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ON THE COMPOSITION AND DECOMPOSITION OF
POSITIVE LINEAR OPERATORS (VII)

Ana Maria Acu, loan Rasa

In the present paper we study the compositions of the piecewise linear inter-
polation operator Sa,, and the Beta-type operator B,, namely A, := Sa,, oB,,
and G, := B, o Sa, . Voronovskaya type theorems for the operators A,, and
G, are proved, substantially improving some corresponding known results.
The rate of convergence for the iterates of the operators G, and A,, is con-
sidered. Some estimates of the differences between A,,, G,, B, and SAn,
respectively, are given. Also, we study the behaviour of the operators A,
on the subspace of C[0,1] consisting of all polygonal functions with nodes
{(), %, ceey "Tfl, 1}. Finally, we propose to the readers a conjecture concern-
ing the eigenvalues of the operators A, and G,. If true, this conjecture
would emphasize a new and strong relationship between G,, and the classical
Bernstein operator B,,.

1. INTRODUCTION

In 1912, Bernstein [2] introduced his famous polynomials in order to prove
Weierstrass’ fundamental theorem. Many useful properties and their simple struc-
tures and advantages in calculations make them an interesting area of research.
The present work is motivated by a problem raised by Lupas and Gonska in 2006.
Their question was if there are non-trivial positive linear operators P and @ such
that the classical Bernstein operator can be decomposed as B,, = P o (). The
first candidates for the factors P and Q were a Beta-type operator introduced by
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Miihlbach [17, 18] and Lupag [14, 13] and piecewise interpolation at equidistant
points in [0, 1].
These Beta operators are given for f € C[0,1], z € [0, 1], by

f(o)v T = 0,
— 1 1
B, : — nex—1/1 _ p\n(l—z)—1 , J1),
R I e v /0 =11 — ) Fdt, x e (0,1)
f(l)a Xr = 1,

where B(-,-) is the Beta function.
The piecewise linear interpolation operators Sa, : C[0,1] — C[0,1] at the
points
Apiz1=0=z9<21< - <2 <+ < Ty =Tpy1 =1,

k .
where z, = —, Kk =0,1,...,n, are described as
n

SAn(f’x) = %Z [xk—laxkvxk-‘rl; ‘U - l'”uf <]:L> ,

k=0

where [a1, as, as; f] = [a1, a2, as; f(u)], denotes the divided difference of a function
f: D — R on the knots {ay,as,a3} C D, with respect to u.

Let G, : C[0,1] — C[0,1], G,, := B,, 0 Sa,,. In [6] the authors proved that
Gy # Bs and there is no positive linear operator @ : C[0,1] — II, such that
B, = B, o Q, where II,, is the linear space of all real polynomials of degree < n.
Also, it was shown that L o Sa, # By, n > 2, for a large class of positive integral
operators L : C[0,1] — C|0, 1].

This study aiming to find a decomposition of classical Bernstein operators was
continued. In [6], Gonska et al. gave a decomposition of the form B,, = B,, o F},,
where F), is a nonpositive linear operator. The images of the monomials under F,,
and its moments were obtained. Also, an asymptotic formula of Voronovskaya type
for polynomials is proved. Several other results concerning the composition and
decomposition of positive linear operators (in particular, several results about the
operators Fy,) can be found in the series [5]-[10] initiated by Heiner Gonska. For
notation, definitions and existing results the reader is referred to these papers.

Motivated by the properties of G,, in this paper we are interested to study
the composition of the piecewise linear interpolation operator and the Beta-type
operator, namely A, := Sa, oB,. Some preliminary results concerning these
operators are established in Section 2. In Section 3, using a very recent result of
Nasaireh and the second author of this paper (see [19]) we prove a Voronovskaya
type theorem, substantially improving the corresponding results from [7]. The rate
of convergence for the iterates of the operators B, o Sx, and Sa, o B, will be
considered in Section 4. In order to compare the operator Sa, oB,, with B, o0 Sa,,
Beta operators B,, and the piecewise linear interpolation operator Sa,, we give
in Section 5 some estimates of the differences between these operators in terms of
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moduli of continuity. In Section 6 and Section 7 we study the behaviour of the
operators Sa, o B,, on the subspace of C[0, 1] consisting of all polygonal functions
with nodes {O, %,...,"74,1}. Also, the iterates of the operator Sa, o B, will
be studied. Finally, we investigate the eigenvalues of Sx, oB,, and B, o Sa,, and
propose a conjecture concerning these eigenvalues and those of Bernstein operators.
In our opinion, the most intriguing outcome of this paper is Conjecture 1, for which
we present some experimental evidence. If true, this conjecture would emphasis a

new and strong relationship between G,, and the classical Bernstein operator B,,.
2. THE OPERATOR Ay
In this section we discuss the composition of the piecewise linear interpolation
operator Sa, and Beta-type operator, namely
A, =S5, 0 B,,.

