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ON THE SEIDEL INTEGRAL GRAPHS WHICH

BELONG TO THE CLASS αKa ∪ βKb,b

Mirko Lepović

We say that a simple graph G is Seidel integral if its Seidel spectrum consists
entirely of integers. In this work we establish a characterization of Seidel
integral graphs which belong to the class αKa ∪ βKb,b, where mG denotes
the m-fold union of the graph G.

1. INTRODUCTION

Let G be a simple graph of order n and let λ1 ≥ λ2 ≥ · · · ≥ λn be the
eigenvalues of its (0,1) adjacency matrix of G. The spectrum of G is the multiset
of its eigenvalues and is denoted by σ(G). A graph G is said to be integral if
its spectrum σ(G) consists only of integers [1]. The Seidel spectrum of G is the
multiset of eigenvalues λ∗

1 ≥ λ∗
2 ≥ · · · ≥ λ∗

n of its (0,−1, 1) adjacency matrix
A∗ = A∗(G) and is denoted by σ∗(G). A graph G is said to be Seidel integral
if its Seidel spectrum σ∗(G) consists only of integers. We say that an eigenvalue
µ is main if and only if ⟨j,Pj⟩ = n cos2 α > 0, where j is the main vector (with
coordinates equal to 1) and P is the orthogonal projection of the space Rn onto
the eigenspace EA(µ). The quantity β = | cosα| is called the main angle of µ.
Similarly, we say that a Seidel eigenvalue µ∗ is the Seidel main eigenvalue if and
only if ⟨j,P∗j⟩ = n cos2 α∗ > 0, where P∗ is the orthogonal projection of the space
Rn onto the eigenspace EA∗(µ∗). The quantity β∗ = | cosα∗| is called the Seidel
main angle of µ∗. In [1] was proved that the graph G and its complement G have the
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same number of main eigenvalues. We also know that |M(G)| = |M∗(G)|, where
M(G) and M∗(G) denote the sets of all main and the Seidel main eigenvalues of
G, respectively. In particular, if G is a graph of order n with k main eigenvalues
µ1, µ2, . . . , µk and Seidel main eigenvalues µ∗

1, µ
∗
2, . . . , µ

∗
k then n1+n2+ · · ·+nk = n

and n∗
1 + n∗

2 + · · ·+ n∗
k = n, where ni = nβ2

i and n∗
i = n(β∗

i )
2 for i = 1, 2, . . . , k.

Let G be a graph of order n with exactly two main eigenvalues µ1 and µ2

and let n1 = nβ2
1 and n2 = nβ2

2 .

Theorem 1 (Lepović [3]). Let G be a graph of order n with two main eigenvalues
µ1 and µ2. Then

(1) µ∗
1,2 =

n− 2− 2µ1 − 2µ2

2
±

√(
2µ1 − 2µ2 + n

)2 − 8n1

(
µ1 − µ2

)
2

.

Besides, we have

(2) n∗
1,2 =

n

2
±

n2 + 2
(
n− 2n1

)(
µ1 − µ2

)
2

√(
2µ1 − 2µ2 + n

)2 − 8n1

(
µ1 − µ2

) ,
where n∗

1 = n(β∗
1)

2 and n∗
2 = n(β∗

2)
2.

Further, let Kn and Km,n denote the complete graph and the complete bi-
partite graph, respectively. We know that σ(Kn) = {n−1,−1n−1} and σ(Km,n) =
{
√
mn , 0m+n−2,−

√
mn }, where the multiplicity of a multiple eigenvalue is given

in the form of an exponent. We note that αKa∪βKb,b is an integral graph with the
spectrum ασ(Ka)∪βσ(Kb,b) and with two main eigenvalues µa = a−1 and µb = b,
for any α, β, a, b ∈ N with a ̸= (b + 1), where mG and mσ(G) denote the m-fold
union of the graph G and the m-fold union of the the spectrum σ(G), respectively.
As is pointed out [3], if G is an integral graph then G is Seidel integral if and only if
the Seidel main spectrum of G contains integral values. Consequently, αKa∪βKb,b

is Seidel integral if and only if its largest Seidel main eigenvalue µ∗
1 ∈ N.

Next, (i) we have established in [4] a characterization of integral graphs which
belong to the class αKa ∪ βKb; (ii) we have established in [6] a characterization
of integral graphs which belong to the class αKa,a ∪ βKb,b and (iii) we have es-
tablished in [5] a characterization of integral graphs which belong to the class
αKa ∪ βKb,b. Besides, we have established in [7] a characterization of Seidel inte-
gral graphs which belong to the class αKa ∪ βKb and we have established in [8] a
characterization of Seidel integral graphs which belong to the class αKa,a ∪ βKb,b.
In this work we shall establish a characterization of Seidel integral graphs which
belong to the class αKa ∪ βKb,b.
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2. MAIN RESULTS

First, note that o = αa + 2βb is the order of αKa ∪ βKb,b. In the case that
a > (b+ 1) we find that µ1 = a− 1 and n1 = αa. Then, according to (1), we get

(3) µ∗
1 =

αa+ 2βb− 2(a+ b) + δ

2
and µ∗

2 =
αa+ 2βb− 2(a+ b)− δ

2
,

where δ =

√(
(α+ 2)a+ 2(β − 1)b− 2

)2 − 8αa
(
a− b− 1

)
. It is not difficult to see

that the same expression for δ is obtained if we assume µ1 = b. Using this fact, it
follows that αKa ∪ βKb,b is Seidel integral if and only if (α, β, a, b, δ) represents a
positive integral solution of the Diophantine equation

(4)
(
(α+ 2)a+ 2(β − 1)b− 2

)2 − 8αa
(
a− b− 1

)
= δ2 .

Therefore, the characterization of Seidel integral graphs which are related to the
class αKa ∪ βKb,b is reduced to the problem of finding the most general positive
solution of the equation (4).

Next, µ∗
1µ

∗
2 = 4µ1µ2 − 2(n1 − 1)µ2 − 2(n2 − 1)µ1 − (n − 1) for any G with

two main eigenvalues (see [3]). In the case that G = αKa ∪ βKb,b this relation is
transformed into

(5)
(
µ∗
1 − 1

)(
µ∗
2 − 1

)
+ 2(α− 2)a = 2ab(2− α− 2β) .

In what follows the symbol (m,n) denotes the greatest common divisor of
integers m,n while m | n means that m divides n. Using this notation, we proceed
to establish a characterization of Seidel integral graphs for the class αKa ∪ βKb,b

and give the list of all such graphs up to 25 vertices. The proof is based on the
following statement [2].

Theorem 2. The linear Diophantine equation ax+by = c has at least one solution
if and only if d | c where d = (a, b). In that case the most general solution of this
equation is given in the form

x =
c

d
x0 −

b

d
z and y =

c

d
y0 +

a

d
z (z ∈ Z) ,

where (x0, y0) represents a particular solution1 of the equation ax+ by = d.

