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ENUMERATION OF NON-CROSSING PARTITIONS

ACCORDING TO SUBWORDS WITH REPEATED
LETTERS

Mark Shattuck

In this paper, we enumerate members of the set NC), of non-crossing parti-
tions of length n according to the number of occurrences of several infinite
families of subword patterns each containing repeated letters. As a conse-
quence of our results, we obtain explicit generating function formulas count-
ing the members of NC,, for n > 0 according to all subword patterns of
length three containing a repeated letter. In particular, we find extensions of
the subword equivalences 211 = 221, 1211 = 1121 and 112 = 122 over NC),.

1. INTRODUCTION

A collection of disjoint nonempty subsets of a set whose union is the set
is known as a partition, with the constituent subsets referred to as blocks of the
partition. Let [n] = {1,2,...,n} for n > 1, with [0] = (. The set of partitions
of [n] containing exactly k blocks will be denoted by P, i, with P, = U}_oPn k
denoting the set of all partitions of [n]. A partition Il = By/Bs/ -+ /By € P is
said to be in standard form if its blocks B; are such that min(B;) < min(B;14) for
1 <i<k—1. A partition II in standard form can be represented sequentially by
writing # = 7y -+ - T, where ¢ € By, for each i € [n] (see, e.g., [6]). The sequence
7 is referred to as the canonical sequential form of the partition II. Then II in
standard form implies 7 = 1 with m;3q < max(my---m) +1for 1 <i<n-—1,
which is known as the restricted growth condition (see, e.g., [11]).
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A partition IT is said to be non-crossing [4] if its sequential representation
7 contains no subsequence of the form a-b-a-b, where a < b (i.e., if m avoids the
pattern 1-2-1-2 in the classical sense). Let NC,, denote the set of non-crossing
partitions of [n]; recall that |[NC,| = C,, for all n > 0, where C,, = n%rl(%f) is
the n-th Catalan number. We will denote the Catalan number generating function
Y ons0 Cna™ = 2 by Of(a).

Let 7 = 7 -7y, be a sequence of positive integers whose set of distinct
letters comprise [¢] for some 1 < ¢ < m. Then the sequence p = p; -+ p, is said
to contain T as a subword (pattern) if some string of consecutive letters of p is
order-isomorphic to 7. That is, there exists an index i € [n — m + 1] such that
PiPi+1 " Pitm—1 1s isomorphic to 7. If no such index ¢ exists, then p avoids T as a
subword.

Here, we will be interested in counting the members of NC,, according to
the number of occurrences of certain subword patterns, focusing on several infinite
families of patterns. Let p,(7) denote the number of occurrences of the subword 7
in the partition 7. We compute the generating function F' = F, given by

PeX (3 )

n>0 \mreNC,

in several cases when 7 has one or more repeated letters. This extends recent work
initiated in [9] which focused on subwords where all of the letters in a pattern were
distinct. We remark that other finite discrete structures with sequential represen-
tations that have been enumerated according to the number of subwords include
k-ary words [1], set partitions [10] and involutions [7]. For examples of other types
of statistics which have been studied on non-crossing partitions, we refer the reader
to [5, 8, 12, 15, 16].

This paper is organized as follows. In the next section, we enumerate members
of NC), according to four infinite families of subword patterns and compute the
corresponding generating function F' in each case. Simple formulas for the total
number of occurrences on NC,, for the various patterns are deduced from our
formulas for F. Further, an explicit bijection is defined which demonstrates the
equivalence of the subwords (p + 1)1% and (p’ 4+ 1)1% of the same length. In the
third section, the pattern 12---(m — 1)m® is treated using the kernel method [3]
and a formula for the generating function of its joint distribution with an auxiliary
parameter on NC,, is found. Finally, a bijection is given which demonstrates the
equivalence of 123 ---m and 12-- - (m—1)m® as subwords on NC,, for all a, m > 2.

As special cases of our results, we obtain F for all 7 of length three containing
a repeated letter. See Table 1 below, where the equation satisfied by F:- is given for
each 7. Note that the case 212 is trivial since any partition 7 containing a string
x of the form x = bab where a < b must contain an occurrence of 1-2-1-2, upon
considering the leftmost occurrence of the letter a in 7 which must precede the first
b in x by the restricted growth condition.
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Table 1: Generating functions F' = F- for subwords 7 of length three containing a
repeated letter

’ Subword \ Generating function equation \ Reference
111 z(1—qr+ (¢ —1)2®)F? = (1 —qz + (¢ — 1)23)(F — 1) | Corollary 2
112 r(1+(¢—1Da)F? = (1+ (q —1)2?)F -1 Corollary 2
121 rF?=(1-(q— 1)962)( 1) Theorem 6
122 z(1+ (q —1)a)F? =1+ (q —1)2?)F -1 Theorem 10
211 z(1+ (¢—1)a)F? = (1+2(q—1)2*)F —1— (¢ — 1)2® | Theorem 4
212 rF?2=F -1 Trivial
221 r(1+ (¢q—1)2)F?> = (1+2(q¢—1)2?)F —1— (¢ — 1)2® | Theorem 4

2. DISTRIBUTIONS OF SOME INFINITE FAMILIES OF
PATTERNS

We first consider the patterns 7 = 1¢ and p = 12, where a,b > 1, and treat
them together as a joint distribution on NC,,. We shall determine a formula for
the generating function of this distribution given by

Z( 3 puT(W)qup(ﬂ)> .

n>0 \reNC,,

which will be denoted by F. We make use of the symbolic enumeration method
(see, e.g., [2]) in finding F.