The operator A,, is positive and linear. Since S, and B, preserve monotonicity
and convexity, the operator A,, also has these properties.
Throughout the paper we use the notation e;(t) = ¢/, j € Ny.

Lemma 1. The operators A, verify

z(l—x) 2 2z(1 — )
——2 <A, — < -7 L1
nrl = (e1 —weg)*(z) < —— z € [0,1]
Moreover,
Ap(er —zeg)?(z) < K(n;z),
where
o f2x(1—2) z(1—-x) 1
K(n;x) .mm{ nr 1l nil +4n(n+1)
2x(1 —
B %,'IE [O,J?l}U[ZEQ,l],
z(1 —x) 1
n+1 4n(n+1)’x€[$1’x2}’
1 1 - 1 1 /n—1
and:cl::ifi - andxg::§+§ —

Proof. Since (e; —xeg)? is a convex function, then B, (e; —zeg)? is a convex function
and
B, (e1 — zeg)® < Sa,, (Bn(er — ze)?) = An(er — zeg)”.
But B, (e; — weg)? = M Therefore el -z)
n+1 n+1
lower bound of A, (e; — weg)? is obtained.

< A,(e1 — ze9)?(), and the
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Moreover, we have

Ay(er — zeg)*(z) = Sa, [ Bu(er — zeo)?] (z) = Sa, (Bre2) (z) — 22
_n T,
_n_i_lSAneg(w)—i—r_’_l x°.

In [7, p. 3] it was proved that

(1) Sa,(er —we0)(x) = <x _ l)
S

From (1) we get

Sa, e2(x) =z

Therefore,

I+1  I(+1)
n—!—lx_n(n—kl)
I+ 1)(n—1) I 141
o [

(2) Anler — zeg)?(x) = —2% +2

)

n n

Starting from (2) it is not difficult to prove that
(1—-2x) 1

A (er — zeg)?(z) < & 0,1
(e1 — zeg)*(z) < —— —|—4n(n+1),x6[, 1,
and also 20(1 )
z(l —x
A, (e; — 2g) < 2 1].
(61 1’60) (‘T) = n+1 , T € [07 }

Therefore, for x € [0, 1],

Ap (e — zeg)?(z) < min { 22(1-2) z(1-2) + ! } = K(n;x).

n+l ' n+1 4n(n+1)

Remark 1. The central moment of A,, verifies

1
— 0, 1].
4n7xe[’}

Remark 2. Using a well known result (see, e.g., [16]) the following estimate can
be obtained

3) [An(f32) = ()] < 20 (f, VK0, 2))

where w(f,t) := sup {[f(z) = f(y)l, 2,y € [0,1], |z —y| < t}, f € C[0,1].

Ap(er — ze)*(z) <
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Gonska et al. [7] gave an estimate of the central moment of G,, as follows

@ D D e e () <22
where
(5) 1< jn(z) £2, 2 €[0,1].

Remark 3. As in Remark 2 one can obtain the next estimate for the operator G,

n+1

(6) Gu(f;2) — f()] < 2w (f, 2“‘”) ,

which can be compared with (3).
Proposition 1. Let f € C[0,1]. If f is a convex function, then
Sa, [ <Anf <Unf,

where the positive linear operator U, := B, o B, was introduced by Chen [3] and
Goodman and Sharma [11].

Proof. Let £ = {B,,B,,,SA,} and L, € L. Tt is well-known that L, preserves
monotonicity and convexity, and for a convex function f, f < L, f. Therefore,

f<8a, f <BuSa, f=Bnf

From Sa, f < By f, we get SAnEjf < B,B,f. Thus, A, f < U, f. Moreover, from
f <B,f, it follows Sa, f < Sa,B,f = A, f. This completes the proof. O

3. VORONOVSKAYA TYPE THEOREMS

Lemma 2. For the functions j, from (4), one has

lim 2(1 — z)(jn(x) — 1) = 0 uniformly on [0,1].

n—oo

Proof. We get

21— 2)jn(x) = (1 + DGler — ze0)2(2)
= (n+1) (B, o Sa,) (e1 — zeg)*(z) = (n+1) [B,Sa, e2(z) — 2]
(7) = (n+1) [B, (Sa,e2 — e2) + (Brea — e2)] (2).

