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In this research paper, a new concept called #-¢-multivalued contractions is
introduced for an a-admissible mapping in the context of b-metric spaces,
which is an extension of the 6-¢-contractions originally proposed by Rossafi
et al. in 2023. Several fixed point theorems are established, including the
a-admissible 0-¢-multivalued theorem of Kanan and the a-admissible 6-¢-
multivalued theorem of Riech, all in the framework of b-metric spaces. The
applicability of these results is demonstrated using illustrative examples.

1. INTRODUCTION

The theory of multivalued mappings has diverse applications in control the-
ory, convex optimization, differential equations, and economics, as is widely ac-
knowledged. In his work, Nadler [20] extended the famous Banach contraction
principle to multivalued mappings, which has served as a major source of inspira-
tion for researchers in metric fixed point theory. Several attempts have been made
by numerous authors to generalize this principle in various spaces, resulting in sev-
eral notable generalizations that have been documented in [11, 1, 7, 15, 26, 28].
References [8, 1, 24, 25, 27] provide examples of various multi-valued mapping
conditions formulated using the Hausdorff-Pompieu metric, as proposed by several
authors.
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Crzerwik introduced the concept of b-metric space in [6], and subsequently,
there have been numerous publications regarding the fixed point theory of different
types of single-valued and multi-valued operators in b-metric spaces, as documented
in [3, 4]. These spaces have been used to establish several fixed point results. If you
want to learn more about b-metric spaces and related concepts, the reader can see
[9, 10, 12]. The literature on fixed point problems involving a-admissible mappings
has experienced significant growth, see [16, 17]. The concept of a-admissibility for
multivalued mappings was introduced by Mohammadi [19]. Recently, Patel has
expanded the class of a-admissible multivalued mappings by defining the class of
triangular a-admissible multivalued mappings [21].

Based on the findings of [21] and [19], this article introduces various contracti-
on-type mappings, such as a-admissible #-multivalued contractive mappings and
a-admissible #-¢-multivalued contractive mappings. Then we establish fixed point
theorems for these mappings, and provide some practical examples and implica-
tions to demonstrate their applicability. In the following, we will present certain
notations, definitions, and basic outcomes that will be required in the subsequent
discussions.

Definition 1. [6] A b-metric space is defined as a pair (Y,d,) where Y is a non-
empty set and dp : Tx T — [0,400) is a function satisfying the following properties
for every v,w,o0 € Y and a given real number b > 1:

1. d&p(v,w) =0, if and only if v = w,
2. &p(v,w) = dp(w, v),
3. dp(v,w) < bldp(v, o) + dp(o,w)].

Consider a b-metric space (T,dp) and a sequence v, in Y. We can define the
following concepts:

1) The sequence v, is said to converge to a point v € T if its limit exists, i.e., if
lim dp(vn,v) =0.

n——+oo

2) The sequence v, is called a Cauchy sequence if, for any given e > 0, there is
an integer n. € N such that dp(vm,vn) < €, for every n,m > n..

3) The b-metric space (T,dy) is said to be complete if every Cauchy sequence in
T converges to a point in T.

Lemma 1. [2]

1. Suppose that two sequences {vy} and {wy} are convergent in a b-metric space
(Y,dyp), such that
ngl—&l:loo db(l/n; V) =0,

RETOO dp(wn,w) = 0.
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Then, we have

1
—dp(v,w) < lim infdy(vn,wn)

b2 n—-+oo
< n£I+noo sup db(Vnawn)
< by (v, w).
2. Furthermore, if v = w, then hrf dp(vn,wn) = 0. Additionally, for any
n—-+0oo

ceY andv e Y, we can get

1
Zdb(y,a)g lim infdy(vy,0)

n—-—+o0o
< lim supdy(m,0)
S bdb(V7 0—)7
forallveX.