Theorem 1. Ifa > b > 1, then the generating function F' enumerating the mem-
bers of NC,, for n > 0 jointly according to the number of occurrences of 1% and 1°2
satisfies

(x —px? +qlp — a4 (g — 1)(1 — px)a®) F>
(1) =0 —pz+qp—1)z"+ (¢ 1)(1 - pr)z’)F = 1+ pz — (p - 1)z*
If1 <a < b, then F satisfies

(x —px?® + (p— 1)z + (¢ — 1)(1 — z)p>~ 2 1zb)F?
(2) =@ -pr+@p-Dz"+ (-1 -a)p" Fa’)F — 1+ pr —(p— "

Proof. First assume a > b > 1 and consider the following cases on 7 € NC,,: (i)
7 = 1" for some 0 < n < a—1, (ii) # = 1", where n > a, (iii) 7 = 1", where
1 <r<b-—1, ais nonempty and contains no 1’s and 3 starts with 1 if nonempty,
(iv) 7 as in (iii), but where b < r < a—1, or (v) 7 as in (iii), but where r > a.
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Combining cases (i)—(v) implies F' is determined by

= +4q +

1—x 1—2 pql—px

717x“+ px® x —ab b — z@ z¢
1—2 1—pzx

> F(F-1).

Note that the sections a and 8 of 7 are determined by the factors F' — 1 and F,
respectively, in cases (iii)—(v). Further, r > bin (iv) and (v) implies that there is an
extra occurrence of p (accounted for by the lone ¢ factor) arising due to the initial
run of 1’s within 7 and the first letter of . After simplification, the preceding
equation for F' rearranges to give (1).

If 1 <a < b, then by similar reasoning we have that F' satisfies

1 — @ 7@ T — 1% e — bfaJrlxb b—a+1 CL’b
F= P + 2P + ) pr -,
11—z 1—pz 1—=z 1—pz 1—px
which simplifies to gives (2). O

Taking ¢ =1 and p = 1 in Theorem 1, and solving for F' (replacing p by ¢ in
the resulting formula in the first case), yields the following result.

Corollary 2. The generating functions counting members of NC,, for n > 0 ac-
cording to the number of occurrences of the patterns 1™ and 1™2 where m > 1 are
given respectively by

1—gz+(¢—1)a™ = /(1 — gz + (¢ — Dam)((1 - 42)(1 — gz) — 3(¢ — D)a™)
2z(1 —qz + (¢ — 1)am~1)

and

I+ (g—1Da™ — /(1 —(¢g—1)am)? — 4z
22(1+ (¢ — 1)az™ 1) '

Differentiating the formulas in Corollary 2 with respect to ¢, and extracting
the coefficient of x™, yields simple expressions for the total number of occurrences
of the respective subwords on NC,,.

Corollary 3. The total number of occurrences of 1™ and 1™2 within all the mem-
bers of NC,, for n > m > 1 are given by (7«2-:1) and (2:_:11), respectively, where
r=n—-—m-+ 1.

Proof. 1t is also possible to provide a combinatorial explanation of these formulas.
For the first, suppose that there is a letter x in the i-th position within a member
of NC;., where 1 < i <. Then insert m — 1 additional copies of x to directly follow
the one already present in position ¢ and mark the occurrence of the subword 1™
in the resulting member of NC,,. Note that all occurrences of 1™ within members
of NC,, arise uniquely in this way, which yields rC, = (TQJFTI) total occurrences. For
the second formula, consider an ascent xy in # € NC,. and insert m — 1 additional
copies of x between x and y. This results in an occurrence of 7 = 1™2 within
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a member of NC,, in which the role of the ‘2’ is played by y. Thus, counting
occurrences of 7 in NC,, is equivalent to counting ascents in NC,.. Note that the
number of ascents in a non-crossing partition 7 equals u(7) —1 for all 7, where pu(7)
denotes the number of blocks of 7. Since p has a Narayana distribution on NC,
(see, e.g., [13, A001263]), it follows that the number of blocks over NC, equals
S E()(,5) = (P71, Since the number of ascents is always one less than the

i=17 i—1 r
number of blocks, we have that the total number of occurrences of 7 in all the
members of NC,, is given by (ZT;l) - C,. = (2:;11). O

Given a sequence p and a number z, let p+x denote the sequence obtained by
adding x to each entry of p. Let 7 = (p+1)1°, where p is a sequential representation
of a non-crossing partition of length a > 1. Assume further that p starts with a
single 1 if b > 2 (with no such restriction if b = 1). Then we have the following
general formula for F’.

Theorem 4. Let 7 = (p+ 1)1, where p is of length a > 1 as described and b > 1.
Then the generating function counting the members of NC,, for n > 0 according to
the number of occurrences of T is given by

14+2(g— 1)a®+*=t — /1 —da — 4(q — 1)zo+D
2x(1 4+ (q — 1)xetb=2) '

Proof. Let G = G, enumerate m € NC,, for n > 0 according to the number of
occurrences of 7 in 70° and F' = F, denote the usual generating function. We first
establish the relation

(3) G=F+(qg— 1)z (F-1).

