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SHARP DOUBLE-EXPONENT TYPE BOUNDS FOR
THE LEMNISCATE SINE FUNCTION

Tie-Hong Zhao and Miao-Kun Wang*

In this paper, we will establish sharp inequalities of the lemniscate sine func-
tion and the so-called weighted (p, ¢)-exponential type function, of which the
latter is an extension of the weighted Holder mean. These results provide
a systematic method for the previous obtained inequalities and give great
improvements for bounds of the lemniscate sine function. As applications,
several high accuracy approximations for the lemniscate sine function are also
derived.

1. INTRODUCTION

Gauss’ arc lemniscate sine is defined as follows

(1) aurcslx—/mL
B o V1—tt

for |z| < 1, see [3, p. 259] and [4, (2.5)]. This function has a simple geometric
interpretation, the arc length of which measured from the origin to a point with
polar coordinates on the Bernoulli lemniscate 2 = cos 26 is arcslr. Throughout
this paper, the first lemniscate constant w (c.f. [3, Theorem 1.7] and [10, 19.20.2])
is given by
2
w = arcsl(1) = i/C(l/\/i) IR LNCYL) s 1.3110,
V2 44/2m
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where T'(z) = [[7t"te~'dt (Rex > 0) is the classical Euler gamma function
[12, 29, 30, 33] and

/2 do 7
/C(r):/ % __._T
0 v 1—1r2sin“6

(0 < r < 1) is the complete elliptic integral of the first kind [13, 26, 31, 32]. Here
F(a,b;c;x) is the Gaussian hypergeometric function defined, for a,b,c € R with
0#07_17_27"'a by

F(a,b;c;x) = oF1(a,b;cx) = T;J )(i
where (a)g =1 for a # 0 and (a), = a(a+1)(a+2)---(a+n—1) =T(a+n)/I'(a)
is the shifted factorial function or the Pochhammer symbol. For more information
on these functions and recently obtained related results, we refer the reader to
6, 8, 11, 15, 16, 17, 18, 19, 35, 36, 37, 38, 39, 41, 42, 43].

It has been proved in [5, Lemma 1] that the lemniscate function arcslx can
be expressed in temrs of Gaussian hypergeometric function, as follows

S L(n+3) dnt1 1 1.5.. 4
(2) arcslxzzomx + :xF(Zﬁ?Z;x )
n=

The initial thread for this investigation begins with the following elegant
inequality

5 V2 areslz 1
<3+2m) ST S -y
for all 0 < |x| < 1, which is due to Neuman [9] in 2012, and namely the computable
bounds for the lemniscate sine function are obtained.
Recently, in the study of Shafer-Fink’s inequalities for the lemniscate func-
tions, Wei, He and Wang [20] proved that the inequalities

3) w - arcslx < 5
14 (w—1)v1—z* x 3+42v1— a2t
5 arcslx w

4 < < .
@ 4+vV1—axt x 14+ (w—1)v1—2a
hold for 0 < |z| < 1.
By studying simple bounds for the lemniscate type means, Zhao, Qian and
Chu [40] established new bounds for the lemniscate sine function

1/2 2 1/2
(5) ( 5 ) - arcslx _ ( w )
3+2v1—a x 1+ w2 —-1)vV1—2a*

for all 0 < |z| < 1.
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For (p,q) € R? with pg # 0 and « € (0, 1), we denote

(6) Ho(z;p,q9) = |(1 —a) +a(l — x4)1’} —1/q

for 0 < |z| < 1. In the case of p? + ¢ = 0, if lim,, ) (0,0)(P/q) = A # 0, we can
define
Ho(z;0) = (1 —a*) 72,

It is worth noting that H,(x;p,q) or H,(x;\) degenerates to the infinite or a
constant for other cases.
By applying (6), the inequalities (3)-(5) can be rewritten as

arcslz

1
Hy_i(z;1,1) < <H§(x;171)7

@ T

arcslz

H%({E;%71)< - <H17%(IE;%71),
arcslz

H%(IL‘;%72)< = <H17w1f2($§%72)

for all 0 < |z| < 1.
In light of these inequalities, it is natural to ask the following questions:

e Can these be extended to approximate (arcslx)/x by the function H,(x;p, q)
defined in (6) for fixed (p,q) € R??

e Given (p,q) € R?, what are the best possible parameters a, 3 € (0,1) such

that
arcslz

Ho(;p,q) < < Hg(x;p,q)
for all 0 < |z| < 17

The main goal of this paper is to answer the above questions.

2. PRELIMINARIES

2.1 Tools

To prove our results, we need two tools. The first tool is L’Hopital Monotone
Rule (see [1, Theorem 1.25]) which play an important role in dealing with the
monotonicity of the ratio of two functions.
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Proposition 1. Let a,b € R with a < b, f,g : [a,b] = R be continuous on [a, b]
and differentiable on (a,b). If f'/¢’ is increasing (decreasing) on (a, b), then so are
) —

the functions
f)—fla) L f@) = b))
g9(z) — g(a) g(z) —g(b)
If f'/¢’ is strict monotone, then the monotonicity in the conclusion is also strict.
Sometimes, f’/¢’ is not monotone but piecewise monotone. We now introduce
a useful auxiliary function Hy , (called H-funuction, see [14, 34]), which makes a
bridge between the derivatives of the ratios f/g and f'/g’. For —oo < a < b < 0o,

let f and g be differentiable on (a,b) and ¢’ # 0 on (a,b). Then the function Hy 4
is defined by

/

(7) Hyg = yg—f-

The function Hy 4, has some well properties [22, Properties 1,2]. In particular, if f
and g are twice differentiable on (a,b), then we have

() <4 (2r-1) e
- (5

The second tool is a simple and useful criterion to determine the sign of a
class of special series. The special series is named “Negative-Positive type power
series” defined as follows.