From relation (1), one has

1
(Sa,e2 —e€2) (z) = Sa, ((e1 — a:eo)Q) (z) < e for all z € [0,1],
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therefore
—= 1
(8) IBn (Sa,e2 —e2) || < -
From (5), (7) and (8), we get
n+1

0 <z(l—2)(n(z) —1) < RCRE
thus
lim z(1 — z)(jn(z) — 1) = 0 uniformly on [0, 1].

n— oo

Theorem 1. If f € C?[0,1], = € [0,1], then

. lfcﬂ—@ff/<x>‘< z(1=2) [j”(””‘ L)) +cv( (R )} ’

Gnflz)=fl2)=5— n 2 Jntl

(t —z)w(f;y) + (y — Hw(f;z)
y—x
least concave majorant of the usual modulus of continuity w.

where&)(f;t)zsup{ ;0§x<t§y§b—a}isthe

Proof. In [7, Proposition 3] the next Voronovskaya type result that depends on the
functions j, was obtained

1. x(l_x) " $(1—$)~ " 2
an(x)—f(x)—ijn(x)Tf (x)‘g nt1 w( ’m)

Moreover,

Clz(l-2)

Gufl@) = 7o) - 57

f“(x)] <

L2(1-2) f”(x)) - (an(m)—f (x)— ;jn(ar)m(l_x)f”(x)) ‘

# (&ar@- s34

lz(l1—2), ., ) x(1—2z)_ (., 2
§T|f (30)|1—.7n(90)|+n+1w< a\/m)

The proof is complete. O

<

From Lemma 2 and Theorem 1 the following result is obtained

Corollary 1. If f € C?[0,1], = € [0,1], then

9) lim 7 (G f(x) — f(z)) =

n— o0 2

uniformly on [0, 1].
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In [19], Nasaireh and Rasa extended Voronovskaya type formulas for opera-
tors which are not necessarily positive. We recall this result.

Let X be a Banach space and W C Z C Y linear subspaces of X. Let
AB:Y — X; U,V :Z — X be linear operators. Consider also two sequences of
linear operators P, : X — X, @, : Y — X, n > 1, and suppose that each P, is
bounded.

Theorem 2. [19] (i) Suppose that

(10) nler;Oan =z, ze€X

and

(11) Jim n(Poy —y) = Ay, lim n(@ny —y) = By, y €Y.
Then

(12) nlLrI;on(PnQny —y)=Ay+ By,y €Y.

it) In addition to (10) and (11), suppose that
BzeY, ze Z,

lim n[n(P,z —2) — Az] =Uz; lim nn(Qnz —2) — Bz]=Vz, z € Z.

n—oo n—roo

Then
lim n[n(P,Qnz—2) —Az—Bz]=Uz+Vz+ ABz, z € Z.

n—oQ

Corollary 2. If f € C?[0,1], = € [0,1], then

lim n(A,f(@) - f(a)) = Z0=)

n— oo 2

f"(x), f € C?[0,1] uniformly on [0,1].

Proof. In [7, Theorem 2] the following estimate in terms of second modulus of
continuity was obtained

5a.(0) = F@) < (1,50 ) < gl £ € €71

Therefore, lim n (Sa, f(z) — f(z)) = 0. Let P, := Sa, and Q,, := B,, in Theo-
n— oo

rem 2. Then, Af(z) =0 and Bf(z) = @f”(x), and
Tim (S, o Buf(@) — f(x)) = Af@) + Bf () = D (),
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Remark 4. The Voronouvskaya type formula (9) for the operator G,, can be obtained
considering P, :=B,, and Q,, := Sa,, in Theorem 2.

4. RATE OF CONVERGENCE OF THE ITERATES
Let L, : C[0,1] — C]0,1], n > 1, be positive linear operators reproducing
the affine functions and P : C[0,1] — C|0, 1] defined as
Pf(z)=(1—x)f(0)+zf(1), z €]0,1].
For each n > 1 and s € (0,400) let
an(s) := max{z — 22 — ns(Lyez(z) — ea(x)) : z € [0,1]}.