To do so, first note that F' and G assign the same g-weights to non-crossing parti-
tions except for those of the form = = «f, where 8 corresponds to an occurrence
of the subword p. We now describe how such partitions can be formed. Let z
denote the first letter of 3. Let p = p1pa---pe and p’ = po---py. Let p* be the
sequence obtained from p’ by replacing each 1 in p’ with z and each letter ¢ > 1
with ¢ + m — 1, where m = max(a U {z}). Then appending p* to the partition
ax gives w of the form stated above, with ax representing an arbitrary member of
NC,, for some n > 1. Further, since p starts with a single 1 if b > 1, we have that
appending p* as described to ax does not introduce an occurrence of 7 involving
the last letters of axr and the first of p* (as p* must start with m + 1 if nonempty
when b > 1). Then F and G differ with respect to the assigned g-weight (only)
on partitions of the form 7 = axp*, where o and p* are as described. Such 7 are
enumerated by x4 1(F — 1), since az is nonempty and arbitrary and the a — 1
appended letters comprising p* are determined once « is specified. Subtracting the
weight of such 7 from the count for G, and adding them back with an extra factor
of ¢, implies (3).

We now write a formula for F'. To do so, note that m € NC,, for some n > 0
may be expressed as (i) 7 = 1", (ii) 7 = 1", where r > 1 and « is nonempty and
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does not contain 1, (iii) 7 = 1"«1®8, where 0 < s < b — 2 and [ is nonempty and
starts with exactly one 1, (iv) 7 = 1"a1*~13, where 3 is nonempty but may start
with any positive number of 1’s in this case. Note that the generating function for all
nonempty non-crossing partitions starting with a single 1 according to the number
of occurrences of 7 is given by F —1 — x(F — 1) = (1 — z)(F — 1), by subtraction.
Hence, case (iii) is seen to contribute 72 (F —1)(1+z+---+2""2)(1—z)(F —1)
towards F if b > 2, with (iii) not applicable (i.e., it is subsumed by (iv)) if b = 1.
In case (iv), one gets a contribution of £=(G — 1)z"~!(F — 1) towards F for all
b > 1, where the G — 1 factor accounts for the nonempty section «, as it is followed
by (at least) b letters 1. Combining (i)—(iv) then gives

1 T x— b b
F-1 F—1)?
1—x+1—x( )+1—x( )+1—x

4) F= (F —1)(G —1).

To solve (3) and (4), it is easier to consider U = F' — 1. Then (3) implies
G—1= (14 (¢g—1)2* 1)U and thus (4) may be rewritten as

(5) U:i§£ﬂ1+U+(L—ﬂ*ﬂﬂ+x“%1+@—1ﬂ“ﬁU%.

Solving for U in (5) gives

1771—2x—vﬂ—4x—4q—nx”b
- 2x(1 4+ (q — 1)zetb=2) ’

which implies the desired formula for FF = U + 1. [

Note that the formula for F; in Theorem 4 depends only on the length of
the subword 7. A bijective proof showing the equivalence of 7 and 7 of the same
length is given below. In particular, when |7| = 3, we have 211 = 221 as subwords
on NC, for all n, with the common generating function formula given by

142(q—1)z? — /1 —4da —4(qg — 1)2?
2z(1+4 (¢ — 1)x) '

Differentiating the formula in Theorem 4 gives the following.

Corollary 5. Ifn > a+b—1, then the total number of occurrences of 7 = (p+1)1°
as described above within all the members of NC, is given by (2:_:12), where 7 =
n—a—>b+ 2.

Remark: For each m > 1, we have from Corollary 3 that the nonzero values in the
sequences for the total number of occurrences of 1™ and 1™2 in NC,, for n > 1
correspond respectively to A001791 and A002054 in [13]. Corollary 5 implies the
total number of occurrences of (p + 1)1° corresponds to A002694.

Suppose 7 = (p+1)1? is as described above with |p| = @ and 7/ = (p/ +1)1%,
where p’ is of length o’ > 1 and satisfies the same requirements as p above, v’ > 1
and ' +V =a+0b.
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Bijective proof of 7 = 7' as subwords on NC,;:

Clearly, we may assume |7| = a +b > 3. We first prove the result when
b=1"b =1. Let 7 € NC,, represented sequentially. Let s denote a string of 7w of
the form s = uav, where @ # () and 1 < v < u < min(a). If s corresponds to an
occurrence 7 (7'), then we will refer to s as an 7-string (7/-string, respectively). We
wish to define a bijection f on NC), in which partitions containing a given number
of 7-strings are mapped to those containing the same number of 7/-strings, and
vice versa. If no 7- or 7/-strings exist (i.e., if 7 avoids both 7 and 7’ as subwords),
then let f(7) = m. Solet z1,xs,...,x, where r > 1 denote the complete combined
set of 7- and 7/-strings in a left-to-right scan of the sequence w. Note that since
b =10 =1, the adjacent strings x; and z;41 for some 1 < ¢ < r — 1 are either
disjoint or share a single letter.

We now change each z; to the other option regarding containment of 7 or 7/.
We will first change x; and then subsequently work on xs,x3,...,x,, going from
left to right. Suppose first that z; is a 7-string. Then we will change z1 to a 7'-
string y; as follows. Similar reasoning will apply to the case when x; is a 7/-string.
Suppose 7 has s 4+ 1 distinct letters, where s > 1, and that the 7-string ;1 makes
use of the actual letters v < u = u; < wug < --- < ug. Note that p a partition and 7
non-crossing implies us, ..., us represent the leftmost occurrences of the letters of
their respective kinds within 7 and hence u;, = us +£¢—2 for 2 < £ < s. Suppose 7’
has t + 1 distinct letters, where ¢ > 1. If s > t, then replace the letters in x; with
a sequence that is isomorphic to 7/ in which the roles of 1,2,...,t + 1 are played
by v < u; < -+ < ug. Further, if s > ¢, then the letters u;41 < -+ < us are not
needed in this replacement, in which case, we reduce each letter of 7 belonging to
{us+1,us+2,...}, all of which must necessarily occur to the right of 2; within ,
by the amount s —t¢. Note that = non-crossing and 7 starting with 2 and ending in
1 implies that the letters us41,...,us within 21 do not occur elsewhere in 7.