Theorem 3. If αKa∪βKb,b is Seidel integral then it belongs to one of the following
classes of Seidel integral graphs

(6)

[
± (2t− 1)k

τ
x0 +

2m(2t− 1)

τ
z

]
Ka ∪

[
± (2t− 1)k

τ
y0 +

a

τ
z

]
(2n− 1)Kb,b ,

1A particular solution of the equation ax + by = d may be obtained by using the EUCLID
algorithm. In that case the coefficients a and b uniquely determine x0 and y0.
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where (i) a = ±
(
t + 2ℓn − (ℓ + n)

)
k + (2ℓ − 1)m + 1 and b = (2ℓ − 1)m; (ii)

t, k, ℓ,m, n ∈ N such that (m, 2n−1) = 1, (2n−1, 2t−1) = 1 and (2ℓ−1, 2t−1) = 1;
(iii) τ = (a, 2m(2t−1)) such that τ | (2t−1)k; (iv) (x0, y0) is a particular solution of
the linear Diophantine equation ax−2m(2t−1)y = τ and (v) z ≥ z0 where z0 is the

least integer such that
(
± (2t−1)k

τ x0+
2m(2t−1)

τ z0
)
≥ 1 and

(
± (2t−1)k

τ y0+
a
τ z0

)
≥ 1;

(7)

[
± 2kt

τ
x0 +

2mt

τ
z

]
Ka ∪

[
± 2kt

τ
y0 +

a

τ
z

]
(2n− 1)Kb,b ,

where (i) a = ±
(
t + ℓ(2n − 1)

)
k + ℓm + 1 and b = ℓm; (ii) t, k, ℓ,m, n ∈ N such

that (m, 2n − 1) = 1, (2n − 1, t) = 1, (ℓ, t) = 1 and (t + ℓ(2n − 1), 2) = 1; (iii)
τ = (a, 2mt) such that τ | 2kt; (iv) (x0, y0) is a particular solution of the linear
Diophantine equation ax− (2mt)y = τ and (v) z ≥ z0 where z0 is the least integer
such that

(
± 2kt

τ x0 +
2mt
τ z0

)
≥ 1 and

(
± 2kt

τ y0 +
a
τ z0

)
≥ 1;

(8)

[
± 2(2t− 1)k

τ
x0 +

(2m− 1)(2t− 1)

τ
z

]
Ka ∪

[
± 2(2t− 1)k

τ
y0 +

a

τ
z

]
nKb,b ,

where (i) a = ±
(
2t−1+2ℓn

)
k+(2m−1)ℓ+1 and b = (2m−1)ℓ; (ii) t, k, ℓ,m, n ∈ N

such that (2m− 1, 2n) = 1, (2n, 2t− 1) = 1 and (ℓ, 2t− 1) = 1; (iii) τ = (a, (2m−
1)(2t−1)) such that τ | 2(2t−1)k; (iv) (x0, y0) is a particular solution of the linear
Diophantine equation ax−(2m−1)(2t−1)y = τ and (v) z ≥ z0 where z0 is the least

integer such that
(
± 2(2t−1)k

τ x0+
(2m−1)(2t−1)

τ z0
)
≥ 1 and

(
± 2(2t−1)k

τ y0+
a
τ z0

)
≥ 1.

In these classes the symbol ’±’ is related to ’+’ if a > (b+ 1) and ’±’ is related to
’−’ if a ≤ b.

Proof. Let us assume that µ∗
1 ∈ N and let θ = ρ

φ so that µ∗
1−1 = θa and (ρ, φ) = 1.

Using (3) and (5) we obtain

µ∗
2 = −

2
(
α− 2

)
(b+ 1) + 4βb

θ
+ 1 and δ = θa+

2
(
α− 2

)
(b+ 1) + 4βb

θ
.

Then by a straightforward calculation it is not difficult to see that (4) may be

transformed in the form θ+2
θ = α(a−b−1)

θa−((α−2)(b+1)+2βb) . Let c be a constant such that

(1) α(a − b − 1) = c(θ + 2) and (2) θa − ((α − 2)(b + 1) + 2βb) = cθ. Combining
(1) and (2) we find that 2c = (α − θ)a + 2(β − 1)b − 2. Observe that 2c is an
integer because θa = (µ∗

1 − 1) ∈ N. Consequently, using (1) or (2) we arrive at
2α(a− b− 1) =

(
(α− θ)a+ 2(β − 1)b− 2

)
(θ + 2). Hence,

(9) (a− b− 1) = r
(
(α− θ)a+ 2(β − 1)b− 2

)
and (θ + 2) = 2rα ,

where r = s
t such that (s, t) = 1. Making use of (9), by an easy calculation we

obtain (3) 2rβb = (2r − 1)
(
rαa− (a− b− 1)

)
.

Using now the right-hand side of relation (9), note that 2rαa = µ∗
1 + 2a− 1

which shows that (2rαa) is integral and 2r − 1 = 2s−t
t > 0. Since 2βb = (2 −

1
r )

(
rαa− (a− b− 1)

)
(see (3)) it turns out that r | |a− b− 1|. Consider first the
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case when a > (b+1). With this condition we obtain (4) (a− b−1) = γr where (5)

γ = kt. Then (3) is reduced to the form (6) β = (2s−t)
b

(αa−kt)
2t . We shall consider

the following two cases:

Case 1. (t is odd). Let t → 2t − 1 where p → q means that ’p is replaced
with q’. Let (2s − (2t − 1), b) = 2ℓ − 1 and let m,n ∈ N such that (1.1) (2s −
(2t− 1)) = (2ℓ− 1)(2n− 1) and (1.2) b = (2ℓ− 1)m, where (m, 2n− 1) = 1. Since
(2s − (2t − 1), 2t − 1) = 1 according to (1.1) we obtain (2n − 1, 2t − 1) = 1 and

(2ℓ − 1, 2t − 1) = 1. Therefore, using (6) we have β = (αa−(2t−1)k)(2n−1)
2m(2t−1) . Since

(2m(2t−1), 2n−1) = 1 it follows that 2m(2t−1) | (αa− (2t−1)k). Consequently,
setting (1.3) αa− (2t−1)k = η(2m(2t−1)) we get (1.4) β = η(2n−1). We can see
that (1.3) represents a linear Diophantine equation in variables α and η. Of course,
if (a, 2m(2t−1)) = τ then (1.3) has at least one solution if and only if τ | (2t−1)k.
In this case, according to Proposition 2, we obtain that

α =
(2t− 1)k

τ
x0 +

2m(2t− 1)

τ
z and η =

(2t− 1)k

τ
y0 +

a

τ
z ,

where ax0 − 2m(2t − 1)y0 = τ . Finally, making use of (4), (5), and according to
(1.1), (1.2), (1.4) and the last relation, we get easily that a = (t+2ℓn− (ℓ+n))k+

(2ℓ−1)m+1 and β =
[
(2t−1)k

τ y0+
a
τ z

]
(2n−1), which provides the corresponding

class of integral graphs represented in (6).

Case 2. (t is even). Since (s, t) = 1 it follows that s is an odd number.
Let s → 2s − 1 and t → 2t. Let ((2s − 1) − t, b) = ℓ and let m,n ∈ N such that
(2.1) (2s− 1)− t = ℓn and (2.2) b = ℓm, where (m,n) = 1. Using (2.1) we obtain
2s − 1 = t + ℓn. Since 2s − 1 is an odd number it must be (t + ℓn, 2) = 1. Next,
since ((2s − 1) − t, t) = 1 according to (2.1) we obtain (n, t) = 1 and (ℓ, t) = 1.

Therefore, using (6) we have β = (αa−2kt)n
2mt . Consider the case when n is an odd

number. Setting n → 2n − 1 we have (2mt, 2n − 1) = 1, which provides that
2mt | (αa − 2kt). Consequently, setting (2.3) αa − 2kt = η(2mt) we get (2.4)
β = η(2n − 1). We can see that (2.3) represents a linear Diophantine equation in
variables α and η. Of course, if (a, 2mt) = τ then (2.3) has at least one solution if
and only if τ | 2kt. In this case, according to Proposition 2, we obtain that

α =
2kt

τ
x0 +

2mt

τ
z and η =

2kt

τ
y0 +

a

τ
z ,

where ax0 − (2mt)y0 = τ . Finally, making use of (4), (5), and according to (2.1),
(2.2), (2.4) and the last relation, we get easily that a = (t+ ℓ(2n− 1))k + ℓm+ 1

and β =
[
2kt
τ y0 +

a
τ z

]
(2n− 1), which provides the corresponding class of integral

graphs represented in (7). Consider the case when n is an even number. Setting
n → 2n note that m and t must be two odd numbers because (m, 2n) = 1 and
2s − 1 = t + ℓ(2n) (see (2.1)). Let m → 2m − 1 and t → 2t − 1. In view of

this, we obtain β = (αa−2(2t−1)k)n
(2m−1)(2t−1) . Since ((2m − 1)(2t − 1), n) = 1 it follows that

(2m− 1)(2t− 1) | (αa− 2(2t− 1)k). Consequently, setting (2.5) αa− 2(2t− 1)k =
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η(2m − 1)(2t − 1) we get (2.6) β = ηn. We can see that (2.5) represents a linear
Diophantine equation in variables α and η. Of course, if (a, (2m− 1)(2t− 1)) = τ
then (2.5) has at least one solution if and only if τ | 2(2t − 1)k. In this case,
according to Proposition 2, we obtain that

α =
2(2t− 1)k

τ
x0 +

(2m− 1)(2t− 1)

τ
z and η =

2(2t− 1)k

τ
y0 +

a

τ
z ,

where ax0 − (2m− 1)(2t− 1)y0 = τ . Finally, making use of (4), (5), and according
to (2.1), (2.2), (2.6) and the last relation, we get easily that a = (2t− 1 + 2ℓn)k +

(2m−1)ℓ+1 and β =
[
2(2t−1)k

τ y0+
a
τ z

]
n, which provides the corresponding class

of integral graphs represented in (8).