Theorem 3. [20] Let 0 < o < 1. Then

1

nm

12 10) - Prl < 20(s,) (1 -

forall f € C[0,1], z €[0,1], m>1, n> 1.

)mx(l —x)+ an(ma))

In the following we consider L,, € {A,,G,}. Using (4) and Lemma 1, we can

write

z(1 — ) 2z(1 — x)

< Lpes(x) —ea(z) < v

)

therefore

z(1—x) z(1—x)
x(l—x)—?nsﬁ Sl

< z—x?—ns (Lpea(x) — ez(z)) < z(1—x)—ns 1

, 5> 0,

and a,(s) := Jél[%ﬁ} {z — 2% —ns (Lpes(z) — ea(2))} < J;Iél[%,)i] z(l—x) (1 - nTl)

1
For s > i, we get a,(s) < 0. On the other hand, if we consider x = 0
n

in the definition of a,(s), it follows a,(s) > 0. Thus, for L, € {A,,G,}, we have

1
an(s) =0,Ys > n:; .

As a direct application of Theorem 3 the rate of convergence for the iterates
of L, € {A,,G,} can be obtained

Theorem 4. Let 0 < o < 1. Then

|ILy' f(x) — Pf(x)] < 2w (f, \/(1 — n;ﬂ) z(1 — 33)) ,

1
for all f € C[0,1], x € [0,1], n > 1 and m® > nZ .
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5. DIFFERENCES OF CERTAIN OPERATORS

In the following we will compare the operators A,, and G,, with Beta operators
B,, and the piecewise linear interpolation operators Sa,. In order to give some
estimates of the differences between these operators we recall the result of Gonska
et al. [1, Corollary 6].

Let T be a compact metric space. Let C(T) be the Banach lattice of all
real-valued continuous functions on 7' endowed with the max norm || - |7 and

Lip(T) := | Lipm(157),
M>0

where by Lipa(o; T),0 < a < 1, we denote the set of all f € C(T) satisfying

sup | f(z) — f(y)| < Mt*, ¢t > 0.
lz—ylI<t

Corollary 3. (see [1, Corollary 6] ) Let T be a compact metric space, and

L:C(T) — C(T), L # 0 a bounded linear operator mapping Lip(T) to Lip(T)
such that for all g € Lip(T),

|LglLip < ¢+ |9lLips

with a constant ¢ possibly depending on L, but independent of g. Suppose that for
all&,t >0, all f € C(T), and some fixed n = n(T) > 0 the inequality

w(f;€t) < (1 +n8) -w(f;t)

is satisfied. Then,

W(Lfit) < L] - & <f; ”Lt”> < (L] + en)w(f;1).

Let Lipy 1l :={f € C[0,1] : |f(z) — f(y)| < M|z —y|, z,y € [0,1]}, M > 0 and

Lemma 3. Let L: C|0,1] — C[0,1] be a positive linear operator mapping increas-
ing functions into increasing functions. If Leg = eg and Ley = ey, then

i) L(Lipp1) C Lipp1, for all M > 0;
it) |Lglrip < |glip for all g € Lipl0,1];
i) w(Lf,d) <2w(f,9), f € C0,1],6 > 0.
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Proof. i) First, we show that f € Lip;1 if and only if e; £ f is increasing.
Indeed, f € Lip11 < (Vz > y)|f(z) = f(y)| <z —y<= Vz >y)y—z <
fl@)—fly) <x—y < e+ f and e; — f are increasing.
Now, let f € Lip;1. Then, e; + f and e; — f are increasing. Thus, Le; + Lf
and Le; — Lf are increasing. Since e; + Lf are increasing, it follows Lf € Lip;1.
Therefore,

From (13), we get L(Lipas1) C Lipp1, for all M > 0.

ii) Suppose that |Lg|rip > |g|Lip for a certain g € Lip[0,1]. Choose M such
that |g|lLip < M < |Lg|pip- Then g € Lipp1, and i) shows that Lg € Lipp1.
Consequently, M < |Lg|pi, < M, a contradiction, and so (ii) is proved.

iii) Using1i), ii) and Corollary 3, we get w(Lf,9) <2w(f,9), f € C[0,1],§ > 0.