Definition 2. [32, Definition 1] Let m > 0 be an integer. A power series S(t)

given by
Z aktk + Z aktk

k=m+1

is called a “Negative-Positive type power series”, or “NP type power series” for
short, if its coefficients ay, for k > 0 satisfy

(i) ar >0 for all k > 0;

(7i) there exist at least two integers 0 < k; < m and ky > m + 1 such that
Ak, Ay > 0.

Proposition 3. Let S(t) be a Negative-Positive type power series converging on
the interval (0,7) (r > 0). Then the following statements are true:

(1) If S(r—) <0, then S(t) < 0 for all ¢t € (0,7);

(2) If S(r~) > 0, then there exists to € (0,7) such that S(t) < 0 for ¢ € (0,%)
and S(t) > 0 for t € (tg, 7).
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Remark 4. In Definition 2, —S(t) is called a “Positive-Negative type” (or “PN
type” for short) power series. Further, if ay = 0 for k > ko 4 1, then S(¢) is called
a “Negative-Positive type polynomial of degree k3”, or “NP type polynomial” for
short. Likewise, —S(t) is called a “Positive-Negative type polynomial of degree
ko”, or “PN type polynomial” for short. A polynomial version of Proposition 3
appeared in [24], and another version of the series converging on (0,00) can be
found in [23].

Remark 5. Proposition 3 was proved in [28], which is a revised version of the
electronic preprint [27], and proved differently in [26]. As a consequence of Propo-
sition 3(2), for given ¢; € (0,r), if S(t1) > 0, then S(¢) > 0 for all ¢t € (¢1,7), and if
S(t1) <0, then S(t) <0 for all t € (0,¢1).

2.2 Lemmas

In this section, we will present several lemmas which are used to prove the main
results.

Lemma 6. For 0 < |z| < 1, we have

10) <arcs1x)2:°° (%)n 2,

T

arcslx

zvV/1—a2t o (3)n

Proof. For ¢ = a+ b+ 1/2, it has been demonstrated in [21, Example 14.11] (see
also [7]) that

(12)
{F(a, b;c;x

(]2 10

(11)

)r_ L(l(2c—1) iF(2a+n)f‘(a+b+n)1“(2b+n)xn
['(2a)T'(26)T (a +b) & nIT(c+ n)['(2c — 1+ n)

- ) a+b)n n
Z nl(c 2¢f1) v

n=0

According to (2), taking a = 1/2, b=1/4 and ¢ = 5/4 into (12) yields

arcsla:>2 [ 2 o= Wa(3)n(Pn S (Dn
_ F(l,l;é;x‘l)} _ 2/n\g)n an _ 1 4n
< € 2rard nz:;) n'(%)n(%)n Z
which gives (10).
It is observed from (1) that the derivative of arcslz is give by

darcslz 1

dx V1—at
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By this, it follows from (10) that

arcslez  1d ar0312 B i (3)n An
= )
a/i—a2t 2z = (P
This completes the proofs. O

Lemma 7. Let

arcslx arcslz\ ?
) =1+ (3 -2 -4 ;

(2) = o arcsle <arcslx>2
P2 - T /71 — A T )

=11 | 2ot (2t

for 0 < x < 1. Then p;(z) (i = 1,2,3) is absolutely monotonic on (0,1). More
precisely, we have the following series expansions

. 16n(n—1)(3), " =2 =)@+ D) ()0 4,
‘pl(x)zg(znﬂ)(zm—f)(g) o o) = (2n—1)(4n—1)(§) o

Z 4(n —1)( 4n+1)(%)

(4n? —1)(4n — 1)(%)

n=2

Proof. From the formulas (10) and (11), it follows that

_ i 6n—1 B dn+1 E%)”len . s 16n(n — 1)(%)n $4n
-2 ( ) - ,;2 @n+1)Un-1)(3)n

ot 5 @ @ an] _§ 2 e
pele) = l¥< L B 0@, ]‘ EESTERA
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and
_ 4 - 2(%)” 4n - (%)n 4n
p3(r)=1—(1—2%) nz:% (%)nx ;(%Jrl)(g)nm
_ — (4n +1)(3)n A(n+1) S (4n+1)(%)nx4n
; (2n +1)(§)n ;2 (2n+1)(3)n
B > (4n — 3)(4n + 1)(%)nx4n B . (4n + 1)(%)nx4n
EENCIE T TE S e 6N
_ > 4(n—1)(4n + 1)(i)n in
;::2 (4n? — 1)(4n — 1)(%),, ’
This completes the proofs. O
Lemma 8. The function
log(x/ arcslx)
log(1 — z4)

is strictly decreasing from (0,1) onto (0,1/10).

Proof. Let ¢1(x) = log(z/arcslz) and ¢o(x) = log(l — z*). Then differentiation
yields

@ (z) V1 —24(x — 1 — ztarcslx)

() 4x* arcsl x ’

H2)] 2?4+ 2(3 — ah) sl faresl® ¢ o1 (z)
) [Sha] - e 1)

5(x) 475 arcsl® © 43 arcsl®

where ¢1(z) is defined as in Lemma 7.
It follows from Lemma 7 and (13) that ¢} (z)/h(z) is strictly decreasing on

(0,1).Using Proposition 1 gives that
$1(z) _ ¢i(x) — ¢ (07)
P2(z)  Pa(z) — P2(01)

is strictly decreasing on (0,1). It is apparent to obtain two limiting values easily
by ’'Hopital rule. O

Lemma 9. Let (p,q) € R? and define the function x +— &, 4(x) on (0,00) by
&pq() =8(2p = 1)a® +4(3p — g+ 1)z +2p —q.
Then we have the following conclusions:
(1) In the case of p=1/2,
o &pq(x) <0 for x > 2 if and only if ¢ > 5/2;
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o &pq(x) >0 for x > 2 if and only if ¢ < 7/3 with the equal only at © = 2;

o if 7/3 < q < 5/2, then there exists Zo > 2 such that &, o(x) < 0 for
T € [2,%0) and &p q(x) > 0 for z € (&9, 00).