On the other hand, if ¢t > s, then we use all of the distinct letters occurring
in z1, together with us + 1,...,us +t — s, when performing the replacement. In
this case, we must increase any letters of 7 greater than or equal to us + 1, all of
which must occur to the right of x1, by the amount ¢ — s in order to accommodate
the new letters used. In all cases, let y; denote the 7/-string that results from
making the replacement as described and let m; be the resulting member of NC,,.
Note that the combined set of 7- and 7’-strings in m; is given by yi,z2,...,Z,.
We then repeat the process described above on 7 in replacing xo with a string
1o that represents the other option concerning containment of 7 or 7/, and let 7o
denote the resulting member of NC,,. Likewise, we continue with z3,...,x,, and
convert them sequentially to ys, ..., y,, letting 73, ..., 7, denote the corresponding
partitions that arise.

Let f(m) = m and we show that f can be reversed. To do so, first note
that the positions of the first and last letters of the strings y1,...,y, in 7, are the
same as the corresponding positions within x1,...,z, in 7, as they are seen to be
invariant in each step of the transition from 7 to m,.. This follows from the fact that
the first and last letters within an occurrence z of 7 or 7’ are the two smallest letters
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in z. Therefore, the inverse of f may be found by reversing each of the transitions
m; to mipq for 0 <4 <r — 1, where my = 7, in reverse order (i.e., starting with the
i =1 — 1 transition and ending with ¢ = 0). Hence, we have p.(7) = pu. (f(m)) for
all m € NC,, when it is assumed b = V' = 1.

To complete the proof, it then suffices to show 201° = 201, where b > 2 and
20 is a nonempty non-crossing partition (using the letters in {2,3,...}) such that
o starts with 3 if nonempty. To establish this equivalence, let 71 =71 --- 7, € NC,
and we consider (maximal) strings p within 7 of the form

p = uj'orulor - - uyt oy

where t,r1,...,m > 1, 11 >0, ug > ug > - > ug (with ug > upqq if 7409 >0
and u;y1 = 1 if r.1 = @) and w;0; isomorphic to 20 for 1 < ¢ < t. Note that if
re+1 = 0, then either usoy contains the last letter of m or the successor of the final
letter of usoy is greater than or equal u; if o is nonempty (with the successor being
strictly greater if o is empty). Further, if ;11 > 0, then it is understood that o is
nonempty and that the string u:f:f is not directly followed by a sequence of letters
a such that u;yia is isomorphic to 20. We replace each such string p with p’,
where

Tt41 T¢ T2 1 .
= uy Trorugtog - ugtopugl g, if e >0,
- T Tt—1 r1 Tt41 s _
uy oruy oyt ogug ' if g = 0.

Let g(m) denote the member of NC,, that results from replacing each string p with
p’ as described. Then g is an involution on NC,, that replaces each occurrence of
the pattern 201° with 2°01 and vice versa, which implies the desired equivalence
and completes the proof. O

Remarks: When || = |7/| = 3, then the bijection f above shows 231 = 221. For
example, let m = 123114516786619 € N5, where the occurrences of 231 and 221

are underlined and overlined, respectively. Then we have

o — T = 122113415675518 — 9 = 122113314564417 — 75 = 122113314554416

— mq = 122113314554617,

and thus f(r) = m4 € NCy5. Note that 7 has three occurrences of 231 and one
of 221, whereas f(m) has three occurrences of 221 and one of 231. When 7 and 7/
are each of length three, the bijection g shows 221 = 211. For example, if n = 12
and m = 122322114115 € NC2, then g(m) = 122332214415. Note that = and g()
contain one and three and three and one occurrences respectively of 221 and 211.
Finally, the mapping ¢ is seen to preserve the number of blocks of a partition,
whereas f does not in general.

In the next result, we enumerate members of NC,, with respect to a family
of subword patterns generalizing 121.

Theorem 6. Let 7 = 1%(p+ 1)1°, where a,b > 1 and p is the sequential represen-
tation of a non-crossing partition of length m for some m > 1. Then the generating
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function counting the members of NC,, for n > 0 according to the number of oc-
currences of T is given by

z(l—z+(1— —gs—1)gm+t
(L= +(1-q)(1 —a)amt) (1- /1 - 20t igte Dertn )
20 (l—24 (1 —q)(1 — as—L)am+tt)

)

where s = min{a, b} and t = max{a,b}.

Proof. First assume b > a > 1. To find a formula for F' = F; in this case, we refine
F by letting F; for ¢« > 1 denote the restriction of F' to those partitions starting with
a sequence of 1’s of length exactly 4. Then we have F} = o +z(F—1)+2(F —1)? =
2(F? — F + 1), upon considering whether or not a partition enumerated by Fy
contains one or more runs of 1. By the definitions, we have F;;1 = zF; for all
i # a — 1, upon considering separately the cases 1 < ¢ < a — 2 and i > a, since
prepending an extra 1 to a member of NC,, not starting with a run of 1 of length
a — 1 does not introduce an occurrence of 7. We now write a formula for F,. We
consider the following cases on m € NC,, where n > a: (i) # = 1°7’, where 7’
contains no 1’s and is possibly empty, (ii) 7 = 1%, where « is nonempty and
contains no 1’s with a # p + 1 and § is nonempty starting with 1, (iii) 7 = 1%af,
where & = p + 1 and § is as before. Note that 8 in case (ii) is accounted for by
F — 1, whereas in (iii), we need

—1 b—1
az: J?i_lFl + Z xi—aFa + q Z Z‘i_aFa
i=1 i=a

i>b

b—1
S Rtay
i=1 i>b
1—got 14 (¢ —1)ab—@
_ Pl Chlt))
1—=x 1—=x

F,.