Lemma 2. [22] Let (Y,dy) be a b-metric space and let {v,} be a sequence in T
satisfying the following condition

lim dp(vy, v =0
ey b( n; n+1) )

If {vn} is not a Cauchy sequence, then there is € > 0 and two sequences of positive
integers {n(k)} and {m(k)} such that

7’) € S %(lgl-{l-lgof db(VI‘H(k) ? Vn(k)) S hm Sup db(l/m(k) Y Z/Il(k)) S be)

k—+o00
€
12) — < liminf d (v v, < lim sup dy (v, v, < b2e
) b = k400 ( mk)» H(k)+1) — k%JrcxI;) ( mx)» n(k)+1) — )
€
191) — < liminfd, (v, v, < limsup dy (v, v < b%e
) b~ ko4 ( M (k1) 2 n<k)) — k—>+ocp ( M (k)41 n(k)) = s

€
. A . 3
'U'l,) be < lﬁgligf db(]/m(k)Jrl’Vn(k)Jrl) < llirgilol};) db(l’m(k)+17’/n<k)+1) < b’

In [14], Jleli et al. provided the following definition

Definition 2. [14] Let © be the set of functions 6 : (0, +00) — (1,400) that satisfy
the following conditions

(61) 0 is nondecreasing,
(62) for any sequence {v,} C (0,400), we can get

Illllz%) vpn =0 if and only if ngrfoo O(vm) =1,
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(03) 0 is continuous on (0,400),

(04) there exist r € (0,1) and l € (0,+00) such that lim e(tt)fl =1.

t—0t

Definition 3. [29] Let @ be the set of functions ¢ : [1,+00) — [1,+00) that satisfy
the following conditions

(1) & is nondecreasing;
(¢2) for any T € (1,+00), we get
lim ¢"(7) =1;

n—+4oo
(63) ¢ is continuous.
Lemma 3. [29] If ¢ € @, then

o(1) <, for every T € (1,4+00) and ¢(1) =1.

The notion of #-¢-contraction on metric spaces was introduced in [29] by Zheng et
al. who also demonstrated the following outcome.

Definition 4. [29] Let (Y,d) be a metric space, a mapping F : T — YT is called
0-¢p-contraction if there is ¢ € ® and 0 € © such that

d (Fv, Fw) > 0 implies that 0[d(Fr, Fw)] < ¢(0[M(v,w)]), for every v,w e Y,
where
M(v,w) = max{d(v,w), d(v, Fv),d(w, Fw)}.

Theorem 1. [29] Let (Y,d) be a complete metric space and F : X — T be a 0-¢-
contraction mapping. Then F possesses a unique fized point.

In 2023, Rossafi et al. [23] presented some fixed point results for a 6-¢-contraction
on b-metric spaces and showed the following result.

Definition 5. [23] Let (T,d;) be a b-metric spaces with b > 1, a mapping F : T —
T is called 6-¢-contraction if there is ¢ € ® and 6 € © such that

dy(Fv, Fw) >0, implies that 0[b*dy(Fv, Fw)] < #[0(M(v,w))], for every v,w € T,

where

dp (v, Fw) + dp(Fr,w) }
262 '

Theorem 2. [23] Let (T,dp) be a complete b-metric space and F : T — Y be a
0-¢-contraction mapping. Then F possesses a unique fived point.

M(v, w) = max {db(y, w), dp(v, Fr), dp(w, Fw),
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For a non-empty set T, let P(T) be the power set of T and U,V € P(T). If (T, ds)
is a b-metric space, we define

N() =P(0)\ {0},
CB(Y) ={W € N(Y): W is closed and bounded},
K(Y)={W e N(Y): W is compact},
dp (e, W) = inf{dp(pt,w) : w e W},
p(U, W) = sup{dy(s, W) : p €U},
HU, W) = max{p(U, W), p(W,U)}.

Lemma 4. [5] Given a b-metric space (Y,dp). For all WU,V € CB(Y) and
v,w € T, we have

1. dy(v,U) < dp(v, ), for all p e U,

2. p(V,W) < H(V, W),

(
(
5. H(V.W) =H(W, V),
(V,W) < b[H(V,U) + H(U, W],
7. dp(v, U) < b[dp(v,w) + dp(w, U)].
Lemma 5. [5] Given a b-metric space (Y,dy). If U € CB(Y) and v € T, then
dy(v,U) =0 s equivalent to v €U = U,

where U is the closure of the set U.