(2) In the case of p > 1/2,

o &pq(x) >0 for x > 2 if and only if ¢ < 10p — 8/3 with the equal only at
T =2;

o if ¢ > 10p — 8/3, then there exists T1 > 2 such that &, 4(x) < 0 for
x €[2,%1) and & o(x) > 0 for z € (&1, 00).

(3) In the case of p < 1/2,
¢ fp,q(x) <0 forx >2 ifq > a(p), where

p+2—/3(1-2p), B<p<i.

In particular, in the case of ¢ = 10p — 8/3, namely, &,,(2) = 0, if
13/27 < p < 19/39, then &, 4(x) < 0 forx > 3;if19/39 < p < 1/2, then
there exists &o > 3 such that &, o(x) > 0 for x € [3,%2) and & 4(x) <0
for z € (Z2,00).

o If ¢ < 10p — 8/3, then there exists T3 > 2 such that & 4(z) > 0 for
x € [2,%3) and &p o(x) < 0 for xz € (Z3,00).

Proof. We now divide into three cases to complete the proof.

Case 1 p=1/2.
In this case, &, 4(z) possibly reduces to a linear function.

e (o) < 0forz > 2if and only if 3p — g+ 1 < 0 and &, 4(2) =
3(30p — 3¢ — 8) < 0, equivalently, ¢ > 5/2. At this point, &;/5,4(2) =
3(7 — 3q) < —3/2, which gives £, 4(z) < 0 for x > 2.

o & q(x) > 0 for x > 2 if and only if 3p — g+ 1 > 0 and &, 4(2) > 0,
equivalently, ¢ < 7/3. Tt was observed that £, /5 4(z) = 1+ 10z — q(1 +
dx) > 14 102 — 7(1 + 42)/3 = 2(x — 2)/3 > 0, which implies that
&p.q(z) = 0 only holds for = 2.

e If 7/3 < q <5/2, then {3 4(z) is a linear and increasing function. This
together with &; /5 4(2) = 3(7 — 3¢) < 0 implies that there exists Zo > 2
such that &, 4(x) < 0 for z € (2,%¢) and &, 4(z) > 0 for x € (%o, 00).

Case 2 p > 1/2.
In this case, &, 4(x) is a quadratic function whose graph is a upward opening
parabola. Let us denote the symmetric axes of &, ,(z) by
S 14+3p—¢q
To4(l-2p)

We divide the proof into two subcases.
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o If ¢ < 10p — 8/3, then &, ;(2) > 0 and

. 1+3p—(10p—8/3) , 27p—13
s 4(1 — 2p) 2p — 1

< 2.

which demonstrates that &, ,(z) is strictly increasing on (2,00). So
&p.q(x) > €p4(2) > 0 for z > 2. In particular, &, ,(z) = 0 holds only at
T =2.

e If ¢ > 10p — 8/3, namely, §, 4(2) < 0, then the graph property of £, ,(z)
enables us to know that there exists 1 > 2 such that &, ,(x) < 0 for
x € (2,&1) and &, ¢(x) > 0 for € (21, 00).

Case 3 p < 1/2.
Now the graph of &, ;(x) is a downward opening parabola. As in Case 2, we
divide the proof into two subcases.

o If £, ,(2) <0, then ¢ > 10p — 8/3. We will discuss in two subsubcases.

o xy < 2. Then we have ¢ > 19p — 7. Hence &, 4(x) < &,4(2) =0
for > 2 due to the monotonicity of £, (). In this subcase, ¢ >
max{10p — 8/3,19p — 7} which is equivalent to

13 8 13 1
(14) p§2—7andq210p—§ or 2—7<p<§andq219p—7.

o xs > 2. Then 13/27 < p < 1/2 and 10p—8/3 < g < 19p— 7. In this
subsubcase, from the property of quadratic function, there is still a
situation such that &, ,(x) < 0 for > 2. That is, the determination
of &, 4(z) is non-positive, more precisely,

A(p,q) = 16[¢° — 2(p + 2)q + p*> + 10p + 1] < 0,

which can be solved as

(15)  p+2—+B1-2p) <q<p+2+/301-2p).

It was observed that

(27p — 13)?

A(p,10p —8/3) = 9

>0
and
A(p,19p —7) = —6(1 — 2p)(27p — 13) < 0.

This together with the graphic property of ¢ — A(p,q) and (15)
leads to the conclusion that (p, ¢) needs to satisfy

13 1
(16) ﬁ<p<§ and p+2-—+/3(1—-2p)<qg<19p—T7.
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In summary, in this subsubcase, &, 4(z) < 0 for « > 2 if ¢ > G(p), where
q(p) can be defined by (14) and (16). In particular, in the subsubcase of
q = 10p — 8/3, we clearly see that &, ,(2) = 0. If 13 < 27 < p < 19/39,
then it follows that

19-3%] _

A7) &pglr) = =81 =2p)(x = 2) |o =3+ 5r— 5| <

for > 3. If 19/39 < p < 1/2, then it follows from (17) that &, 4(3) > 0,
which in conjunction with the graph of £, ; implies that there exists Zo >
3 such that &, 4(z) > 0 for z € [3,Z2) and &, 4(z) < 0 for z € (Z2, 00).

o If &, ,(2) > 0, that is, ¢ < 10p — 8/3, then by the property of graph, it
shows that there exists 3 > 2 such that £, ,(z) > 0 for z € (2,Z3) and
&p.q(x) <0 for z € (Z3,00).