Consider the case when µ1 = b. Then we can see that (4) and (6) are

reduced to (b + 1) − a = γr and β = (2s−t)
b

(αa+kt)
2t , respectively. We also note

that if (x0, y0) is a particular solution of the equation ax− by = c then (−x0,− y0)
represents a particular solution of the equation by − ax = c. Keeping in mind
this fact and by using the same procedure applied in Cases 1 and 2, we easily
obtain the corresponding classes of integral graphs represented in (6), (7) and (8),
respectively.

Proposition 4. If αKa ∪ βKb,b is a Seidel integral graph then it uniquely deter-
mines the parameters τ, t, k, ℓ,m, n.

Proof. Assume that τ1, t1, k1, ℓ1,m1, n1 and τ2, t2, k2, ℓ2,m2, n2 determine the same
Seidel integral graph αKa ∪ βKb,b. Since the parameters α, β, a, b determine the
graph αKa ∪ βKb,b up to isomorphism, using the second equality of (9) we have
µ∗
1+2a−1 = 2rαa, which shows that s1 = t1 and s2 = t2 because (s, t) = 1. Accord-

ing to this, we note that the classes represented by relations (6), (7) and (8) are mu-
tually disjoint. Consequently, without loss of generality we can assume that the cor-
responding Seidel integral graph determined by the parameters τ1, t1, k1, ℓ1,m1, n1

and τ2, t2, k2, ℓ2,m2, n2 belongs to the class of integral graphs displayed in relation
(6). Next, using (4) and (5) we get k1 = k2. Since (2s − (2t − 1), b) = 2ℓ − 1
(see Case 1), we also have ℓ1 = ℓ2. Using (1.1) and (1.2) we obtain n1 = n2 and
m1 = m2. Finally, since (a, 2m(2t− 1)) = τ it follows that τ1 = τ2.

Remark 5. If (x0, y0) is obtained using the Euclid algorithm then a fixed Seidel
integral graph αKa ∪ βKb,b also uniquely determines the parameters x0, y0, z0, z.

Proposition 6. If αKa ∪ βKb,b is Seidel integral with µ∗
1 = 1 then it belongs to

the class of Seidel integral graphs Ka ∪K1,1 for any a ∈ N.

Proof. Let us assume that αKa ∪ βKb,b is Seidel integral with µ∗
1 = 1. Using (5)

we obtain b(2−α−2β) = α−2, which provides that b = 1, α = 1 and β = 1. Using
(3) we find that δ = a+ 2. Since δ = µ∗

1 − µ∗
2 we obtain µ∗

2 = −(a+ 1).

Theorem 7. If αKa ∪ βKb,b is Seidel integral with α = 1, β = 1 and b ≥ 2 then
it belongs to one of the following classes of Seidel integral graphs:
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(10) where (i) a = (2t−1)n, b = sm+1 and a ̸= b+1; (ii) m = 2x0+(2s+(2t−1))z
and n = 2y0 + (2t − 1)z; (iii) s, t ∈ N such that (2s, 2t − 1) = 1; (iv) (x0, y0) is a
particular solution of the linear Diophantine equation (2t−1)x−(2s+(2t−1))y = 1
and (v) z ≥ z0 where z0 is the least integer such that

(
2x0 + (2s+ (2t− 1))z0

)
≥ 1

and
(
2y0 + (2t− 1)z0

)
≥ 1;

(20) where (i) a = tn, b = (2s− 1)m+1 and a ̸= b+1; (ii) m = 2
τ x0+

(2s−1)+t
τ z

and n = 2
τ y0 + 2t

τ z; (iii) s, t ∈ N such that (2s − 1, 2t) = 1; (iv) (x0, y0) is a
particular solution of the linear Diophantine equation (2t)x − ((2s − 1) + t)y = τ ,
where τ = ((2s − 1) + t, 2t) and (v) z ≥ z0 where z0 is the least integer such that(

2
τ x0 +

(2s−1)+t
τ z0

)
≥ 1 and

(
2
τ y0 +

2t
τ z0

)
≥ 1.

Proof. Let us assume that αKa ∪ βKb,b is Seidel integral with α = 1, β = 1 and
b ≥ 2. Using (5) we find that (µ∗

1 − 1)(µ∗
2 − 1) = 2a(1 − b). Let µ∗

1 − 1 = (2a)r
where (s, t) = 1. Then

(10) µ∗
2 = − t

s

(
b− 1

)
+ 1 and δ =

(2a)s

t
+

t

s

(
b− 1

)
,

from which we obtain the following two cases:

Case 1. (t is odd). Let t → 2t − 1 where t ∈ N. Since µ∗
1 − 1 = (2s)a

2t−1 ,

µ∗
2 − 1 = − (2t−1)(b−1)

s and (2s, 2t− 1) = 1 it follows that (2t− 1) | a and s | (b− 1).
Setting (1.1) a = (2t − 1)n and (1.2) b − 1 = sm we obtain from (10) that µ∗

1 =
2sn+1, µ∗

2 = −(2t− 1)m+1 and δ = 2sn+(2t− 1)m. Using (3) we arrive at (1.3)
(2t−1)m− (2s+(2t−1))n = 2. We note that (1.3) represents a linear Diophantine
equation in variablesm and n. Of course, since (2t−1, 2s+(2t−1)) = 1 this equation
has at least one solution. Consequently, according to Theorem 2 we obtain that
m = 2x0+(2s+(2t−1))z and n = 2y0+(2t−1)z, where (2t−1)x0−(2s+(2t−1))y0 =
1. So we obtain the corresponding class of Seidel integral graphs displayed in (10).

Case 2. (t is even). Since (s, t) = 1 it follows that s is an odd number. Let

s → 2s− 1 and t → 2t where s, t ∈ N. Since µ∗
1 − 1 = (2s−1)a

t , µ∗
2 − 1 = − (2t)(b−1)

2s−1
and (2s−1, 2t) = 1 it follows that t | a and (2s−1) | (b−1). Setting (2.1) a = tn and
(2.2) b−1 = (2s−1)m we obtain from (10) that µ∗

1 = (2s−1)n+1, µ∗
2 = −2tm+1

and δ = (2s− 1)n+ 2tm. Using (3) we arrive at (2.3) (2t)m− ((2s− 1) + t)n = 2.
We note that (2.3) represents a linear Diophantine equation in variables m and
n. Of course, since (2t, (2s − 1) + t) = τ where τ = 1 or τ = 2, this equation
has at least one solution. Consequently, according to Theorem 2 we obtain that

m = 2
τ x0 +

(2s−1)+t
τ z and n = 2

τ y0 +
2t
τ z, where (2t)x0 − ((2s− 1) + t)y0 = τ . So

we obtain the corresponding class of Seidel integral graphs displayed in (20).

Proposition 8. If αKa ∪ βKb,b is a Seidel integral graph with α = 1, β = 1 and
b ≥ 2 then it uniquely determines the parameters m,n, s, t.

Proof. Let us assume that m1, n1, s1, t1 and m2, n2, s2, t2 determine the same Sei-
del integral graph αKa ∪ βKb,b with α = 1, β = 1 and b ≥ 2. Since the parameters
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α, β, a, b determine the graph αKa∪βKb,b up to isomorphism, using the first equal-
ity of (10) we have (µ∗

2 − 1)r = −(b − 1), which shows that s1 = s2 and t1 = t2
because (s, t) = 1. In view of this, we note that the classes represented by Theorem
7 (10) and (20) are mutually disjoint. Consequently, without loss of generality, we
can assume that the corresponding Seidel integral graph determined by the param-
eters m1, n1, s1, t1 and m2, n2, s2, t2 belong to the class Theorem 7 (10). Hence,
using (1.1) and (1.2) we have (2t1 − 1)n1 = (2t2 − 1)n2 and s1m1 = s2m2, which
provides that m1 = m2 and n1 = n2.

