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SYMMETRIC SUMS OF BINOMIAL COEFFICIENTS

Nadia N. Li and Wenchang Chu*

Two classes of symmetric sums on products of partial sums of binomial co-
efficients are examined. Explicit formulae are established that give rise to
several interesting binomial identities, including a very particular case dis-
covered by Chang and Shan in 1983.

1. INTRODUCTION AND MOTIVATION

Denote by N the set of natural numbers with Ny = NU {0}. For n € N,
Chang and Shan [1] discovered in 1983 the following beautiful identity

S =20+ () ()
X{(411)+<612)+”+<Z)}'

Writing this compactly in a triple sum
2\n/) = \i) &~ \j) — \i)\j)&"
£=0 i=0 Jj=0+1 0<i<j<n l=i

we get the following equivalent formula

()=, ())oo
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This suggests us to examine, for A € N, the following two general binomial
sums

1) mm= 3 (5)(5)u-0

0<i<j<n

) B = 3 (1)(7)a-

0<i<j<n

When , we have ®g(n) = ¥o(n), which can be reformulated, under

j—i=1, as
wo= 2 ()0)-5E0(--)

This results in the following closed expression

Bo(n) = Wo(n) = 2271 ;(%;‘)

For brevity, we shall utilize the following notations throughout the paper.
For A\ € Ny and an indeterminate =, denote the usual monomial by z*. The rising
and falling factorials will be defined by (z)p = (z)o = 1 and

(hrh=z(z+1)---(z+X=1)

} for AeN.
()rx=z(x—=1)-(r—=X+1)

2. THE FIRST BINOMIAL SUM &,(N)

Recall that (cf. Chen and Chu [2, Equations 9 & 10])

m

(3) z?m :Z(_ ) (y + 2)x(y — 2)kokm—k(y),

where the connection coefficient o, ., (y) is the mth complete symmetric function

(4) okm(y) = ( ( 1% (y = k)?)
~ k— 2y
Z QZy> (2 ) (y _ 7;)2k+2m+1

K2

1=0
k? 2k+2m+1
-2 z N

23/ k1

2y — 1) k41
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Letting ¢ = j — i, we can reformulate the sum ®,(n) as

wo= 5 ()(o-r-2e5 ()

Evaluating the inner sum by the Chu—Vandermonde convolution, we find that
n\ [n - 2n
® = i — i) = o
o= T (=501
0<i<j<n

This will be our starting point for establishing alternative formulae for reducing
computations of the binomial sums @ (n).

2.1 The sums of even order

According to (3), we can express Py (n) as the double sum

n

Poxr(n) = Z (fj g) 2 = ;ein (nﬁb f)

A
X (=1)F(n A+ O (n — Orowa—k(n)
k=0
1 "/ 2n— 2k
5;:0 )2k0k A~k (N )g;ﬂ(n+€_k)-

Since the last inner sum equals 22"~2% we find the expression below in the theorem.
Theorem 1 () € N).

A

(I)Q)\ Z 22”72k71<2n>2k0k7>\_k(n).
k=0

This formula significantly reduces the computation of ®oy(n) to a few terms
(precisely A + 1 terms). In fact, if we write

(I)g,\(n) = 22n_>‘_1P,\(’I’L),
then we have the following explicit formulae.

Corollary 2.

= 105n* — 2100 + 147n2 — 34n,
= 945n° — 3150n* + 409513 — 2370n? + 496n.
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According to Theorem 1, the polynomial Py(n) should be of degree “2\” in
n. Instead, the above examples suggest that the degree of Py\(n) is equal to “A”.
Despite further experimental results by Mathematica that confirm this fact, the
authors have unfortunately failed to prove it.

2.2 The sums of odd order

Analogously, we can treat the sum ®9541(n) by

2n A4l ~ 2n
<n+£)€ _Z n+4 ¢

{=1

Port1(n) =

(—D*(n+ Or(n — O)gopr—k(n)

1> IM- 11

"/ 2n— 2k
(—1)*(2n) a0k 2k (n) ‘.
£ kEOk A—k ;;:<n4—€—-k)

By writing

)

n+l—k n—»0—k
2 2
we may evaluate the inner sum with respect to ¢ as follows:

z”: 2n — 2k 67" 2n—2k\ (n+€—k)—(n—L0—k)
n+f—k 7521 n+tl—k 2

/=1
n—k n—k—1
on — 2k — 1 o — 2%k — 1
mk)Z( n—f—k )(”k) ; (n+£—k >

2n — 2k —1 n—=k[(2n— 2k
—(n—k)( n—k )_ 2 (n—k)

Hence, we get an analogous formula in the following theorem.