O

Remark 10. Due to Lemma 9, it remains to discuss the sign of &, 4(z) for z > 2
in the case of (p,q) € Ro, where

ROZ{(P,Q)‘ P<p<y, Wp-8<g<p+2- 3(1*219)}-

As a matter of fact, in this case, the sign of &, ;(x) will change alternately with x,
which can not be easily dealt with in the sequel. For the sake of clarity, the regions
(p,q) of Lemma 9 will be illustrated in Figure 1.

3. MAIN RESULTS

Before proving the main results, we will show the following monotonicity
theorem. Lemma 9 will be used to prove Theorem 11. To facilitate the presentation,
we need to divide the regions of (p, ¢) in Lemma 9.

Since p and ¢ are required to be non-zero in Theorem 11, the regions of (p, q)
in three cases of Lemma 9 should minus two axes, which are expressed by

>1
p2a

p<3,
q<10p—3orq=>qlp) [’
where Ry denotes the set of non-zero real numbers. Further, we define several
regions as follows:

_ [ p<o, _ 0<p<s3, [ p=3
Rl,l{q>0 }5 Rl,Q{lop_§<q<0 ) R1,37 O<q§% 9

R

1
2

~{voer

1
p=2}, R§={(p7Q)€R3

Ry = {(p7q) €R§
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_ P> 3, _[r>3 _[r=3
R1’4_{O<q§10p—§}’ R2,1—{q<0 , Rap= <0 [
=1 1 13 <19
p 2,}7 R2,4={ 0<p<3 } 732’5:{27<p_3%,}’
q>qo q>4q(p), ¢>0 q=10p — 3
p <0, o p> 3, _ p=73,
10p—séq<0}’ R‘“_{q>10p—§ » Roz= IT<g<q [’
B 0<p<i, _ 0<p<g,
7?,3’3—{ q<min{10p—§,0} » Rap= 0<q<10p—% ’

19 1

% <p<s, p <0,
Ruo—4 39 2 Rya =
4,2 {q——lOp—g}7 4,3 {q<10p—§}’

where g = 2.39904 - - - is the unique zero point of o(q) = ¢+ 2w — 2wt on (%, 3),

since 0'(q) =1 — 2w Inw < 0 for ¢ € (%, 3), and 0(2.399039) = 4.50078 x 10~ 7
and 0(2.399041) = —2.69471 x 10~7 by numerical experiments. Moreover, it can

be easily seen that
Ri=Ri3URz2UR23URs32, RT =RiaUR21URs 1,
2
Rg =Ri,1UR12UR24UR25UR26UR33UR,1URL2URY 3,

which gives a complete division of R 1 RT and R;.
2 2

Let us define Ry = J;_; R1j, Ra = Uj_; R, Rs = U], Rs; and Ry =
3 R4 j, more precisely, which are given by (see Figure 2
=1 )

Rl:{(p’q)’];ig o 101())—<§§<qf%<0 o 0<qp§21(%p—§ }

Ra —{(P#])‘ Zié or 5;50 or q>OqA<(pp),<q§>O or (%3:<1gp<—:1))§
or 10p —p§<§0q<0 }’

R?’:{(p’Q)‘ q>p13pé—§ o gggéqo o q<n(1)irf{f();—§§,0} }’

F<p<3 @<p<% p<0 }

R4:{(p’q)‘ 0<g<iop—3 % g=10p—2% " g<i0p—8

For the sake of convenience, we denote by R = U?Zl R, and the region of (p,¢) in
Remark 10 by

’Rgz{(p,q)‘ ;—§<p<%, 10p—%<q<p+2— 3(1—2p)}.

Apparently, R2 = RURy. In the sequel, we mainly focus on the parameters
(p,q) €R.
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2.7 ]
&p.q=0

$p.q<0 Ry

H Ry Rz

Ra

Z04 ~02 / 0.4 06 08 P

Figure 1: The sign of &, ,. Figure 2: Visualized regions of R;.

Theorem 11. Let (p,q) € R and define the function x — F, 4(z) on (0,1) by

1 — (x/arcslz)?
Fpale) = M

Then we have the following statements conclusions:
(1) F,, is strictly increasing on (0,1) if and only if (p,q) € Ra.
(2) F,q is strictly decreasing on (0,1) if (p,q) € Ra.

(3) If (p,q) € Rs, then there exists x1 = x1(p,q) € (0,1) such that F, 4 is strictly
decreasing on (0,x1) and strictly increasing on (x1,1).

(4) If (p,q) € Rua, then there exists xo = x2(p,q) € (0,1) such that F, 4 is strictly
increasing on (0,x2) and strictly decreasing on (x2,1).

Proof. Let f1(r) = 1— (x/arcsla)? and fo(z) = 1 — (1 —2*)P. Then it is clear that
Fpq(x) = f1(x)/ fa(x) and f1(07) = f2(0) = 0.
Differentiating fi(x) and fo(z) leads to

/ -1 _ Ry
(18) 1(m)_q( x )q xSx V1 —a*arcslz

fi(z) 4p \arcslz (1— at)p=1/2 arcsl2
1 [fliiﬂ B 4psc5(1qf Zhyp (arfslx)m [4p¢2(2) — 1 (x) — apala)|

. q x q+2 o
T Apa®(1 — )P (arcslaz) pal®);

where ¢1(z), p2(z) and p3(z) are defined as in Lemma 7.
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By Lemma 7, it follows that

) DA+ D) Da 0 S 16000 D
(20) @yl pz 2n—1 (4n—1)(§) o 722(2714—1)(471—;1)(%% 4
_qiian—nMn+n@>xM