In order to demonstrate a procedure for obtaining the Seidel integral graphs
which belong to the class αKa ∪ βKb,b for a fixed Seidel main eigenvalue µ∗

1, we
prove the following two results:

Proposition 9. If αKa ∪ βKb,b is Seidel integral with µ∗
1 = 2 then it is K1 ∪K3,3

for any α, β, a, b ∈ N.

Proof. First, according to the proof of Theorem 3, we have µ∗
1 − 1 = θa. Using

that 2s− t > 0 and using the right-hand side of relation (9), we obtain

2a+ 1

αa
=

2s

t
> 1 ,

which provides that α = 1 or α = 2.

Case 1. (α = 1). Since 2a+1
2a = s

t and (2a+ 1, 2a) = 1, (s, t) = 1, we obtain
s = 2a+ 1 and t = 2a. Consider the case when a > (b+ 1). Using (6) we find that
a(1− 2k) < 0, a contradiction.

Consider the case when a ≤ b. Using (5) we find that µ∗
2−1 = 2a(b+1−2βb).

Since µ∗
1+µ∗

2 = αa+2βb−2(a+b) (see (3)), we easily obtain 2βb(2a+1)−2b(a+1) =
3(a + 1), which provides that β = 1. So we arrive at a(2b − 3) = 3 from which
we obtain that a = 1 and b = 3, which provides the Seidel integral graph given in
Proposition 9.

Case 2. (α = 2). Since 2a+1
4a = s

t and (2a+ 1, 4a) = 1, (s, t) = 1, we obtain
s = 2a+ 1 and t = 4a. Consider the case when a > (b+ 1). Using (6) we find that
2a(1− 2k) < 0, a contradiction.

Consider the case when a ≤ b. Using (5) we find that µ∗
2− 1 = −4abβ. Using

(3) we easily obtain 2b(2aβ + β − 1) = 3, a contradiction.

Proposition 10. If αKa ∪ βKb,b is Seidel integral with µ∗
1 = 3 then it is: (10)

K1 ∪K6,6 or (20) K2 ∪K4,4 or (30) 2K1 ∪K2,2 for any α, β, a, b ∈ N.

Proof. Using that µ∗
1 − 1 = θa and using the right-hand side of relation (9), we

find that 2a+2
αa = 2s

t , which provides that α = 1 or α = 2 or α = 3.

Case 1. (α = 1). Since a+1
a = s

t and (a + 1, a) = 1, (s, t) = 1, we obtain
s = a + 1 and t = a. Consider the case when a > (b + 1). Using (6) we find that
a(1− k) ≤ 0, a contradiction.
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Consider the case when a ≤ b. Using (5) we find that µ∗
2−1 = a(b+1−2βb).

Using (3) we easily obtain 2a+4 = 2βb(a+1)− b(a+2). In view of this, it follows
that β = 1 or β = 2. Indeed, if we assume that β ≥ 3 then

2a+ 4 ≥ 6b(a+ 1)− b(a+ 2) = 5ab+ 4b ,

a contradiction. Consider the case when when β = 2. Then 2a+4 = 3ab+2b which
provides that b = 1. Then 2a + 4 = 3a + 2 which yields a = 2, a contradiction
because a ≤ b. Consider the case when β = 1. Then we get a(b − 2) = 4 from
which we obtain integral solutions a = 1, b = 6 or a = 2, b = 4, which provides the
Seidel integral graphs given in Proposition 10 (10) and (20), respectively.

Case 2. (α = 2). Consider the case when a > (b + 1). We note that
(a + 1, 2a) = 1 or (a + 1, 2a) = 2. Consider the case when (a + 1, 2a) = 1. Since
a+1
2a = s

t and (s, t) = 1, we obtain s = a + 1 and t = 2a. Using (6) we find that
2a(1 − k) ≤ 0, a contradiction. Consider the case when (a + 1, 2a) = 2. In this
situation a is an odd number. Let a = 2ε + 1 where ε ∈ N. Since ε+1

2ε+1 = s
t

and (2ε + 1, ε + 1) = 1, (s, t) = 1, we obtain s = ε + 1 and t = 2ε + 1. Then
(αa− kt) = (2− k)(2ε+ 1), which provides that k = 1. Using (6) we get

β =
2(ε+ 1)− (2ε+ 1)

2b
· (2− 1)(2ε+ 1)

2ε+ 1
,

form which we obtain 2βb = 1, a contradiction.

Consider the case when a ≤ b. Using (5) we find that µ∗
2− 1 = −2abβ. Using

(3) we easily obtain (aβ+β− 1)b = 2, which provides that β = 1, a = 1 and b = 2.
In view of this, we obtain the Seidel integral graph given in Proposition 10 (30).

Case 3. (α = 3). In this situation we have a = 1 and a ≤ b. Using (5) we
find that µ∗

2 − 1 = −(2βb + b + 1). Using (3) we easily obtain 2 = (4β − 1)b, a
contradiction.

Theorem 11. If αKa∪βKb,b is Seidel integral with µ∗
1 = 2a+1 then it belongs to

one of the following classes of Seidel integral graphs: (10) Ka ∪ (β + 1)Kb,b where
a = (4β+1)m−1 and b = 3m or (20) Ka∪3βKb,b where a = (4β−1)m−1 and b =
m or (30) Ka∪Kb,b where a = m and b = 3(m+1) or (40) 2Ka∪(β+1)Kb,b where
a = (2β + 1)m− 1 and b = m or (50) 2Ka ∪Kb,b where a = m and b = m+ 1 or
(60) 3Ka ∪ βKb,b where a = (4β − 1)m− 1 and b = m for any β,m ∈ N.

Proof. Let us assume that αKa ∪ βKb,b is Seidel integral with µ∗
1 = 2a+1. Using

that µ∗
1−1 = θa we obtain θ = 2. Using the right-hand side of relation (9), we find

that 2rα = 4. Since 2r > 1 it follows that α = 1 or α = 2 or α = 3.

Case 1. (α = 1). In this situation s = 2 and t = 1. Consider the case
when a > (b + 1). Using (4) and (5) we find that a = 2k + b + 1. Using (6) we

obtain β = 3(k+b+1)
2b . Consider the case when 3 | b. Setting b = 3m we obtain

β = 1 + k+m+1
2m , which provides that 2m | (k +m+ 1). Setting2 k +m+ 1 = 2mℓ

2Setting k +m+ 1 = 2mℓ note that αKa ∪ βKb,b is reduced to the regular graph K4 ∪ 2K3,3

for ℓ = 1 and m = 1. Of course, since a ̸= b+ 1 this case is excluded.
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we obtain that k = (2ℓ− 1)m− 1 and β = ℓ+1. Replacing ℓ with β we obtain the
corresponding class of Seidel integral graphs displayed in (10). Consider the case
when 3 ∤ b. In this situation 2b | (k+ b+1). Setting k+ b+1 = 2bℓ we obtain that
k = (2ℓ− 1)b− 1 and β = 3ℓ. Replacing ℓ with β and replacing b with m we obtain
the corresponding class of Seidel integral graphs displayed in (20).

Consider the case when a ≤ b. Using (5) we find that µ∗
2 − 1 = b(1− 2β) + 1.

Using (3) we easily obtain 3(a + 1) = (4β − 3)b. Consider the case when 3 | b.
Setting b = 3(m+1) we obtain a = (4β− 3)(m+1)− 1. Since a ≤ b it follows that
β = 1. So we obtain the corresponding class of Seidel integral graphs displayed
in (30). Consider the case when 3 ∤ b. Of course, in this case 3 | (4β − 3) which
provides that 3 | β. Setting β = 3m we obtain a+ 1 = (4m− 1)b, a contradiction
because a ≤ b.