O

Using Lemma 3 the next estimates of the differences of certain operators can
be obtained

Proposition 2. If f € C[0,1], then

) Ianf - Bufll <20 (£, );
i) 16, ~Bufll < (1.1);

iii) [|Anf — Gnf] < 3w (f, :L)

. 1 _

) 16 = S8,/ < 4 (£ 52 )
1

V) [[Anf —Sa, fll < 2w (f7 W)

Proof. i) Using [7, Remark 1, p.161], we get

IS ~Bufll = 158,Buf = Bufll < (Bufi ) <20 (£,3).

. = = — 1
) 16 ~ Bofl = 1BaSia, - Buf| <1587 = fl £ (£.).
iii) It follows immediately using i) and ii).

iv) Since B, ((e1 — 2)%2) = (1 —x)

and using [16], we have
n+1

160 = .1 = B, 0,11 2 (815 g ) <t (g )
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V) [[Anf = Sa, f

| = 158, Bnf = S, /1l < [Baf — £ < 20 (f, z\/;ﬁ)

Following [15] let us denote
wi(f;h) :=inf{w(f —ce1,h) : c€e R}, feC[0,1], h > 0.

Obviously, wi (f,h) < w(f, h). The relationship between wj and ws is investigated in
[4], where it is shown that there is no constant ¢ > 0 such that wi(f,0) < cwa(f, )
for all f € C[0,1],6 > 0, but a constant d > 0 exists such that w(f,d) < dws(f, V)
for all f € C[0,1], 6 > 0.

Since all the operators appearing in Proposition 2 reproduce the linear func-
tions, we have

Corollary 4. In all the inequalities i)-v) from Proposition 2, w can be replaced by
wi.

6. THE MOMENTS OF Ay

Let P, be the subspace of C[0,1] consisting of all polygonal functions with

1 -1
nodes {0,,...,n
n

1} and @, := {©0.n, Pnns Pins -+ Pn—1,n} b a basis of

P,,. Considering ¢g »(0) = ¢n.n(1) = 1, the graphs of functions ¢; ,,l =0,1,...,n
are given in Figure 1.

Gins l=1,...n—1

Pn.n

3=
+
=

3
S|~
d

Figure 1: Basis of P,

Let f € C[0,1]. Since Sa, f € P, we have the next representation of Sa, f
in the basis {¢;,}, 1 € {0,1,...,n}

Sa, f=f0)pon+ f (i) Oin+-+f <i> Oim+ -+ F(D)pnn-

nx(nx + 1)(nz+k—1)
nn+1)...(n+k—1)

- j (n—1)! (+k—1)
(Bncr) (n) T mrk-Dl G-

k> 1

By elementary calculations, we get B,ex(z) =

Thus,
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Using the above relations, the moments of A,, have the following representation

— n—1)! <(G+k—1)!
Aper(z) = (Sa,Brer) (z) = PN Z U G=1) <,0j’n(:13)7 kE>1, Aneg = ep.
=1

Proposition 3. The operators A,, and the piecewise linear interpolation operators
Sa, verify

(14)  0< Aner(w) — Sa, en()

. {k(kQ; 1) k(k— 16)1522/« D 2, k)} (1= pon(z) — ),

where R(n,0) = R(n,1) =0 and for k > 2,
lim n*R(n, k) = 3c(k, k —3) — 3c(k, k — 1)e(k, k —2) + c(k, k — 1)

Here c¢(k,i),i =0,...,k are unsigned Stirling numbers of the first kind.

Proof. We have

Aper(z) — Sa, ex(x Z

— n—|—1 (n—|—k—1) n

-\ k
JjG+D ... (G+Ek-1) j
—| =) | ein()

In the following we give an estimate of the coefficient of ¢; ,, from the above sum
JG+1...G+k=-1) [j
nn+1)...(n+k—-1) n
D SANE () VA LD DY () Gt i)

Sigclk, it 0t nk S ek, i)n’
Zz Lk, d)jini(nh—iml 4 pkmim2j 4L pkmic2 gy jkoisly
nk Zf:o c(k,i)n?
Sty elk,i)(k —i)n* it =5 S Pk k=1 — ) (i + 1)n2i2

=(n—j)