(4n2 —D(n = 1)($)n
_ fp a(n) (
Z 4n2 )(4n —1) (

where &, ,(x) is defined in Lemma 9.
By (7), (11) and (18), it is observed that

)” 4n

) )

ENTS N[N

(21)
! _ 4 ares]
Wmmﬂ=£%L§3h@—h@ﬂﬁg&V@ A rea)
s qarcslx
= A Vot L f2(e) =
(@) o
(22) Hprn(17) = a;llgl— {f;(x)h(x) B fﬂx)} = Qi(qqzlv p=3

1 1

, /
To obtain the monotonicity of Fj 4, it suffices to verify the sign of [f L (z)} .
It follows easily from (19) that

(23) sgn { {fi (x)}/} = sgn(pq) - sgn [<I>p7q (x)]

f3(z)
We divide into four cases to complete the proof.
Case I (p,q) € Ry.

elfp<Oandg>0o0r0<p<4/15and 10p — 8/3 < g < 0, then it is
apparent that ¢ > max{0,10p—8/3} > q(p). This together with Lemma
9(3) gives £p4(n) <0 for n > 2. According to this with (20), it follows
from pg < 0 and (23) that f{(z)/f5(x) is strictly increasing on (0, 1) and
so is f1(z)/ f2(x) by Proposition 1.

e Ifp>1/2and 0 < g < 10p—8/3, equivalently, p=1/2and 0 < ¢ < 7/3
or p>1/2 and 0 < ¢ < 10p — 8/3, then it follows from Lemma 9(1),(2)
that &, 4(n) > 0 for n > 2. Combining this with (20), the condition
pq > 0, (23) and Proposition 1 lead to the conclusion that fi(z)/f2(x)
is strictly increasing on (0, 1).
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Case II (p,q) € Ras.

e If p>1/2 and ¢ < 0, then ¢ < 7/3 < 10p — 8/3, and it follows from
Lemma 9(1) and (2) that &, 4(n) > 0 for n > 2. Due to pg < 0, by (20)
and (23), we conclude that fi(x)/f5(x) is strictly decreasing on (0,1)
and so is f1(z)/f2(z) by Proposition 1.

eIf0<p<1/2and g > q(p),q>0o0rp<0and 10p —8/3 < ¢ <0,
then in either case, by the expression of ¢(p), it can be easily seen that
p < 1/2 and ¢ > q(p). This, by Lemma 9(3), implies that £, ,(n) < 0
for n > 2. According to this, it follows from pg > 0, (20), (23) and
Proposition 1 that fi(x)/f2(x) is strictly decreasing on (0, 1).

e If13/27 < p < 19/39 and g = 10p—8/3, then we clearly see from Lemma
9(3) that &, ¢(n) < 0 for n > 2, which in conjunction with pg > 0, (20),
(23) and Proposition 1 that f1(z)/f2(x) is strictly decreasing on (0, 1).

e In the case of p = 1/2 and ¢ > ¢ & 2.39904, we divide into two subcases.

op=1/2 and ¢ > 5/2. In this case, Lemma 9(1) and (20), (23)
together with pg > 0 and Proposition 1 lead to the conclusion that
fi(x)/ f2(x) is strictly decreasing on (0, 1).

op=1/2and ¢y < ¢ < 5/2. By Lemma 9(1), it follows that there
exists ng > 2 such that &, 4;(n) < 0 for 2 < n < ng and &, 4(n) >0
for n > mg. This together with (20) implies that ®g(x) is an NP-
type power series. Hence, by Proposition 3 and (23), f1(z)/fi(x) is
strictly decreasing on (0, 1) if ®¢(17) < 0 or there exists dg € (0,1)
such that fi(x)/f5(x) is strictly decreasing on (0,dp) and strictly
increasing on (8, 1) if ®o(17) > 0. So is Hj, 4 (x) by (9) and
f2(x) > 0. In either case, we obtain
(24)

_ o(q)
Hf11f2(x) < maX{Hfl,ffz(OJr)’ Hf11f2(]‘ )} = qoglzagéﬂ {O’ Quatl } =0

for € (0,1) by (21) and (22), where the last equal follows from
o(q) <0 for go < ¢ < 5/2 due to the monotonicity of o(q). Hence
fi(x)/ f2(zx) is strictly decreasing on (0,1) following from (8), (24)
and fj(x) > 0.

Case III (p,q) € Rs.

e Ifp>1/2and g > 10p—8/3 orp=1/2and 7/3 < q < qo, then it follows
from Lemma 9(1)(2) that there exists ny > 2 such that £, 4,(n) < 0 for
2 <n < n and §4(n) > 0 for n > ny. Moreover, by Lemma 7, we
obtain
(25)  pe(17) = lim [dpoa(e) — ¢1(2) — as(a)

r—1—

s1
=41 —pw? —1—-q¢+2(2p—1) lim ey

z—1— /1 — 1'4.
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This gives @, ,(17) = co if p > 1/2 or D, 4(17) = 2w? —1—¢q >
202 —1—¢qo > 0.03 if p=1/2 and 7/3 < ¢ < qo. According to this
with the sign of §, ,(n), Proposition 3 and (23) together with pg > 0
and fy(x) > 0 make us to know that there exists §; € (0,1) such that
Hy, 1, () is strictly decreasing on (0, 1) and strictly increasing on (61,1).
So is fi1(x)/f2(x) due to (21) and (22) together with (8) and fi(x) > 0.

e If 0 < p<1/2 and ¢ < min{10p — 8/3,0}, then by (25) we clearly see
that ®,,(17) = —oco. This together with pg < 0, Proposition 3 and
Lemma 9(3) implies that there exists d, € (0,1) such that [f](z)/f}(z)]
is strictly decreasing on (0, d3) and strictly increasing on (d2,1). So is
Hy, 1, (x) by (9) and fo(xz) > 0. In this case, it follows from (21) and
(22) that Hy, ,(07) = 0 and Hy, f,(17) = 1/w? —1 > 0. According
to this with (8), f5(x) > 0 and the piecewise monotonicity of Hy, ¢, (z),
we conclude that the exists x; € (0,1) such that fi(z)/f2(x) is strictly
decreasing on (0, 1) and strictly increasing on (z1,1).

