of examples to illustrate the properties which are found. For these
sequences we give some properties without proofs.

On this occasion, we give results without proofs, because they are similar to
those related to sequences A, ,,, and By, ,,.
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Definition 3. A convolution of jp m and Jy ., is given by

[(n+m—1)/m]

(15) Cn,m = Z ji,mJn—m(i—l),ma
i=1

wheren=mp+1, {=0,1,....,m— 1.

Theorem 7. For the sequence of numbers C, , the following relations hold

C _ CnfLm + 2Cn7m,m; l 7é 17
o Cn—l,m + 2Cn—m,m + jp+1,m7 =1

Example 6. From (15) and using Table 1, we find:

Co,a = J1,4J6,4 + j2aJ2a =8,
Cs.a=j14J54+ JoaJ1,4 =4,
Cou =jraJ24 =1, then
Co,4a =Cs,4 +2C2.4 = 6.

The generating function of the sequence C,, ,, is given by

t(1+4¢mm=1)
(L—t—2tm) (1 —tm—2tm*)

(16) GS () =) Comt" =
n=1

Now we can see that
GS(t)=t-GJ(1,t) - gl (1,t™).
Corollary 3. For m = 2, the relation (16) becomes

t (14 4t%)

Gs(1) = (1—t—2t2) (1 — 2 — 2t%)

Definition 4. The sequence of numbers Dy, ., is defined by

(n+m—1)/m]
(17) Dn,m = Z ji,mjn—m(i—l),ma

n=1
wheren=mp+1, {=0,1,...,m—1.
We see that D,, ,, is a convolution of Jacobsthal-Lucas numbers j, p,.
Theorem 8. The sequence of numbers D,, ,, satisfies the following relations
Dn—l,m + 2,Dn—m,m + 4.jp,ma l= 07

Dn,m = Dn—l,m -+ 2Dn—m,m +jp+1,m, | = ]_’
Dp1m +2Dn—mm, 1> 2.
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Example 7. Using (17) and from Table 1, we find:

D3 = j1,306,3 + J2,373,3 = 24,
D53 = j1,375,3 + J2.372,3 = 10,
D33 = j1,3J3,3 =5, then

Dg3 =Ds3+2D33+4-jas.

Finally, we give the following statement.

Theorem 9. The generating function of the sequence Dy, , s

t(1+4tm=) (14 4¢mim=D)
(1—t—2tm) (1 —tm—2tm*)’

(15) R0 = 3 Dt =
n=1

We can easily realize that the next relation holds:
Corollary 4. For m = 2, the relation (18) becomes

t(1+4t) (1 + 4t2)
(1—t—2t2) (1 —t2 —2t%)°

Gy () =

REFERENCES
. G. B. DJORDJEVIC: Generalized Jacobsthal polynomials. Fibonacci Quart., 38 (2000),
239-243.

. G. B. DJORDJEVIC: Derivative sequences of generalized Jacobsthal-Lucas polynomials.
Fibonacci Quart., 38 (2000), 334-338.

. G. B. DJORDJEVIC, G. V. MILOVANOVIC: Special classes of polynomials. University
of Ni§, Faculty of Technology, Leskovac, 2014.

. G. B. DJORDJEVIC, H. M. SRIVASTAVA: Incomplete generalized Jacobsthal and
Jacobsthal-Lucas numbers. Math. Comput. Modelling, 42(9-10) (2005), 1049-1056.

. G. B. DJoRDJEVIC, H. M. SRIVASTAVA: Some generalizations of the incomplete Fi-
bonacci and the incomplete Lucas polynomials. Adv. Stud. Contemp. Math., 11 (2005),
11-32.

6. M. GRIFFITHS: Fibonacci Diagonal. Fibonacci Quart. 49(1) (2011), 51-56.

. A. F. HORADAM: Jacobsthal representation numbers. Fibonacci Quart. 34 (1996), 40—
54.

. G. V. MiLovaNovi¢, G. B. DJORDJEVIC: On some properties of Humbert’s polyno-
mials. Fibonacci Quart. 25(4) (1987), 356-360.



Convolutions of the Generalized Jacobsthal and the Generalized Lucas Numbers 117

9. R. K. RAINA, H. M. SRIVASTAVA: A class of numbers associated with the Lucas num-
bers. Math. Comput. Modelling 25(7) (1997), 15-22.

10. H. M. SRIVASTAVA, N. TuGLU, M. CETIN: Some results on the g-analogues of the
incomplete Fibonacci and Lucas polynomials. Miskolc Math. Notes 20 (2019), 511-524.

Gospava Dordevié (Received 03. 11. 2019.)
Faculty of Technology, (Revised 04. 03. 2021.)
University of Nis

E-mail: gospava48@gmail.com

16000 Leskovac, Serbia

Snezana Pordevié ‘

Faculty of Technology, University of Ni§
16000 Leskovac, Serbia,
E-mail: snezanadjordjevic1971@gmail.com