Case 2. (α = 2). In this situation s = 1 and t = 1. Consider the case when
a > (b + 1). Using (4) and (5) we find that a = k + b + 1. Using (6) we obtain
β = 2b+k+2

2b . Then 2b | (k+ 2) which provides that k+ 2 = 2bℓ. In view of this, we
find that k = 2bℓ− 2 and β = ℓ+1. Replacing ℓ with β and replacing b with m we
obtain the corresponding class of Seidel integral graphs displayed in (40).

Consider the case when a ≤ b. Using (5) we find that µ∗
2 − 1 = −2βb. Using

(3) we easily obtain a+1 = (2β− 1)b. Since a ≤ b it follows that β = 1. Replacing
b with m+ 1 we obtain the corresponding class of Seidel integral graphs displayed
in (50).

Case 3. (α = 3). In this situation s = 2 and t = 3. Consider the case when
a > (b + 1). Using (4) and (5) we find that a = 2k + b + 1. Using (6) we obtain
β = k+b+1

2b . Setting k + b + 1 = 2bℓ we obtain that k = (2ℓ − 1)b − 1 and β = ℓ.
Replacing ℓ with β and replacing b with m we obtain the corresponding class of
Seidel integral graphs displayed in (60).

Finally, consider the case when a ≤ b. Using (5) we find that µ∗
2 − 1 =

−b(2β+1)− 1. Using (3) we easily obtain a+1 = (4β− 1)b, a contradiction. This
completes the proof.

Theorem 12. If αKa ∪ βKb,b is Seidel integral with µ∗
1 = a+ 1 then it belongs to

one of the following classes of Seidel integral graphs: (10) Ka ∪ (β + 1)Kb,b where
a = (3β + 1)m − 2 and b = m or (20) Ka ∪Kb,b where a = m and b = m + 2 or
(30) 2Ka ∪ βKb,b where a = 2(3β − 1)m− 2 and b = m for any β,m ∈ N.

Proof. Let us assume that αKa ∪ βKb,b is Seidel integral with µ∗
1 = a+ 1. Using

that µ∗
1−1 = θa we obtain θ = 1. Using the right-hand side of relation (9), we find

that 2rα = 3. Since 2r > 1 it follows that α = 1 or α = 2.

Case 1. (α = 1). In this situation s = 3 and t = 2. Consider the case when
a > (b + 1). Using (4) and (5) we find that a = 3k + b + 1. Using (6) we obtain
β = b+k+1

b . Setting k+1 = ℓb we obtain that k = ℓb−1 and β = ℓ+1. Replacing ℓ
with β and replacing b with m we obtain the corresponding class of Seidel integral
graphs displayed in (10).

Consider the case when a ≤ b. Using (5) we find that µ∗
2 − 1 = 2(b+1− 2β).
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Using (3) we easily obtain a+2 = (3β− 2)b, which provides that β = 1. Replacing
b with m+ 2 we obtain the corresponding class of Seidel integral graphs displayed
in (20).

Case 2. (α = 2). In this situation s = 3 and t = 4. Consider the case when
a > (b + 1). Using (4) and (5) we find that a = 3k + b + 1. Using (6) we obtain
β = k+b+1

2b . Setting k + b + 1 = 2bℓ we obtain that k = (2ℓ − 1)b − 1 and β = ℓ.
Replacing ℓ with β and replacing b with m we obtain the corresponding class of
Seidel integral graphs displayed in (30).

Consider the case when a ≤ b. Using (5) we find that µ∗
2 − 1 = −4βb. Using

(3) we easily obtain a+ 2 = 2(3β − 1)b, a contradiction.

Theorem 13. If (α, β, a, b, δ) is a positive integral solution of the Diophantine
equation (4) then it could be represented by one of the following forms:

• a = ±
(
t+ 2ℓn− (ℓ+ n)

)
k + (2ℓ− 1)m+ 1 and b = (2ℓ− 1)m ;

• α = ± (2t− 1)k

τ
x0 +

2m(2t− 1)

τ
z ;

• β =

[
± (2t− 1)k

τ
y0 +

a

τ
z

]
(2n− 1) ;

• δ = ± (2ℓ− 1)(2n− 1)k +

[
± (2t− 1)k

τ
y0 +

a

τ
z

]
4
(
t+ 2ℓn− (ℓ+ n)

)
m ,

with the same conditions (ii)–(v) which are related to (6);

• a = ±
(
t+ ℓ(2n− 1)

)
k + ℓm+ 1 and b = ℓm ;

• α = ±2kt

τ
x0 +

2mt

τ
z ;

• β =

[
± 2kt

τ
y0 +

a

τ
z

]
(2n− 1) ;

• δ = ± 2kℓ(2n− 1) +

[
± 2kt

τ
y0 +

a

τ
z

]
2
(
t+ ℓ(2n− 1)

)
m ,

with the same conditions (ii)–(v) which are related to (7);

• a = ±
(
2t− 1 + 2ℓn

)
k + (2m− 1)ℓ+ 1 and b = (2m− 1)ℓ ;

• α = ±2(2t− 1)k

τ
x0 +

(2m− 1)(2t− 1)

τ
z ;

• β =

[
± 2(2t− 1)k

τ
y0 +

a

τ
z

]
n ;

• δ = ± 4kℓn+

[
± 2(2t− 1)k

τ
y0 +

a

τ
z

](
2t− 1 + 2ℓn

)
(2m− 1) ,

with the same conditions (ii)–(v) which are related to (8).
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Proof. According to Theorem 3 it suffices to derive the expression for δ. First,
from (3) we have (i) µ∗

1 − µ∗
2 = δ and (ii) µ∗

1 + µ∗
2 = αa+2βb− 2(a+ b). Using (i),

(ii) and the equality µ∗
1 = 2rαa−(2a−1) (see (9)), by a straightforward calculation

we obtain that δ = 4rαa− (αa+ 2βb)− 2(a− b− 1).

Case 1. (t is odd). Using
(
(4) and (5)

)
, (1.1), (1.2), (1.3) and (1.4), we

obtain that a − b − 1 = ± ks, s = t + 2ℓn − (ℓ + n), b = (2ℓ − 1)m, αa =
± k(2t− 1) + 2ηm(2t− 1), rαa = ± ks+ 2ηms and β = η(2n− 1). So we find that
δ = ± (2ℓ − 1)(2n − 1)k + 4ηm

(
t + 2ℓn − (ℓ + n)

)
, which provides the statement

related to (6).

Case 2. (t is even). Using
(
(4) and (5)

)
, (2.1), (2.2), (2.3) and (2.4), we

obtain that a−b−1 = ± k(2s−1), 2s−1 = t+ℓn, b = ℓm, αa = ± k(2t)+ηm(2t) and
rαa = ± k(2s−1)+ηm(2s−1). Consider the case when n is an odd number. In this
case we have β = η(2n−1). So we find that δ = ± 2kℓ(2n−1)+2ηm

(
t+ℓ(2n−1)

)
,

which provides the statement related to (7). Finally, consider the case when n is
an even number. In this case we have 2s − 1 = (2t − 1) + 2ℓn, b = (2m − 1)ℓ,
αa = ± 2k(2t−1)+η(2m−1)(2t−1), 2rαa = ± 2k(2s−1)+η(2m−1)(2s−1) and
β = ηn. So we find that δ = ± 2kℓ(2n − 1) + 2ηm

(
t + ℓ(2n − 1)

)
, which provides

the statement related to (8).

3. APPENDIX

In this section we present the data given in Tables 1– 6, which represent the
set of all Seidel integral graphs from the class αKa ∪ βKb,b whose order does not
exceed 25. In these tables a Seidel integral graph is described by the parameters
α, β, a, b and ones presented in the classes of Seidel integral graphs in Theorem 3.
In Tables 1– 6 the symbol ’i’ is the identification number of an integral graph.

The Tables 1, 2 and 3 contains the Seidel integral graphs from the class
αKa ∪ βKb,b with a > (b + 1) whose order does not exceed 25, which belong to
the classes Theorem 3 (6), (7) and (8), respectively. Therefore, there exits exactly
33 + 8 + 7 = 48 non-isomorphic Seidel integral graphs which belong to the class
αKa ∪ βKb,b with a > (b+ 1) whose order does not exceed 25.