Thus, combining cases (i)—(iii), we have

1— a—1 1 _ b—a
x +(g— 1Dz £
1—=z 1—=x

F,=2F+2"(F —1—2™)(F —1) + 2™t (Fl +

which implies

an+a 7:60—1
2 (14 2™) + 2%(F — 1 —a™)F 4 &0 D gy

1 o zv:z+a(1+(q_1)mb—a)
11—z

(6) F, =

We use the same cases (i)—(iii) in determining F' (except that the initial run of 1’s
can have arbitrary length in (i) and any length > a in (ii) and (iii)), along with an
additional case where 7 is of the form m = 1"a3, wherein 1 <r < a —1 and « and
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[ are nonempty with « not containing 1 and 8 starting with 1. This yields

a a

T T T

T —
F=1 F F-124-"“—(F-1-a2™)(F-1
R )+ z™)( )
l,m+a b—1
Jr1—33 ZFiJquFi
i=1 i>b
— 1+ P S (P12 S (F -1 =) (F - 1)
m-+a _ pea—1
el —x )F1
(1—-z)?
(7)

pmta (] _ge—1
a1+ (= Dabon) 21 +a") +at(F = 1—am)F + £ Dy
1—2 1—z—amte(l+ (¢ —1)zb—a)

bl

where we have made use of (6).
Note that the Fy coefficient in (7) may be simplified to give

l.m-l—a(]_ _ xa—l) x2(m+a)(1 _ .’Ea_l)(]. + (q _ 1)$b—a)
(=2 (-0 —a =i+ (= D)
- xm+a(1 _ wa—l) xm+a<1 + (q _ l)l’b_a)
- (-2 (1+ L—z—amte(l+ (g - 1)$b“))
xm—i—a(l _ xa—l)
(1 =2)A -z —amte(l4 (¢ —1)ab"e))

Thus, upon clearing fractions in (7), we have
A—z—0O)F -1)=z(1—z—0)F* 2™ -z —)(F - 1)
+ L1+ 2™+ (F —1—2™)F) + 2™ (1 — 2 )y,

where ¢ = 2™+(1 + (¢ — 1)2°~%). By the formula for F}, the last equation after
several algebraic steps yields

I-z+(1-q)(l —a)2™")(F~1)=2(l -2+ (1-q)(l -2 "™ ) F?,

which leads to the stated formula for F' in this case.

Now let us consider the case a =1 and b > 1. By similar reasoning as above,
we have

x x ™14 (¢ — 1)xb~1)
F=1+—F+—F—-1-2™)(F -1
+1—x +1—x( #N )+ (1—2)

:L'erl(l + (q _ 1)xb71)
11—z

F17

Fi=xzF+z(F-1—-2™)(F-1)+ Fy.
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Solving this system for F' gives

_ 1+ (1—q)zmtt — \/(1 + (1 —q)zm*t)(1 — 4z + (1 — q)a™tP)

F ;
2x

which establishes all cases of the formula when b > a > 1.

By a comparable argument, one can establish the stated formula for F' when
a > b > 1. Alternatively, note that the formula is symmetric in @ and b. Thus, to
complete the proof, it suffices to define a bijection on NC,, showing that the p,
statistic when 7 = 1%(p+ 1)1 has the same distribution as j, for 7/ = 1°(p+1)1¢
where a > b > 1. By a maximal 7-string within 7 = my ---m, € NC},, we mean
a sequence s of consecutive letters of 7 of the form s = z o 2%y - - - 2ira i1,
where r,i1,...,4,4+1 > 1, each «; is isomorphic to p and < min{ay UagU- - -Ua, },
that is contained in no other such string of strictly greater length. Identify all
maximal 7-strings s within m; note that the various s are mutually disjoint, by
maximality. Within each string, replace x™,x%, ..., %+ with z+1, 2%, ... 2
(i.e., reverse the order of the x-runs), leaving the «; unchanged. Let 7’ € NC,
denote the partition that results from performing this operation on all maximal
7-strings s; note that = — #’ is an involution and hence bijective. Since any
occurrence of 7 must lie within some s, the mapping 7 — 7’ implies the desired
equivalence of distributions and completes the proof. O

Theorem 6 yields the following formula for the total number of occurrences
of 1%(p + 1)1°.

Corollary 7. If n > m + a + b — 1, then the total number of occurrences of
7 = 1%p + 1)1° as described above within all the members of NC,, is given by

(r2+T1)7 wherer =n—m—a—>b+ 1.