Mohammadi et al. [19] introduced the notion of a-admissibility for multivalued
mappings as follows:

Definition 6. [19] Let Y be a non-empty set and F : T — N(Y) and o : Y? —
[0, +00) be two maps. Then F is called an «-admissible whenever for each v € T
and w € Fv it holds

a(v,w) > 1 implies that a(w,0) > 1 for all 0 € Tw.
Definition 7. [13] Let (Y,d,) be a b-metric space and o : Y2 — [0,+00). We

]
say that the space (T,dy) is a-complete if and only if every Cauchy sequence {v,}
where a(vy,vn41) > 1 for every n € N, converges in Y.
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Definition 8. [18] Let (Y,d;) be a b-metric space and o : T2 — Ry U {0} and
F : T — K(Y) be two maps. Then F is called a-continuous multivalued mapping
on (K(Y),H) if, for all sequences {vy} with a(vn,vny1) > 1 for every n € N and

lim v, =v €T, we have lim Fuv, = Fv so that
n——+4oo n——+4oo

nll)r-&I-loo db(Vn, V) =0

and means that lim H(Fvy, Fv)=0.

n—-4o0o
a(Vny Vny1) > 1 for everyn € N

Definition 9. [21] Let Y be a non-empty set and F : T — N(Y) and o : T? —
Ry U {0} be two maps. Then F is called a triangular o-admissible if F is a-
admissible which satisfies the following condition

alv,w) >1
and implies that a(v,0) > 1 for all 0 € Fw.
a(w,0) >1

Lemma 6. [21] Let F : T — N(T) be a triangular a-admissible mapping. If
there is wg € T and vy € Fuy such that a(vg,v1) > 1 then for a sequence {vy},
Unt1 € Fup, we get a(vy, V) > 1 for every n,m € N with n < m.

2. MAIN RESULTS

By utilizing the concept proposed by Rossafi et al. [23], our paper intro-
duces the notion of a-admissible 6-¢-multivalued contraction in b-metric spaces
and establishes several fixed point theorems that rely on this type of contraction.
In the following definition, we present the concept of a-admissible #-¢-Multivalued
contraction in b-metric spaces.

Definition 10. Given a b-metric space (Y,dp) with b > 1. Let F : T — KC(T) be
a mapping.

(1) F is called an a-admissible 6-Multivalued contraction if there are 6 € O,
L>0andr e (0,1) such that

(1)
H(Fv, Fw) > 0 implies that 0la(v, w)b>H(Fr, Fw)] < OM(v,w)]+-LN(v,w),

where

dp (v, Fw) +db(}-v,W)}
202
N(v,w) = min {db(u, Fv),dp(Fr,w),dp(v, Fw), dp(Fv, w)},

M(v,w) = max {db(u, w), dp(v, Frv),dp(w, Fw),
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(2) F is called an a-admissible 0-¢-Multivalued contraction if there are 6 € O,
L >0 and ¢ € ® such that

(2)
H(Fv, Fw)>0 implies that 0[a(v, w)b*H(Fv, Fw)] <[0(M(v,w))HL N(v,w),

where

M(v, w) = max {db(u,w),db(y, Fv), dy(w, Fw), dp (v, Fw) + dp(Fv, w)}

2b2
N(v,w) = min {db(u, Fv),dp({w,w), dp(v, Fw), dp(Fr, w)},

(8) F is called an a-admissible 0-¢-Multivalued Kannan-type contraction if there
are 8 € ©, L > 0 and ¢ € P such that for each v,w € Y for which
H(Fv, Fw) > 0 we get

dp(v, Fv) + dp(w, Fw)
2

3)  Ola(v, )P H(Fv, Fw)] gqs[o( )] + LN(v,w),

where

N(v,w) = min {db(l/7 Fv), dp({w,w), dp (v, Fw), dp (Fr, w)},

(4) F is called an a-Multivalued 0-¢-Multivalued Reich-type contraction if there
are § € ©, L > 0 and ¢ € & such that for each v,w € Y for which
dp(Fr, Fw) >0 we get
W d dy(v, F d F
Ola(v, w)b*H(Fr, Fuw)] S(b{é)( o1 @)+ (v, Fv) + do(w, Fw)

3

)}+L N(v,w),
where

N(v,w) = min {db(u, Fv), dp({w,w), dp (v, Fw), dp(Fr, w)},

for every w,v € Y.