The3 Tables 4, 5 and 6 contains the Seidel integral graphs from the class
αKa ∪ βKb,b with a ≤ b whose order does not exceed 25, which belong to the
classes Theorem 3 (6), (7) and (8), respectively. Therefore, there exits exactly
30 + 12 + 10 = 52 non-isomorphic Seidel integral graphs with a ≤ b whose order
does not exceed 25. In view of this, there exist exactly 48+52 = 100 non-isomorphic
Seidel integral graphs which belong to the class αKa ∪ βKb,b whose order does not
exceed 25.

3In Tables 4, 5 and 6 a particular solution (x0, y0) is related to the corresponding Diophantine
equation −(ax− by) = d.
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Table 1. Integral graphs with o ≤ 25 and a > (b+ 1) belonging to the class (6)

i x0 y0 z o α β a b τ t k ℓ m n µ∗
1 µ∗

2

1 1 1 0 5 1 1 3 1 1 1 1 1 1 1 1 – 4
2 0 – 1 1 6 1 1 4 1 2 1 2 1 1 1 1 – 5
3 1 2 – 1 7 1 1 5 1 1 1 3 1 1 1 1 – 6
4 0 – 1 1 8 1 1 6 1 2 1 4 1 1 1 1 – 7
5 1 3 – 2 9 1 1 7 1 1 1 5 1 1 1 1 – 8
6 0 – 1 1 10 1 1 8 1 2 1 6 1 1 1 1 – 9
7 1 4 – 3 11 1 1 9 1 1 1 7 1 1 1 1 – 10
8 0 – 1 1 12 1 1 10 1 2 1 8 1 1 1 1 – 11
9 1 5 – 4 13 1 1 11 1 1 1 9 1 1 1 1 – 12

10 0 – 1 1 14 1 1 12 1 2 1 10 1 1 1 1 – 13
11 0 – 1 2 14 2 1 6 1 6 2 2 1 1 1 5 – 5
12 0 – 1 2 14 2 3 4 1 2 1 2 1 1 1 9 – 5
13 1 6 – 5 15 1 1 13 1 1 1 11 1 1 1 1 – 14
14 0 – 1 1 16 1 1 14 1 2 1 12 1 1 1 1 – 15
15 1 7 – 6 17 1 1 15 1 1 1 13 1 1 1 1 – 16
16 – 1 – 1 2 17 3 1 5 1 5 3 1 1 1 1 9 – 4
17 1 1 0 17 1 3 5 2 1 1 1 1 2 2 11 – 8
18 1 1 1 17 3 4 3 1 1 1 1 1 1 1 13 – 4
19 0 – 1 1 18 1 1 16 1 2 1 14 1 1 1 1 – 17
20 1 1 0 18 2 2 5 2 1 1 2 1 2 1 11 – 7
21 – 1 0 1 21 7 1 1 7 1 1 7 1 7 1 13 – 8
22 – 1 0 2 21 9 2 1 3 1 1 3 1 3 1 17 – 4

23 5 2 – 1 19 3 1 5 2 1 2 1 1 2 1 11 – 6
24 0 – 1 1 20 1 1 18 1 2 1 16 1 1 1 1 – 19
25 0 – 1 2 20 2 4 6 1 2 1 4 1 1 1 13 – 7
26 1 9 – 8 21 1 1 19 1 1 1 17 1 1 1 1 – 20
27 0 – 1 1 22 1 1 20 1 2 1 18 1 1 1 1 – 21
28 0 – 1 3 22 3 2 6 1 6 2 2 1 1 1 13 – 5
29 0 – 1 3 22 3 5 4 1 2 1 2 1 1 1 17 – 5
30 1 10 – 9 23 1 1 21 1 1 1 19 1 1 1 1 – 22
31 0 – 1 1 24 1 1 22 1 2 1 20 1 1 1 1 – 23
32 1 11 – 10 25 1 1 23 1 1 1 21 1 1 1 1 – 24
33 1 2 0 25 1 10 5 1 1 1 1 1 1 3 21 – 8
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Table 2. Integral graphs with o ≤ 25 and a > (b+ 1) belonging to the class (7)

i x0 y0 z o α β a b τ t k ℓ m n µ∗
1 µ∗

2

1 0 – 1 1 14 1 2 6 2 2 1 1 2 1 1 7 – 9
2 – 1 – 1 1 16 2 1 6 2 2 2 1 1 2 1 7 – 7
3 0 – 1 1 18 1 3 12 1 4 2 2 1 1 2 7 – 15
4 0 – 1 1 20 1 1 12 4 6 3 1 4 1 1 5 – 17
5 0 – 1 2 20 2 2 8 1 4 2 2 1 1 1 9 – 7
6 1 1 0 24 1 1 12 6 4 2 1 3 2 1 7 – 19
7 0 – 1 2 24 2 1 10 2 10 5 1 2 1 1 9 – 9
8 0 – 1 1 24 1 3 12 2 2 1 3 2 1 1 13 – 17

Table 3. Integral graphs with o ≤ 25 and a > (b+ 1) belonging to the class (8)

i x0 y0 z o α β a b τ t k ℓ m n µ∗
1 µ∗

2

1 0 – 1 1 11 1 3 5 1 1 1 1 1 1 1 6 – 7
2 0 – 1 1 13 1 2 9 1 3 2 1 1 1 2 4 – 11
3 0 – 1 1 16 1 4 8 1 1 1 2 1 1 1 9 – 11
4 0 – 1 1 21 1 1 15 3 5 3 1 3 1 1 4 – 19
5 0 – 1 1 21 1 5 11 1 1 1 3 1 1 1 12 – 15
6 1 3 – 1 22 1 2 10 3 1 1 2 1 2 1 11 – 15
7 0 – 1 1 23 1 4 15 1 5 3 1 1 1 4 10 – 19

There exist exactly 3 non-isomorphic Seidel integral graphs with α = 1, β = 1,
b ≥ 2 and a > (b+1), which belong to the class αKa ∪ βKb,b whose order does not
exceed 25. They are represented in Table 2 under identification numbers i = 4, 6
and in Table 3 under identification number i = 4.

Graphs represented in Table 4 with identification numbers i = 8, 16, 20 are
Seidel integral graphs with α = 1, β = 1 and b ≥ 2. Graphs represented in Table 5
with identification numbers i = 1, 4, 7, 10 are Seidel integral graphs with α = 1,
β = 1 and b ≥ 2. Graphs represented in Table 6 with identification numbers i = 1,
2, 4, 6, 9 are Seidel integral graphs with α = 1, β = 1 and b ≥ 2. Therefore, there
exits exactly 3 + 4 + 5 = 12 non-isomorphic Seidel integral graphs with α = 1,
β = 1, b ≥ 2 and a ≤ b whose order does not exceed 25. In view4 of this, there
exist exactly 3 + 12 = 15 non-isomorphic Seidel integral graphs with α = 1, β = 1
and b ≥ 2, which belong to the class αKa ∪ βKb,b whose order does not exceed 25.

4There exist exactly 3 non-isomorphic Seidel integral graphs which belong to the class Theorem
7 (10) whose order does not exceed 25. They are represented in Table 4 under identification
numbers i = 8, 16, 20. There exist exactly 12 non-isomorphic Seidel integral graphs which belong
to the class Theorem 7 (20) whose order does not exceed 25. In particular, they are represented
(i) in Table 2 under identification numbers i = 4, 6; (ii) in Table 3 under identification number
i = 4; (iii) in Table 5 under identification numbers i = 1, 4, 7, 10 and (iv) in Table 6 under
identification numbers i = 1, 2, 4, 6, 9.
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There exist exactly 7 non-isomorphic Seidel integral graphs with µ∗
1 = 2a+1

and a > (b+1), which belong to the class αKa∪βKb,b whose order does not exceed
25. They are represented in Table 1 under identification numbers i = 12, 17, 20,
21, 23, 25, 28.