Remarks: When s = 1 in Theorem 6, the formula for F' = F. may be simplified
further to give

14 (et — I F (L= Qe (1~ da T (L— g )
2x ’

where 7 = 1%(p+ 1)1 or 1(p + 1)1% and a > 1. Note that there is really no loss of
generality in assuming p is a sequential representation of some (non-crossing) parti-
tion in the hypotheses for Theorem 6 above. This is because if the first occurrence
of some letter ¢ in p precedes the first occurrence of d with ¢ > d, then containment
of 7 = 1%(p+1)1° by a partition 7 would imply an occurrence of 1-2-1-2 of the form
y-z-y-z, where z corresponds to the d+1 in p+1 and y to the 1 of 7. In addition to
implying the symmetry in a and b of the pattern 7, the formula in Theorem 6 shows
that 7 = 1%(p+1)1” is equivalent to 7/ = 1%(p/ + 1)1’ of the same length, where p/
denotes a nonempty non-crossing partition and a < min{b,b’}. For example, when
|7] = 4, we have 1121 = 1211 = 1221 = 1231 as subwords on NC,,. A bijective
proof of 1%(p + 1)1° = 1%(p’ + 1)1’ can be obtained by modifying somewhat the
mapping f described above, the details of which we leave to the interested reader.

F
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3. THE SUBWORDS 12---(m — 1)m®* AND 1%23---m

Let 7 =12 .- (m—1)m®, where a,m > 2. To aid in enumerating the members
of NC,, with respect to occurrences of 7, we consider the joint distribution with a
further parameter on NC,, that was introduced in [9]. Given 7 = 711 - -7, € NCp,
excluding the increasing partition 12---n, let rep(w) denote the smallest repeated
letter of m. Below, we will find, more generally, the generating function for the joint
distribution 3 ve. v*eP(™) gh= (M) where rep(12- - -n) is defined to be zero.

Let NC),; for 1 < i < n — 1 denote the subset of NC,, whose members
have smallest repeated letter i. Define a(n,i) = ereNcm "™ for n > 2 and
1<i<n-—1landa(n)=> cyc, q*~ (™) for n > 1, with a(0) = 1.

To aid in finding recurrences for a(n) and a(n, ), we consider a generalization

of u, as follows. Given ¢ > 0 and a partition 7, let ;ff) (m) denote the number of
occurrences of 7 in the sequence 12-- - ¢(7 4 ¢). Define

a(e)(n,i): Z q”y)(”), n>2and1<i<n-—1,
TENC i

)= > ¢, oz,
TeENC,
with a(®(0) = 1. Note that a(®)(n,i) = a(n,4) and a(®) (n) = a(n) for all n and i.
We have the following system of recurrences satisfied by the a(®)(n,i) and
a®(n).
Lemma 8. [fn>aand1 <i<n-—a+1, then

n

a®(n,i)= Y a“ (G —i-1an-j+1)

and

G=it+1
0, ifi+l<m-—1,
®) o y
(¢—1Dan—i—a+2), ifi+L>m,
for all £ > 0. Furthermore, we have
n—a+1
(9) aD(n)=C,q + Z a9 (n, 1), n > a,
i=1

with a(é)(n) =Cp, for0<n<a-—1.

Proof. Since a(®(0) = 1 for all £ > 0, formula (8) is equivalent to

a‘(n,i)= > a"(j—i-1)a®(n—-j+1)
j=i+2
+{a@)(n—z’), Wi+ 0<m—1,

10
(10) a®n—i)+(q—1)aD(n—i—a+2),ifi+L>m,
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which we will now show. To do so, first consider the position j of the second
occurrence of ¢ within 7 € NC,, ;. If j > i + 2, such 7 are expressible as m =
12 .- -iaif, where « is nonempty and contains no letters ¢ and 3 is possibly empty.
Then we get a“*9(j —i — 1)al®(n — j + 1) possibilities and summing over all
j > i+ 2 yields the first part of (10) in either case. So assume j =i+ 1 and first
suppose i + £ < m — 1. Then there is no occurrence of 7 in 7 involving any of its
first i — 1 letters, regardless of the length of the leftmost run of ¢’s, which implies
a contribution of a(®) (n — i) and hence the first case of (10). If i + ¢ > m, then we
consider cases based on the length of the leftmost run of i’s as follows. Suppose
first that 7 is expressible as m = 12--- (i — 1)i"n’, where 7’ does not start with
i and 2 < r < a — 1, assuming for now a > 3. Then, by subtraction, there are

a®(n—i—7r+2)—a®n—i—r+1) possibilities and summing over all r gives

a—1
Z(a(o)(n—i—r+2) —adn—i—r+1)=a9n-i)—aPn—-i-a+2).

r=2

On the other hand, if 7 = 12--- (i — 1)i"n’, where » > a, then i + ¢ > m
implies that there is an occurrence of 7 involving the first ¢ + a — 1 letters of
7 (when taken together with the understood suffix 12---¢ consisting of strictly
smaller letters). Then the sequence i"~%T17’ corresponds to a partition enumerated
by a®(n —i — a4+ 2), as it is directly preceded by at least one i, and hence the
contribution towards the overall weight in this case is given by qa(® (n —i —a +2).
Combining this case with the previous yields the second part of (10) when i+£¢ > m
and completes the proof of (10).

For (9), first note that the initial conditions when 0 < n < a—1 are apparent
since no occurrence of 7 is possible for such n for all £. Suppose k is the smallest
repeated letter inm € NC),. If 1 < k <n—a+1, then 7 is accounted for by the sum
in (9), by the definitions. Otherwise, 7 can be represented as m# = 12 -+ (n—a+1)7’,
where 7/ contains no letters in [n — a + 1], for which there are C,_; possibilities
since no such 7 can contain an occurrence of 7 (as the m® part of 7 cannot be
achieved by any letter in 7’). Combining this with the prior case yields (9). O

Az, u) = Z Z a9 (n)ulz™

n>0£>0

Define

and
n—a+1

Az, u,v) = ZZ Z a9 (n, i)yulv' "tz
n>a (>0 1=1

Rewriting the recurrences in Lemma 8 in terms of generating functions yields the
following system of functional equations.