Theorem 3 (A € Np).

A
Paria(m) = 5 S0 e - Do (773 ounato)

k=0
Again, this formula reduces, for a small A, the computation of ®3541(n) to a
few terms. Writing further

Bor_1(n) = % (27?) Qa(n),

we highlight the first five polynomials in the next corollary.



Symmetric Sums of Binomial Coefficients 329

Corollary 4.

These examples suggest that the polynomial Q(n) is of degree “\” instead
of “2\ — 1”7, which is implied by Theorem 3. An intriguing problem is how to show
that the degree of Qx(n) is exactly “A”?

3. THE SECOND BINOMIAL SUM ¥,(N)

By letting ¢ = j — i first and then carrying out the same procedure as that
for ®5(n), we can manipulate the double sum ¥y (n) as

wo= 3 (1) (7)u-0n- gmg ()

which leads us to the following expression

nw= & (1)()u-m=x ()0

By means of the Chu—Vandermonde convolution formula, it is not hard to
show the linear relation

A

(O)r= Z <2> E_Z;; (n+0)p.

k=0

Then we can manipulate the double sum

=1
SRS (1)

The inner sum with respect to £ can be evaluated by

9] G T G RUEIRS Sl Gy ]
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where x stands for the logical function with x(true) = 1 and x(false) = 0. This
formula reduces remarkably the computation of the sum on the left because the
number of terms involved is independent of n and at most k+ 1 < A + 2. Observe
further that

XA: (2) E:Z;Z {2n) (?::) = (?) (=n)x XA: (2) (—1)* =0 for A # 0.

k=0 k=0

By substitution and simplification, we establish the following reduction formula.

Theorem 5 (A € N).

i) = 2 55 (2) 2 frea 5 (- F)

k=0 i=1

According to this formula, we can see that ¥y(n) results in a linear com-
bination of 22" and (*") with the polynomial coefficients in n, whose degrees are
determined, by making use of Mathematica commands, to be | 3| and [$], respec-
tively. According to the parity of A, the first ten examples are recorded in the

following two corollaries.

Corollary 6 (A € N). Write formally
2
\112,\(71) = 227172)‘71(/\ + 1),\73)\(n) + )\'(/\ — %) < :) Q)\(’n,)

Then Px(n) and Qx(n) are monic polynomials given by

Pi(n) =n,

Po(n) =n? 4+ Tn,,

Ps(n) = n> 4 33n2 + 62n,

Pyi(n) = n* +90n> + 683n2 + 762n,
(n)=n

Qi(n) = n,

Qs(n) = n?+n,

Qs(n) =n> 4+ Tn? + 4n,

Qu(n) = n* +22n3 + 67n? + 30n,

Qs(n) = n® + 50n* + 431n> 4 862n2 + 336n.
).

Uor_1(n) =222 (X — 1), 1 Pa(n) + (A%l)' (2:> Qa(n).
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Then Py(n) and Qx(n) are monic polynomials given by

Pi(n) =0,

Py(n) =n,

P3(n) = n? + 3n,

Py(n) = n® + 13n® + 18n,
(n)=n

Furthermore, by appealing to the Stirling inversions (see Comtet [3, Chap-
ter 5])

(=DM SN k) (G — i),

M- T~

(G == (=D s\ k)G — i)k

E
Il
-

where s(\, k) and S(\, k) are the Stirling numbers of the first and the second kind,
respectively. We immediately get, from (1) and (2) the following reciprocal relations

A
Ox(n) =Y (1) FS(\ k)W (n),
k=1
A
Ua(n) =Y (=) FS(A k) ®y(n).

£
Il
-

This last relation explains why the expression of Wy(n) displayed in Theo-
rem 5 consists of both 22" and (25), that correspond to ®(n) with &k being even
and odd, respectively.
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