There exist exactly 7 non-isomorphic Seidel integral graphs with µ∗
1 = 2a+1

and a ≤ b, which belong to the class αKa ∪ βKb,b whose order does not exceed 25.
They are represented in Table 4 under identification numbers i = 2, 5, 8, 10, 17, 20,
23. In view5 of this, there exist exactly 7 + 7 = 14 non-isomorphic Seidel integral
graphs with µ∗

1 = 2a+ 1, which belong to the class αKa ∪ βKb,b whose order does
not exceed 25.

There exist exactly 8 non-isomorphic Seidel integral graphs with µ∗
1 = a+ 1

and a > (b+1), which belong to the class αKa∪βKb,b whose order does not exceed
25. They are represented in Table 2 under identification numbers i = 1, 2, 5, 8 and
in Table 3 under identification numbers i = 1, 3, 5, 6.

There exist exactly 7 non-isomorphic Seidel integral graphs with µ∗
1 = a+ 1

and a ≤ b, which belong to the class αKa ∪ βKb,b whose order does not exceed 25.
They are represented in Table 5 under identification numbers i = 1, 4, 7 and in
Table 6 under identification numbers i = 1, 2, 4, 9. In view6 of this, there exist
exactly 8 + 7 = 15 non-isomorphic Seidel integral graphs with µ∗

1 = a + 1, which
belong to the class αKa ∪ βKb,b whose order does not exceed 25.

5In particular, (i) there is no Seidel integral graph with µ∗
1 = 2a+1 which belong to the class

Theorem 11 (10) whose order does not exceed 25; (ii) there exist exactly 2 non-isomorphic Seidel
integral graphs which belong to the class Theorem 11 (20) whose order does not exceed 25. They
are represented in Table 1 under identification numbers i = 17, 21; (iii) there exist exactly 2 non-
isomorphic Seidel integral graphs which belong to the class Theorem 11 (30) whose order does
not exceed 25. They are represented in Table 4 under identification numbers i = 8, 20; (iv) there
exist exactly 3 non-isomorphic Seidel integral graphs which belong to the class Theorem 11 (40)
whose order does not exceed 25. They are represented in Table 1 under identification numbers
i = 12, 20, 25; (v) there exist exactly 5 non-isomorphic Seidel integral graphs which belong to the
class Theorem 11 (50) whose order does not exceed 25. They are represented in Table 4 under
identification numbers i = 2, 5, 10, 17, 23 and (vi) there exist exactly 2 non-isomorphic Seidel
integral graphs which belong to the class Theorem 11 (60) whose order does not exceed 25. They
are represented in Table 1 under identification numbers i = 23, 28. In view of this, there exist
exactly 0 + 2 + 2+ 3+ 5+ 2 = 14 non-isomorphic Seidel integral graphs with µ∗

1 = 2a+ 1, which
belong to the class αKa ∪ βKb,b whose order does not exceed 25.

6There exist exactly 6 non-isomorphic Seidel integral graphs which belong to the class Theorem
12 (10) whose order does not exceed 25. They are represented in Table 2 under identification
numbers i = 1, 8 and in Table 3 under identification numbers i = 1, 3, 5, 6. There exist exactly
7 non-isomorphic Seidel integral graphs which belong to the class Theorem 12 (20) whose order
does not exceed 25. They are represented in Table 5 under identification numbers i = 1, 4, 7 and
in Table 6 under identification numbers i = 1, 2, 4, 9. There exist exactly 2 non-isomorphic Seidel
integral graphs which belong to the class Theorem 12 (30) whose order does not exceed 25. They
are represented in Table 2 under identification numbers i = 2, 5.
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Table 4. Integral graphs with o ≤ 25 and a ≤ b belonging to the class (6)

i x0 y0 z o α β a b τ t k ℓ m n µ∗
1 µ∗

2

1 – 1 0 1 3 1 1 1 1 1 1 1 1 1 1 1 – 2
2 – 1 0 1 6 2 1 1 2 1 1 2 1 2 1 3 – 3
3 – 1 0 2 7 3 2 1 1 1 1 1 1 1 1 5 – 2
4 – 1 0 1 9 3 1 1 3 1 1 3 1 3 1 5 – 4
5 – 1 0 1 10 2 1 2 3 2 1 2 1 3 1 5 – 5
6 – 1 0 3 11 5 3 1 1 1 1 1 1 1 1 9 – 2
7 – 1 0 1 12 4 1 1 4 1 1 4 1 4 1 7 – 5
8 – 1 0 1 13 1 1 1 6 1 1 3 2 2 1 3 – 4
9 – 1 0 1 13 9 1 1 2 1 2 1 1 2 1 11 – 4

10 5 2 – 1 14 2 1 3 4 1 1 2 1 4 1 7 – 7
11 – 1 0 2 14 6 2 1 2 1 1 2 1 2 1 11 – 3
12 – 1 0 1 15 5 1 1 5 1 1 5 1 5 1 9 – 6
13 – 1 0 1 15 3 3 1 2 1 1 1 1 2 2 11 – 2
14 – 1 0 4 15 7 4 1 1 1 1 1 1 1 1 13 – 2

15 – 1 0 1 16 3 1 2 5 2 1 4 1 5 1 9 – 7
16 – 1 0 1 17 1 1 3 7 3 2 1 4 1 1 5 – 8
17 2 1 0 18 2 1 4 5 2 1 2 1 5 1 9 – 9
18 – 1 0 1 18 6 1 1 6 1 1 6 1 6 1 11 – 7
19 – 1 0 5 19 9 5 1 1 1 1 1 1 1 1 17 – 2
20 – 1 0 1 20 1 1 2 9 2 1 4 2 3 1 5 – 7
21 – 1 0 1 21 7 1 1 7 1 1 7 1 7 1 13 – 8
22 – 1 0 2 21 9 2 1 3 1 1 3 1 3 1 17 – 4
23 7 3 – 1 22 2 1 5 6 1 1 2 1 6 1 11 – 11
24 – 1 0 1 22 4 1 2 7 2 1 6 1 7 1 13 – 9
25 – 1 0 2 22 5 2 2 3 2 1 2 1 3 1 17 – 5
26 – 1 0 3 22 10 3 1 2 1 1 2 1 2 1 19 – 3
27 – 1 – 1 1 23 1 2 3 5 1 1 1 3 1 1 13 – 6
28 9 2 – 3 23 3 1 3 7 1 1 5 1 7 1 13 – 10
29 – 1 0 6 23 11 6 1 1 1 1 1 1 1 1 21 – 2
30 – 1 0 1 24 8 1 1 8 1 1 8 1 8 1 15 – 9
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Table 5. Integral graphs with o ≤ 25 and a ≤ b belonging to the class (7)

i x0 y0 z o α β a b τ t k ℓ m n µ∗
1 µ∗

2

1 – 1 0 1 10 1 1 2 4 2 1 1 2 2 1 3 – 5
2 – 1 0 1 14 2 1 1 6 1 1 2 2 3 1 5 – 5
3 – 1 0 1 14 8 1 1 3 1 2 1 1 3 1 11 – 5
4 1 1 0 16 1 1 4 6 2 1 1 2 3 1 5 – 9
5 – 1 0 1 16 2 1 2 6 2 2 1 3 2 1 7 – 7
6 – 1 0 1 20 6 1 2 4 2 2 1 1 4 1 15 – 7
7 1 1 0 22 1 1 6 8 2 1 1 2 4 1 7 – 13
8 – 1 0 1 22 3 1 2 8 2 3 1 4 2 1 11 – 9
9 – 1 0 2 22 3 2 2 4 2 1 1 2 2 1 15 – 5
10 – 1 0 1 24 1 1 4 10 4 2 1 5 2 1 7 – 11
11 – 1 0 1 24 2 1 2 10 2 1 3 2 5 1 9 – 9
12 – 1 0 1 24 6 1 2 6 2 3 1 2 3 1 17 – 9

Table 6. Integral graphs with o ≤ 25 and a ≤ b belonging to the class (8)

i x0 y0 z o α β a b τ t k ℓ m n µ∗
1 µ∗

2

1 – 1 0 1 7 1 1 1 3 1 1 1 1 2 1 2 – 3
2 3 2 – 1 13 1 1 3 5 1 1 1 1 3 1 4 – 7
3 – 1 0 2 16 4 2 1 3 1 1 1 1 2 1 11 – 3