Lemma 9. We have

(11) Az, u) = A(z,u, 1) + m + L(z,u),
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x(A(z,0) — 1)(A(x,vz) — A(z,u))
(¢ — D" (A(z,0) — )(u™(1 — vz) — (v)™(1 - u))

(1 —u)(1 —vx)(u—ovz) ’

Az, u,v) = — M(z,u,v)

(12) +

where L(z,u) = 1 Z?;é C;x? and

0, ifa =2,

M((E,U,’U) = T a—3 a—2—j i+7
{uumv@2j02i1]@@ﬂﬂ,ﬁa23

Proof. Multiplying both sides of (9) by u‘z"™, and summing over n > a and £ > 0,
yields

+1
Zzni Z)nzuzx"—FZZCa whz +ZZCL(£
n>a >0 =1 n>a £>0 n=0£>0

. x“C’a_l 1 g
= A(z,u,1) + ) + 1_u;C’]x,

which gives (11), by the initial values for a(®) (n).
To rewrite (8) in terms of generating functions, we first must find

n—a+l n

Z Z Z Z DG —i—1)aO(n - j + Do 'am.

n>a >0 i=1 j=i+1

First observe the following manipulation of sums:

n—a+1 n
2002 2 =2 > > ()
n>a >0 i=1 j=i+1 £>0 i>1 j>i+1 n>max{j,i+a—1}
1+a—1
=D DD G ED I DI D W)
£>0i>1 j=i+1l n>i+a—1 £>0i>1 j>i+an>j

where (...) denotes the original summand above. Replacing j with j+4i+1 in both
sums in the last expression implies

n—a-+1 n

E:Z:E: E:awﬂU*ifdem7j+1m%F%n

n>a >0 i=1 j=i+1

_ZZZ Z a(@-i—z) a(o)(n—j—z) £yyi=1,n

£>0i>1 j=0n>it+a—1

+ZZ Z Z €+z) )( j—’t) é i—1,n

£>0i>1 j>2a—1n>j+i+1
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7222 Z Z+7, )( ) Zviflxn+i+j

£>0i>1 j=0n>a—1—j

+ Z Z Z Z a T ()a® (n)ulv'—tgntits

£>0i>1 j>a—1n>1

a—2 a—2—7j
= Z Z Z a(”i)(j)uéviflxiﬂ Z a(o)(n)x” - Z a©® (n)z"
£>0 i>1 j=0 n>1 n=1
+ Z Z Z altt?) (j)utvt Lzt Z a©®
£>04i>1 j>a—1 n>1
— a(l+z Z e ] a ())
a—2 a—2—j
— Z Z Z alt+d) ()ubv' =ttt Z al® (n)x
£>0 i>1 j=0 n=1
— IO*IZZZQ(Z Zzzlerg
i>1 £>3 ]>0

a—2—j

(1 —uw)(1 —ovx) 1—v:r ZC’x Z Cnz”

Au — vz Z Za )ad (u = (vx)*) — M(,u,v)
£>1 j>0
_ z(A(z,0) — 1)15;4(_17,1;&) — A(z,u)) — M(z,u,v).

For converting the second part of formula (8), we consider cases on i. Omit-
ting the factor ¢ — 1, this yields

Z Z Z (O)n_z_a+2)lllxn

=1 {>m—in>it+a—1

+ Z Z Z a® (n—i—a+ 2)u£vi71x”

i>m £>0n>i+a—1

m—1
= (A(z,0) — 1) Z Z w2 4 (A(z,0) — 1) Z Zuévi—lxi+a—2

i=1 ¢>m—i i>m £>0
- . B uxa—l(um—l _ (’U(E)m_l) ,Um—lxa-i-m—Q
= (4(=,0) ”( A—wlu—ve) <1—u><1—vx>>
227 1(A(2,0) — 1) (u™(1 — vz) — (v2)™(1 — u))
(I —=u)(1 —vz)(u—ovz) ’

Combining the two contributions to the generating function above yields (12). O
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Theorem 10. Let y = A(x,0) denote the generating function counting members
of NC,, for n > 0 according to the number of occurrences of T =12---(m —1)m
where a,m > 2. Then y satisfies the polynomial equation

(13) oy’ —y+1+ (¢ — 1)x“+m*2ym’1(y —1)=0.

More generally, the generating function counting members of NC,, jointly according
to the smallest repeated letter and number of occurrences of T (marked by v and q,
respectively) is given by vA(x,0,v) + ifa=2 and by

1 x

1 22°Cyy —
vA(z,0,v) + p 22 el vi? —l—vZCm—i—v—l ZZC" )

1—2x 1—vx
n>2 j=r

if a > 3, where r = max{l,n —a+ 2} and

(y — D)(A(w,vz) — y) M (2,0,0)+ (¢ — Do tavtm2(y — 1)

(14) A(z,0,v) = " 1— vz

)

with A(z,u) given by (17).

Proof. We first find an equation satisfied by y. Note that (12) at u =0 and v = 1,
taken together with (11), gives

(g — Dzt 2(y — 1) L 2%Ca

(15) y2:(y—1)A(x7m)—M(x,0,1)+ 1— 2 1—2

+ L(z,0).