Theorem 3. Let (Y,d,) be a complete b-metric space and F : T — K(Y) be an
a-admissible 0-Multivalued contraction satisfying

(1) (Y,dp) is an a-complete metric space;

(2) there are vy € T and vy € Fuy so that a(vg,v1) > 1;
(8) F is triangular a-admissible;

(4) either

(4a) F is an a-continuous multivalued mapping
or



Some Fixed Point Theorems for a-Admissible §-¢-Multivalued Contraction Mappings... 157

(4b) if {vn} C T so that a(vy,vny1) > 1 for everyn € N and lim v, =v €

n—-+4oo

T, then we get a(vy,v) > 1 for everyn € N.
Then F possesses a fixed point.
Proof. Let vy € T and v; € Fuy such that a(vg,vq) > 1. We define a sequence
{wu} by
Unt1 € Fiy

for all n € N. If there is ng € N with dp(vng, Yng+1) = 0, then it follows that vy,
belongs to Fuy,, and we can conclude that vy, is a fixed point of F, thus completing
the proof.

Now we assume that dp(vy, Frn) > 0 for all n € N. From the triangular a-
admissibility of F follows a(v1, v2) > 1. By continuously performing this procedure,
we can obtain

(5) a(vy,vni1) > 1 for every n € NU{0}.
If we substitute v by v,—1 and w by v, in (1), we can get
O[H(Fru—1, Fvn)] <OV H(Frn_1, Frn)]
< O[a(vn_1, vn) P H(Frn_1, Fua)]
(6) < [G(M(un,l, Vn))]r + LN(vy—1,y), for alln € N;
where
M(vy-1,vn) = max {db(l/n,l, Vn), dp(Un—1, Frn—1),dp(Vn, Fvn),

db(]:anla Vn) + db(l/nfla]:l/n) }
2b?
db(z/n,l,]-'un)}
2b2

= max {db(l/nfl, Vn)v db(yna .Fl/n),
and

N(vn—1,Vs) = min {db(anla Frn-1),dp(tn, Frm), do(Frn_1, n), dp(vn-1, ]:Vn)}

= min {db(l/n—la -T'.Vn—l); db(Vna fl/n)a Oa db(Vn—la -Fl/n)}
=0.
On the other hand, we have

1 1

Tdeb(anlv-FVn) S [b(db(l/nfhyn) +db(Vn7-FVn))]

202
1

- %(db(anlu Vn) + db(ynu]:Vn))
1

S *(db(anlvyn) +db(yn7]:Vn))

2
< max {dy(¥n—1,n), do(n, Fru) },
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and we obtain

M(vy—1,vn) = max {db(l/n_l, V), db(l/n,]-'un)}.
If M(vp—1,vn) = dp(¥n, Frm), since F is compact, it follows
(7) d(vnt1,vn) < H(Fvn_1, Fin).

On the other hand, we have vy, 1€ Fvy, which implies that dp @n, Fn) <dpWn, Vnt1)-
By using (6) and (7), we have

0(dp(vnt1,vn)) < H(H(fun_l,}"yn))
[9

< 0(M(vn-1,n))
= H(db(l/n,]:l/n))
< Q(db(yn, Vn+1))7

which leads to a contradiction, which implies that the assumption made earlier is
incorrect. Consequently, M(vy—1,vn) = dp(vn—1,vn). Therefore, using inequality
(6), we can derive the following

0(dp(vnt1,vn) < O(H(Frn-1,Frn))
[ (M Vn—1,Vn) )T—l—LN(Vn,l,yn)