<(-D=E SF oelkimi  n S el — i
= n;j {C(k’i_ 2 + % [2¢(k, k —2) — c(k,k — 1)?] +R(n,k)}7

where R(n,0) = R(n,1) =0 and for k& > 2,
lim n3R(n, k) = 3c(k,k — 3) — 3c(k, k — V)e(k, k — 2) + c(k, k — 1),
n—oo

k(k — 1)
2

JG+1D) . G+k=1) _(j)k
nn+1)...(n+k—-1)

k(k — 1)(k — 2)(3k — 1)

Since c¢(k,k —1) = 51

, c(k,k—2) =

, we get

o
IN

n

(1_j) {k;(k—l) Ck(k—D(2k-1) +R(n7k)}_

IA

n 2n 6n2
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Therefore,

0 < Apep(x) — Sa, er(z)
. {k(/;; 1) k(k- é)n(fk —U, R(n,k)} 2_:1 (1 - i) P (@),

and the relation (14) is obtained.

7. ITERATES AND EIGENSTRUCTURE OF Ay

Let f € P,. Using the definition of B,, it is not difficult to see that there
exist ¢p 1 € R, 4,01 ={0,...,n} such that

(15) B, f <fl> = gcmuf (;) ,1€40,...,n}.

(For particular cases see Examples 1-3).

Then
o) (5) = 5a.Bu) (3) =Ba (5

and hence (15) leads to

(16) (Anf) (i) - gcml,if (;) 1€{0,...,n}.

Let {©o0.ns ©nm; P1m,-- - Pn—1,n} be the basis of P, described at the begin-
ning of Section . Consider the restriction A, : P, — P, of A,,, and let M,, be the
matrix of A, with regard to this basis.

Using (16) we find that

1 0 0 .. 0
0 1 0 . 0
Cn,1,0 Cn,1,n Cn,1,1 s Cn,1,n—1
Cn,2,0 Cn,2.n Cn,2,1 S Cn,2,n—1
Mn — . . . .
Cn,1,0 Cn,ln Cn,i,1 ce Cn,ln—1
Cnn—1,0 Cnn—1,n Cnn—-1,1 cee Cnn—1,n—1

The matrix M,, can be written as M,, := ( R Tox2 QOQX(”_U )
(n—1)x2 (n—1)x(n—1)
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Example 1. Let n =2 and f € P,. Then

fy = 1 20 G) =) 4 7). te0,3),
2(/M) = rG)E+2f ) = FQ), te[51].
Remember that By f(z) = m /1 211 — t)Q(l’x)flf(t)dt. We get,
x, —x)) Jo

Baf(0) = £0), Baf (1) = 1(1). Baf (3) = 170+ 170+ 37 (5.

Therefore,
Mo (

By elementary techniques it can be proved that

A= O =
N )

= o O
SN————

1 0 0
M = 0 1 0
1 1 1 1 1
2 " gmil 2 T gmil  gm
Therefore,
1 0 0
lim M3*=1| 0 1 0 |, and
m—oo 1 1 0
2 2
. m 1
a7) Jim AT = FO)gna + f()gaz+ 3 (F0) + F(1) o1

The limit (17) of the iterates can be obtained using [20, Example 6.3].

The eigenvalues and the eigenvectors corresponding to the matrix My are
calculated below

1
)\1255 A2:17 A3:17
=001 vog=(-110)" v3=(201)"
Example 2. Let n =3 and f € P3. Then

31/ (5) = FO] ¢+ £(0), te@%%
f =91 F) FGIGE=D+1(5). tels5),
W =-rE]6-2)+7(5), tE%J]

We obtain,

Mz =

o ok O O
Ok o © O

SN o =
o ¥ = ©
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Therefore,
M =
1 0 0 0
0 1 0 0
L@ RO G HOTHE” 11"
GG OO HOT-1E" 1O EG)
and
1 0 0 0
lim MM 01 0 O
im =
£ 200
Thus,
. 2 1 1 2
n}gnooAsf:f(0)¢0,3+f(1)<ﬂ3,3+ gf(0)+§f(1) w13+ gf(o)‘i'gf(l) 23

The eigenvalues and the eigenvectors corresponding to the matrix Mg are
given below
2 2
A==, A=,
T3
vp=00 —-11)" vu=0011)" v3=(-1201)" vy,=(2 —110)~
Example 3. Let n =4 and f € P4. Then

)\3:17 )\4:1a

81 1 55 25
My=| 256 26 128 128 128
7 7T 17 23 17
128 128 64 64 64
1 81 7 25 55

256 256 128 128 128

Using [20, Example 6.3], we get

10000
01 000
lim M= 3 7 0 0 0
m— o0
3 5000
12000

Thus,

Ji A7 = SO0+ 1@ona+ (57004 170 ) ora+ (37004 350

+ (if(o) + if(U) P34
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The eigenvalues and the eigenvectors corresponding to the matrix M are calculated
below

3 3 3
A1 ) )\2 ) A3 ] ) A4 39 ) AS 4

vp=(-22 —101)" vo=(3 -1210)", v3=(00 —101)",
va=(001 —21)" vs= (0025 34 25)".