Case IV (p,q) € Ry.
In this case, it follows from (25) and Lemma 9(3) that there exists d3 € (0, 1)
such that @, (x) > 0 for = € (0,63) and ®, 4(x) < 0 for x € (d3,1). This
together with pg > 0 and (23) implies that (f{/f4) is strictly increasing on
(0, d3) and strictly decreasing on (d3, 1).

e If4/15 < p < 1/2and 0 < ¢ < 10p —8/3 or 19/39 < p < 1/2 and
g = 10p — 8/3, then due to fo(x) > 0 and (9), Hy, s, (z) has the same
piecewise monotonicity property of (f1/f5)’. According to this with
(21) and (22), it can be seen that there exists x2 € (0,1) such that
Hy, g, (z) > 0 for o € (0,22) and Hy, f,(xz) < 0 for € (x2,1). This
proves Theorem 11(4) by (8) and f4(z) > 0.

e If p < 0and g < 10p — 8/3, then it follows from (9) and fa(x) < 0 that
Hy, r,(x) has the opposite piecewise monotonicity property of (f1/f5)".
At this point, Hy, ¢, (17) > 0 by (22). This together with (8), (21)
and fi(xz) < 0 shows that there exists x5 € (0,1) that f1/f2 is strictly
increasing on (0, z2) and strictly decreasing on (z2,1).

To obtain the necessity of Theorem 11(1), by the above analysis, it suffices to
show that F}, , is not strictly increasing on (0, 1) when (p, ¢) € Ro. For (p,q) €
Ry, it is easy to see that &, ,(2) = 3(30p — 3¢ — 8) < 0, which in conjunction
with (20), (23) and pg > 0 implies that there exists a sufficiently small ¢ €
(0,1) such that fi(xz)/f5(z) is strictly decreasing on (0,g). Combining this
with f1(07) = f2(0) = 0, Proposition 1 enables us to know that F}, , is strictly
decreasing on (0, ¢).

O

Before stating the main result, we need to divide R into several new regions.
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Let us define the function ¢ — ¢(q) on (—o0,00) by

qw? 1
m 5 q 7é 0 and L(O)

uq) =

- 10logw”

By Proposition 1, it is easy to see that ¢(¢) is continuous at the origin and strictly
increasing from (—oo, 00) onto (0, 00). Moreover, for p > 0,

(26) a _ (1 _ 1) _ (W= 1)[(q) —p) {2 0, if ql(q)—p] 8’

10p wil pwi <0, if qllq) —pl

IN IV

For later use, the symbol A% stands for the intersection of A and {(p,q)| p >
0, q[t(q) —p] > (£)0}. Now we are able to give the following regions.

e The case pq > 0:

Dy =Ri3UR14UR, 1 URL,y, Da=TRygURss, Ds=TRs1URsz,
Dy =TRo3URz4UR25URS  URS,,

E1 =Ri13UR14UR; URs,, B2 =Ry3URy4UR5UR26URT URT,,

Es=TRy.

e The case pg < 0:

Dy =Ri12UR33, Da=Ri1, D3=Re1UR22 URig,
Ei=Ri11UR12, FEy=Rz3, FE3=Ry1URa>.

Observe that R = (U?Zl Dj> U (U?:l ﬁj> = (U?Zl Ej) U (U?Zl E]), we refer to
see Figures 3 and 4 for clarity.
We are now in a position to prove the main result.

Theorem 12. Let mp = min){Fp)q(ac)} and Mp = max {F,,(x)}. Then for
re

(0,1 z€(0,1)
any fized (p,q) € R, the double inequality
arcslx
(27) Ha(w;p,q) < —— < Hy(w;p,q)

holds for all 0 < |x| < 1 with the equal only for certain point x if and only if

<alp,q) and B> p(p,q) forpg>0,

[0
a>alp,q) and B<B(p,q) forpg<O0,

Y
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q q
D E
D, E
Dy E
D4 £
5 b 5

E
E

To4 02 / 04 | 06 08" “04 02 / 04 | 06 08"

-5 -5
Figure 3: The regions D; and ﬁj. Figure 4: The regions E; and Ej.
where
L? ) E D )
801) Ep q; Dl 1- ﬁa (pa Q) € E17
7 3 6 )
olp.q) = DA ) =t (pag) € Ba,
mp, (pa Q) € D37 MF (p q) c E3
1— 25 (p,q) € D, ’ ’ ’
7&5 (paq)el?h N &v (pvq)GEh
a(pv q) = 03 (pa Q) € -9% ﬁ(p’ q) = ymr, (pv Q) € EQ,
ﬁa (paq) €D37 1 %7 (p7q) €E3~
In particular, if  lim  (p/q) = A # 0, the double inequality
(p,q)—(0,0)
1
(28) Ho(z;\) < 250 < Ha(a; )

holds for all 0 < |z| < 1 if and only if

a<0 and ﬁzﬁ, A >0,
a>0 and ﬂgﬁ, A <O.