We apply the kernel method to (12) to obtain an expression for A(z,x). Taking
u=xA(z,0) = zy and v =1 in (12) implies

A(QT,ZE) _ (q - 1)$a—2(($y)m(1 — .Z') — xm(l - l‘y)) _ ]\4(1,71,3/7 1)

(1—-2)(1—=y)
(16) b0 e ay)
(o)l —ay) O
Now observe
_ —2— o a—2 1—1
Z CiCja'™ = ZIZZQ iCi = Zx i1 —
7=0 =1 1=1

by the recurrence for Catalan numbers. Thus, the right-hand side of (15) may be
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written as
(4= Da"2((@y)"(1—x) —a"(1—ey))ly—=1)  y=1 5=, ;
- 2)(1—p) T 2O

z(y —1) a—1 _ 2
" (1—2)(1—zy) ( Cat Z i )>

a—2 a1
TS (4= ey = 1) | o
1 2P (G =G+ - YO
— =
a—2
(q _ 1)xa+m—2ym(y _ 1) xy . xaycail
= _ (2 CZ CZ s J-a—1
1—2ay lfxygx( +1 )+ 1—azy
y(l —x)
C J
1 -y Z v
7=0
a—1 a—2 ‘
e (R RS SRS SN

+(1— x)z(}jxi)

_ (g— Dz 2ym(y — 1) +
1—2xy

Equating this last expression with y? then leads to (13). Solving for A(x,u)
in (12) at v = 1, making use of (11), gives

T -wu 2°C,_1 (1- q)xa_l(um(l —x)—a™(1—u))(y—1)
A(%U)—xy_u<(1_u)(1_x)+ (1-—w)(1—2)(z—u)

-1
a4 "D ) - M) + L)),
where A(z,z) is given by (16). Letting v = 0 in (12) now leads to (14). Finally,
taking into account the v-weights of members of NC,, having smallest repeated
letter ¢ where r < i < n — 1, along with the increasing partition (which has weight
1 for all n > 0), implies the generating function enumerating members of NC,, for

n > 0 jointly according to the rep value and number of occurrences of 7 is given by
vA(z,0,v) + ﬁ if a =2 and by

vA(z,0,v) + +Z Zv] —jt1 — Cn_j)

+ Z " Z VF(Cr—py1 — Cri),s

n>a k=n—a+2
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if @ > 3. Rewriting the last expression somewhat yields the stated formula for the
joint generating function and completes the proof. O

Corollary 11. If n > a + m — 1, then the total number of occurrences of T =
1---(m — 1)m® within oll the members of NC,, is given by ﬁ(mjm), where

r=n—a—m-+2.
Proof. Let C = C(x), F = A(x,0) and D = %—I; |q=1. Differentiating both sides of
(13) with respect to ¢, and noting F' |,=1= C, yields

20CD — D + z*Tm=2Cc™~1(C — 1) = 0,

i.e.,
ma+m—2Cm—1(C _ 1) _ xa+m—2cm—l(c _ 1)
1-22C - VI — 4z ‘
Extracting the coefficient of z™ for n > a + m — 1, and making use of [14,
Eqn. 2.5.15], then gives

- (17)- () (- EE)

_ T 2r+m
T 2r4+m r '

Remark: The m = 2 and m = 3 cases of the formula 57— (QTJT“”) from Corollary
11 coincide respectively with sequences A002054 and A002694 in [13].

O

We conclude with the following equivalence between 7 and 1923 - - - m.

Theorem 12. We have 1923 ---m = 12--- (m —1)m®* as subwords on NC,, for all
a,m > 2.

Proof. We provide a bijective proof of this result. Suppose that the descents from
left to right within # = m;---m, € NC),, correspond to the letters a; > b; for
1 <4 < r and some r > 0. Let p; denote the section of m to the left of and
including aq and p,41 the section to the right of and including b, (if » = 0, then p;
comprises all of 7). If r > 2, then let p; for 2 < i < r denote the subsequence of 7
starting with b;_; and ending with a;. Note that p; for each i is weakly increasing,
as it consists of the letters between consecutive descents of 7 (or occurring prior to
the first or after the last descent of 7).

Suppose that the descent bottom letters by, ...,b, within 7 are given, with
bp = 1. Let section p; of m for 1 < i < r + 1 be represented sequentially as p; =
sg)sgz) e s(:), where s(()z) = b;_1. Define the binary sequence d!) = dgl)dél) x -dg:),
where dg) =1if s,(j) > 51(21 and d,(;) =0 if s,(j) = 35;21 for 1 < k < t;. Note that

7 non-crossing implies it is uniquely determined by its descent bottoms by,...,b,,
taken together with its complete set of associated binary sequences dV), ... d*+1),
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Let 7' be the uniquely determined member of NC,, whose descent bottoms
are the same as those of m (i.e., are given by b1,...,b,) and whose associated
binary sequences are given by rev(d™®), ... rev(d®*D), where rev(s) denotes the
reversal of a sequence s. Note that the section p) of n’ corresponding to p; in 7 for
1 < < r+1 will have the same set of distinct letters for all ¢, and thus 7’ will have
the same ascent tops as m. Also, an occurrence of 1923---m or 12---(m — 1)m®
within some section p; of m will result in an occurrence of the other pattern within
p; of ©', and vice versa. Further, an occurrence of either pattern must lie completely
within a section p; of 7 or p} of 7/, as neither contains a descent. Since the mapping
7 +— 7 is an involution on NC,,, and hence bijective, the desired equivalence of
patterns follows. O
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