From Theorem 4 we infer that

m—o0

i 477 = FO)g0n+ [ nn + (70 + 110 o1

n—1 1 1 n—1 ¢
- (10 1@ or i e Lo w)
Therefore,
1 0
0 1
11
n -0 0
n n
. m o __ n — 2 2
7&1_{1100./\/1” o n E o ... 0
1 1
- 0 ... 0
n n

Remark 5. The above result gives us the limit lim M even if we do not know

n’

m—0o0
the explicit form of the matriz M (only in the case n € {2,3,4}).

Let ¥, := Bo@in, i = 0,1,...,n, and let V,, be the linear subspace of C|0, 1]
spanned by the basis ¥,, = {¥on, ¥nn,¥1n ..., ¥Yn—1n}. Consider the restriction
G, : V, = V,,. We have, for j =0,1,...,n,

=0

=0
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Therefore the matrix N,, of G,, : V,, — V,, with regard to the above basis is
(18)

wOn (0) wnn(o) wln(o) e wn—l,n( )
¢On 1 wnn 1

P NGRS OERSC
(55 o (e5) (55 v

According to (15) we have for 5,1 =0,1,...,

3

S|=

N———
<
=

3

3=

N——
3

|

\:_l -
3

VR /‘\r—ko

—

N————

(19)
Gn¥jn (n> = (anAnd’jn) (n> = ;Cn,l,i (Sa,¥jn) (;) = ;Cn,l,iw]’n (;) .
From (18) and (19) it follows that
N, =
Gn1/10n( ) nwnn G d)ln 1 nwn ln 1

1 1
n n

N——

(G'rﬂl)ln <

N———

0
1
M_l Gn1/]071, (

0
(1)
l) nwnn ( nwn 1,n <l>
n n
) G (52) (5] - G (55)
n n n

Consequently, V,, = M,,. So we have proved

3

Theorem 5. The matriz of G, : V,, = V,, with regard to the basis ¥,, is the same
as the matriz of A, : P, — Py with regard to the basis ®,,.

Remark 6. The iterates of G, : V, — V,, can be investigated using the same
method as the iterates of A, : P, — P,. We omit the details.

Remark 7. Let B, : II,, — II,, be the restriction of the Bernstein operator. With
regard to the basis {bon,bpn,bin ..., bn—1,n}, where bjn(z) = (?)aﬂ(l — )", the

matriz of B, is
S GIONEHN |
Jj n n
i,j€{0,1,....n—1}

nn—1)...(n—k+1)
nk

It is well known that the eigenvalues of By, are the numbers 1 and
ke{l,...,n}. We have

7
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1 0 O
To=1 0 1 0 |, with eigenvalues \; = %,)\2 =1,A3=1,
101 1
4 4 2
1 0 0 0
0 1 0 O _ ) 2 5
Ts = s 1 4 2 | with eigenvalues \; = 5,)\2 =5 3=LN=1,
27 27 9 9
1 8 2 4
27 27 9 9
1 0 0 0 0
0 1 0 0 0
Ty = % flﬁ % 12778 1%8 , with eigenvalues \y = 1, Ao = 1, A3 =
8 8 16 24 16
128 128 64 64 64
1 81 6 27 54
256 256 128 128 128
3 3 3
— M=, A5 =-—.
8" T 32T g

Compare with My, M3, M, and their eigenvalues from Examples 1-3. So
we are lead to the

Conjecture 1. G, : V,, — V,, and A, : P, — P, have the same eigenvalues, with
the same algebraic and geometric multiplicities, as By, : I1,, — II,,. Consequently,
these operators are similar.

If true, this conjecture would show a new and strong relationship between
G,, and the classical Bernstein operator B,,. Other facets of this relationship are
presented in [6], [7], [12].
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