4 4 3 – 1 19 1 1 5 7 1 1 1 1 4 1 6 – 11
5 – 1 0 1 19 9 1 1 5 1 2 1 1 3 1 14 – 7
6 – 1 0 1 21 1 1 1 10 1 1 2 2 3 1 4 – 5
7 – 1 0 1 21 3 1 1 9 1 1 3 1 5 1 8 – 7
8 – 1 0 1 23 3 2 1 5 1 1 1 1 3 2 14 – 3
9 5 4 – 1 25 1 1 7 9 1 1 1 1 5 1 8 – 15
10 – 1 0 3 25 7 3 1 3 1 1 1 1 2 1 20 – 3
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Table 7. Distribution of integral graphs with o = 1, 2, . . . , 400

00300,01 00501,00 00601,01 00701,02 00801,00 00901,01 01001,02

01102,01 01201,01 01302,03 01404,04 01501,03 01603,04 01704,01

01804,02 01902,03 02004,02 02103,04 02204,07 02302,04 02404,04

02502,02 02609,04 02704,04 02806,07 02903,04 03006,06 03104,06

03208,04 03304,03 03408,13 03503,05 03610,05 03706,04 03815,09

03905,05 04007,04 04109,02 04208,10 04305,05 04414,10 04502,06

04616,14 04707,04 04812,09 04904,05 05011,07 05107,06 05214,16

05305,04 05416,15 05503,08 05612,08 05708,08 05816,16 05906,08

06009,10 06105,09 06225,17 06307,11 06414,11 06508,04 06620,15

06710,09 06824,12 06907,05 07015,17 07107,06 07214,13 07310,06

07415,13 07508,08 07621,21 07709,08 07819,17 07903,12 08015,12

08108,05 08217,15 08309,03 08421,14 08507,04 08634,23 08710,08

08823,17 08908,04 09020,15 09105,11 09230,25 09309,17 09430,26

09504,07 09624,18 09713,14 09813,17 09910,06 10020,23 10116,02

10226,17 10312,10 10423,13 10512,12 10621,21 10715,11 10829,21

10911,09 11029,13 11111,11 11221,23 11312,08 11434,29 11509,10

11640,20 11708,12 11834,29 11908,12 12023,19 12109,10 12230,26

12311,12 12434,34 12510,14 12626,24 12713,10 12832,17 12912,13

13019,22 13108,06 13235,23 13309,15 13431,23 13508,14 13631,34

13713,06 13838,30 13906,12 14034,25 14111,09 14236,28 14311,13

14429,25 14510,11 14648,29 14714,12 14843,30 14914,06 15040,34

15114,10 15240,31 15313,07 15427,28 15511,09 15641,36 15717,16

15839,29 15909,13 16033,31 16114,08 16235,22 16315,10 16443,33

16509,10 16641,35 16714,10 16836,28 16906,10 17033,18 17113,16

17236,38 17313,10 17448,27 17510,17 17631,32 17716,16 17837,34

17914,07 18032,24 18115,11 18235,28 18316,17 18440,35 18508,16

18651,35 18721,10 18847,33 18912,20 19031,40 19118,17 19251,36

19313,10 19446,32 19519,15 19643,42 19721,12 19853,37 19912,16

20042,22 20116,17 20246,40 20316,17 20446,37 20513,10 20655,39

20722,10 20842,31 20919,11 21031,36 21110,19 21255,39 21323,11

21450,43 21509,14 21649,34 21717,18 21844,36 21916,18 22043,31

22110,15 22250,48 22313,17 22441,27 22516,12 22641,32 22717,05

22863,41 22920,15 23041,35 23115,15 23249,39 23319,10 23447,44

23510,18 23668,33 23721,26 23844,44 23913,12 24045,32 24118,20

24237,29 24317,21 24451,61 24518,11 24665,43 24715,24 24866,46

24915,22 25042,36 25114,13 25243,38 25308,23 25447,41 25517,27
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Table 7. (continued)

25647,38 25724,09 25863,57 25912,17 26057,36 26118,13 26255,45

26321,08 26455,37 26525,09 26661,34 26724,13 26859,56 26921,15

27051,43 27123,23 27259,37 27315,23 27437,37 27515,15 27670,59

27720,15 27860,34 27918,19 28044,44 28127,14 28252,49 28323,20

28469,55 28522,21 28663,48 28716,18 28851,46 28913,10 29049,32

29121,16 29266,43 29316,17 29450,54 29516,13 29659,55 29720,13

29848,41 29920,12 30054,52 30113,23 30256,39 30323,24 30453,44

30518,13 30650,39 30727,19 30852,41 30921,20 31046,53 31118,14

31264,41 31317,12 31465,46 31515,22 31671,50 31726,18 31871,54

31914,21 32065,39 32123,23 32248,49 32315,12 32473,58 32519,13

32666,48 32727,28 32879,61 32918,11 33055,39 33117,19 33278,60

33320,23 33461,47 33521,18 33665,45 33725,14 33857,38 33924,22

34062,47 34123,13 34257,51 34318,17 34473,55 34517,27 34671,68

34724,16 34881,56 34915,21 35051,44 35119,20 35258,68 35323,14

35475,51 35516,19 35663,52 35713,21 35862,67 35921,17 36056,42

36117,11 36263,39 36322,25 36462,63 36519,17 36675,60 36725,24

36859,48 36925,25 37053,47 37123,13 37285,63 37324,16 37473,49

37524,22 37676,51 37724,24 37860,48 37917,22 38065,51 38131,31

38271,59 38314,22 38478,67 38526,21 38675,50 38736,24 38880,72

38925,14 39062,54 39124,24 39260,47 39320,24 39460,57 39519,25

39661,58 39724,20 39872,53 39925,31 40051,42

There exist exactly 20202 non-isomorphic Seidel7 integral graphs which be-
long to the class αKa ∪ βKb,b whose order does not exceed 400. In particu-
lar, (i) there exist exactly 5121, 3490 and 2409 non-isomorphic Seidel integral
graphs with a > (b + 1), which belong to the classes Theorem 3 (6), (7) and
(8), respectively, whose order does not exceed 400. Therefore, there exits exactly
5121+3490+2409 = 11020 non-isomorphic Seidel integral graphs with a > (b+1)
whose order does not exceed 400; (ii) there exist exactly 4178, 3470 and 1534 non-
isomorphic Seidel integral graphs with a ≤ b, which belong to the classes Theorem
3 (6), (7) and (8), respectively, whose order does not exceed 400. Therefore, there
exits exactly 4178 + 3470 + 1534 = 9182 non-isomorphic Seidel integral graphs
with a ≤ b whose order does not exceed 400. In view8 of this, there exist exactly

7In this work the data given in Tables 1–7 are obtained in two different ways: (i) they are
generated by using relations

(
(6), (7), (8)

)
and (ii) by varying the parameters α, β, a, b in all

possible ways in equation (4).
8In particular, (i) there exist exactly 213608 non-isomorphic Seidel integral graphs with a > (b+

1) which belong to the class αKa∪βKb,b whose order does not exceed 2500; (ii) there exist exactly
175678 non-isomorphic Seidel integral graphs with a ≤ b which belong to the class αKa ∪ βKb,b

whose order does not exceed 2500. In view of this, there exist exactly 213608 + 175678 = 389286
non-isomorphic Seidel integral graphs which belong to the class αKa ∪ βKb,b whose order does
not exceed 2500.
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11020 + 9182 = 20202 non-isomorphic Seidel integral graphs which belong to the
class αKa∪βKb,b whose order does not exceed 400. Table 7 contains a distribution
of those graphs in respect to their orders. In Table 7 the symbol om,n denotes the
number of integral graphs of the corresponding order o = 1, 2, . . . , 400, where m
and n denote the number of Seidel integral graphs with a > (b + 1) and a ≤ b,
respectively. In this table om,n is omitted if the corresponding number m = 0 and
n = 0.
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