Proof. Since the functions arcslaz and x are odd on (—1,1), we may assume that
z € (0,1). For (p,q) € R3, it is a matter of simple transformation to verify that
the inequality (27) is equivalent to

B, if pg>0,
a, if pg<O0,
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Table 1: Description of the range of F, , for (p,q) € R

(a) The case of pg > 0 (b) The case of pg < 0
Regions The range of F}, 4 Regions The range of F, 4
Rl’g (18}7’1 — é) Rl,l (18p’0)1
Ria (101)’ 1_ F) Rz (1Op7 1_ 7)
ngg (1 ? ﬁ) szl (1 — wl‘” 10p)
R274 (1 ? ﬁ) R2,2 - (1 R ﬁ)
Ras (- ﬁ) Ras Ris [me, ﬁ)
Ra,6 (0, Top " | Rss [mp,1— )
+ g
Rsa 23_1 [nEmF{ 10p2 )
3.1 F w9
R, )
R 3,2 > 10p
2Ry, | mpl— L4
Ry (1— L, Mp]
R zil wd)?
4’1 Ril (18]7’ F]
Rup o2 .
2 Ria (ﬁ,MFJ
Ras (0, Mr]

where F), , is defined as in Theorem 11. So the inequalities (29) and (30) hold for
all z € (0,1) if and only if

a<alpq) = inf {F,,(z)} and B> B(p,q) = sup { q(x)}  for pg >0,

z€(0,1) z€(0,
a>a(p,q) = sup {Fe(x)} and B<B(p,q) = inf {Fp q¢(x)} for pg <0.
z€(0,1) z€(0,1)

Note that, by (18),

w0t fi(x)  10p’ 1--L p>o.

4 0, <0,

B)  Fpg) = i AT L o) { ’
Moreover, it has been proved in Theorem 11 the monotonicity of F), 4(x) on (0, 1) for
(p,q) € R. This together with (26) and (31) gives the range of F}, , for each (p,q) €
R, which is illustrated in Table 1. Hence, the specific expression of a(p, q), 8(p, q),
a(p,q) and B(p,q) can be obtained from Table 1.

In particular, in the case of (p,q) = (0,0), if lim (q/p) = X # 0, it is

(p,9)—(0,0)

considered to approximate (arcslz)/x by H, (x; A), which is the limiting expression

of H,(z;p,q). It can be easily verified that the double inequality (28) is equivalent
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to
log(x/ arcslx
(32) )\a<log(x/arcslx) SV PN Q<W<ﬁa A>0,
log(1 — z4) B %<a, A<0

for all z € (0,1). So the sufficient and necessary conditions which make the in-
equality (28) hold can be easily obtained from (32), the sign of A and Lemma
8. O

o~

Remark 13. In Theorem 12, the best constants a(p,q) (resp. B(p,q), 5(p,q)) is
not computable simply if (p,q) € D3 (resp. FEs, Eg) In this case, Theorem 11(3)
(resp. (4)) enables us to know that F), ; is strictly convex (or concave) on (0, 1), that
is, F} , is strictly increasing (or decreasing) on (0, 1), one can find an approximation
of the extreme point with arbitrary precision by numerical experiments.

4. APPLICATIONS

In this section, Theorem 12 will be applied to obtain some new inequalities
involving the arc lemniscate sine function.

Recall that a real-valued function A(x) is said to be an n-order approximation
for f(x) as x — 0t if
—A
i (@) — A@)]

z—0t xn

Moreover, if the inequality f(z) > (<)A(z) holds for all € (0,1), then A(x) is
called an n-order lower (upper) approximation for f(z). It is well known that the
order n is one of the important measure of accuracy of the given approximation
A(z) for f(z), see [2, 25].

As x — 0T, by Taylor series, we obtain

=c>0.

1 1 12 -1 2 _ 12a2p? 1
arcsxiHa(x;p,q): L ap ran apq(p )+aq _ a’p?(q + )xs
z 10 q 24q
5 aplp-1)(p-2) N a?p’(p—1)(g+1) *p*(g+1)(2¢+1) 22 4 o(z12)
208 6q 2¢2 64 '

We can find the parameters «, p and ¢ such that all the coefficient for 2, 2® and
x'2 are zero, explicitly,

3 19 86
95 PT 390 17 3¢

It can be easily seen that ¢ = 10p — 8/3 and so (19/39,86/39) € Ra5 C Dy N Es.
By Theorem 12, we obtain the following corollary.

o =
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Corollary 1. The inequality

19 86 arcslx 19 86
Hlfwi% <x739,39) < - <H% (x739,39>

holds for all 0 < |z| < 1, where H% (;v; %, %) is an 16-order upper approximation.

A special case of our interest is that (p,q) passing through the origin. As-
suming that ¢ = kp with k # 0, which is required not to intersect with Ry. It is
observed that both of the points (13/27,58/27) and (1/2,5/2) belong to Ry and
also the boundary points of Ry. If two lines ¢ = kip and ¢ = kop pass through
these two points, then it can be easily obtained that k; = ?—8 and ko = 5. That is
to say, {(p, ) ¢ = kp, k#0} Ry =0 if k € (—00,0) U (0, 28] U [5, 00).

As a consequence of Theorem 12, we pose the following propositions.

Proposition 14. (1) For k € (—o0, %] with k # 0, the inequality

arcslx
(33) Hy 105 p1, kp1) < < Hy10(x; p2, kp2)
holds for all 0 < |z| < 1 with the best possible constants p1 = o and ps = T,
where
log [10/(10 — k)] 8
=0(k) = ——"——F— d =7(k) = —0——~.
o i=0o(k) klogw and 7 :=7(k) 3(10 — k)

(2) For k € [5,10), the inequality (33) holds for all 0 < |z| < 1 with the best
possible constants p1 =T and ps = 0.

Proof. Inequality (33) can be directly derived from Theorem 11 if we can show that

(0,ko) € D1 and (1,k7) € By, if ke (0,%],
(r,kT) € D1 and (o0,ko) € Ey, if k€ [5,10),

(0,ko) € Dy and (r,kr) € Ey, if ke (—o0,0).

Firstly, it can be easily verified, by Proposition 1, that k — o (k) and k — 7(k)/o (k)
is strictly increasing on (—oo, 10). Secondly, by the expression of o and 7, it follows
from wk® = 10/(10—k) that (ko) = (kow*?) /[10(w** —1)] = o and kT = 107 —8/3.
That is to say, (o, ko) satisfies the curve p = ¢(¢) and (7, k7) is on the straight line
q=10p —8/3.

o ke (0,28
In this case, ¢ > o(07) = 1/[10logw] > 0 and 0 < o(33) = 0.489--- < 1/2.
Moreover,
(34)
8 (k) _ 7(38)

8
= < —132 —0.984559--- < 1 0< ko <100 — —.
30— K)o a(k) — (2 = 7=y

zl
S~—"
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This gives (0,ko) € Ra;1 and So (0,ko) € Ry, C Di. On the other hand,

4 o 13 8
1—5—7'(O)<7'<7'(§)—2—7 and kT—lOT—g—q(T).

That is to say, (7,k7) € Ro4 C Es.

e ke [510).
Due to 7 > 7(5) = 8/15 > 1/2, (1,k7) € R14 C D;y. On the other hand,
o> 0o(5)=05119--- > 1/2 and

8 (k) _ 7(5) 8
= > =10418--->1 <= k 100 — =
3010 — K)o a(k) ~ o(5) ~ 7>y

which gives (0, ko) € R31 and (0, ko) € R;;l € Es.

o ke (—00,0).
In this case, we obtain 0 = 0(—00) < 0 < 0(07) =1/(10logw) = 0.3692- - - <
1/2. As in (34), it follows from 7(0)/0(0) < 1 that ko < 100 — 8/3, which
gives (0, ko) € R3 3 and so (o, ko) € ’R;‘d C Ds3. On the other hand, (1,k7) €
Riz2 C El follows from 0 < 7 < 7(0) = 4/15.

In the following, we shall prove that the constants are the sharp for each case.
We only give the proof for the case k € (0, 28] and others are similar.

713
58

For k € (0, 13, as in (34), one has 7 < 0. If p € (7,0), namely,

4 - 8 < log [10/(10 — k)] - 1
15 " 310k 7 klogw 2’
which can be simplified to

kpwkp

0@ 1) ~ L(kp),

8
0< kp<10 —3 and 0<p<

That is to say, (p, kp) € Ril C D4 N E3. By Theorem 12, it follows that

1
Hl—w*kl’(i;pa kp) < e

< Hup (25 p, kp)

holds for all 0 < |z| < 1 with the optimal parameters 1 — w™*? and Mp. For
(p,kp) € Ry, it follows from Theorem 11(4) and (26) that 1 — w™* < k/10
and Mr > k/10. Due to the monotonicity of o — H,(z;p, kp), the optimality of
parameters enables us to know that there exist two numbers #1,%2 € (0,1) such

that 12 12
R arcsl & R arcsl &y
Hyj10(21;5p, kp) > 7 and  Hy/10(22;p, kp) < Z

It is observed that p +— Hy,10(; p, kp) is strictly decreasing (increasing) on (—oo, 00)
for k > (<)0. This gives the sharpness of 7 and o. O
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By applying Proposition 14, we give the following corollaries.
Corollary 2. The inequality

arcslx

Hsg /65 (x5 ps, 58p3/13) < < Hag 65 (3 pa, 58pa/13)

holds for all 0 < |z| < 1 Zf and only prg [1310g(65/36)]/(58 logw) = 0.48903 - - -
and py < 13/27 = 0.48148 -
Corollary 3. The inequality

arcslx

Hi o (x5 s, 5ps5) < < Hi2(; ps, 5ps)

holds for all 0 < |z| < 1 if and only if ps > 8/15 = 0.5333--- and pg <
(log2)/(5logw) = 0.5119- - -.

Remark 15. By numerical experiments, we can show that & — Hy, /1o (Jc; o(k); k:a(k))
is strictly increasing on (—o00,10) and k +— Hy, /10 (2; 7(k); k7(k)) is strictly decreas-
ing on (—o0,10). Moreover, p — Hy,/10(z;p, kp) is strictly decreasing on (—oo,00)
for k£ > 0.

Based on these monotonicity properties, it follows from Corollaries 2 and 3
that

Hio1jo(@;1,1) < Hizayo(@ soiymy 1) < Hagges (210(35), 330(35))
arcslz
< Hagyes (25 7(28), 387(38)) < Hays(w; 5, L) < Hoys(a; 1, 1),
8

(35) H1/5( a27 )<H1/5( a(2), 0(2)) <H29/65( (%)7?20(?2))

arcslz
< H1/2(3C§U ) < Hy_y/(z; %71),
(36) H2/5( 3 2, ) < H2/5($ 0'( ) (4)) < H29/65(I,0(?§), %0’(%))
arcslx
<H1/2($;0' ) <H1 1/(.«)2 a%72)7

where the last inequal signs in (35) and (36) follow from numerical experiments.
Hence, Corollaries 2 and 3 give the great improvements for inequalities (3)-

(5)-
Remark 16. As z — 0T, by Taylor series, we have

arcslx 13 58 2212
_H L1990 16
x 29/65 (‘T 27’ 27> 78975 T @),

arcslz 8 8 12
—H R 16
33 1/2 (z 15’ 3> 1875 o),

which together with Corollaries 2 and 3 implies that Hyg /65 (= ( ; 27, 37) and

Hyjo ( : 185, 3) give the 12-order upper and lower bounds for (arcslz)/z, respec-
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