= [0(M(1,m))|
= [0(do(va-1,0)]"
(8) < o(db(l/n—l, Vn))-
From (8) and using (), we get
dp (Vs Vnt1) < do(Vn—1,Vn)-

As a result, the sequence of nonnegative real numbers {dy(vn, Vn41) bnen is strictly
decreasing. This implies the existence of a nonnegative numbers ~ that satisfy the
following equality

HET db(Vn-‘rla Vn) =7
Now, our assertion is that v = 0. To demonstrate this, we will use a proof by

contradiction and suppose that v > 0. As the sequence {(dy(vn, ¥n41) fnen is both
decreasing and positive, we can conclude that

dp(Vn,vnt1) >y, foralln e N.
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Repeating (8), we get

e(db(Vm Vn+1)) < (e(db(ynfh Vn)))r
(O(dp(vaszs V1))

IN

(9) < 0(dp(vo,10))"

Using the property of # and inequality (9), we come to

(10) 1< 6(v) < 6(dy(vo, 1)) .

As n tends to +o00 in inequality (10), we can conclude that
1<6(y) <1

This leads to a contradiction. Hence,

(11) lim dp(vn, vns1) = 0.

n—-+oo

Next, our goal is to establish the Cauchy sequence property of {vy}nen. Suppose
the opposite. According to Lemma 2, there exists ¢ > 0 such that for a given

integer k we can find two sequences {m)} and {ngy} for which it holds:

i) e< kgrfoo inf db(um(k) , l/n(k)) < kggloo sup dp (Vm gy » Vngy ) < be,

s . . . 2
i) - < kll}r_ix_loo inf db(yn(k),ym<k)+1) < kgriloo sup db(l/n(k>,1/m(k)+1) < b,
veen € . . )
iii) 5 < kEToo inf dp (Vs Ynoy 1) < kEToo sup dp (Vi » Vngo ) < 076
o € . . . 3
vi) v < kgr-&r-loo inf db(vm(k)ﬂ,yn(k)ﬂ) < kEToo sup db(Vm(k>+1vVn<k)+1) < be.

As F is a triangular a-admissible, then by using Lemma 6 we have

(12) (Vg Vngy) > 1.

We also have

M(¥m s Vg, ) = max {db(l/m(k) Vnao )s Ao (Vg s FVmag )s Ao (Vngy s Fngg )
2b2

< max {db(’/m(k) ) Vn(k> )a db(Vm(k) ) Vm(k)+1 )a db(yn(k) ) Vn(k)+1 )a
1

1
7(db(l/n(k),fl/m(k)) + db(l/m(k)7./—"1/n<k)))}

202 (Ao (¥n gy Vingo 1) + by s Vg1 ))}
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and
N(Vm(k), l/n(k)) = min {db(ym(k) , fVm(k)), db(l/n(k) A2 ), db(un(k) ,Fum(k)),
db(Vm(k),}"un(k))}
< min {db(ymac) Vingo 1) b (Vng s Vg 10)s b (Vngg Vg 415

db(Vm(k) » Uno 11 ) }

By applying Lemma 2 and taking limy_, o, by using (11), we obtain
kgr—ﬁr-loo Mgy Vg ) < kEI-iI-loo max {db(um<k> Vi )s Ao (Vg s Vg 1)

1
db(Vn(k) »Ungg g1 )’ ﬁ(db(yn(k) » Vm 41 ) +db<ym(k) »Vngg g1 )}

1
< max {be, 0,0, @(bze + b26)}

= be
and

lim N(v v < lim min {db vV, v, dp (v, v
k—)+oo ( m(k)a l‘l(k)) - k—>+OO ( I‘H(k)7 m(k)+l)7 ( n(k)’ H(k)+1)7

Ao (Vs Vin o 1) A (Vg » Vn<k>+1)}
< min {0, 0, b2e, b%}
=0.
So, we have

Jim N ) =0

(13) kEToo M(Vm s Vngy ) < be.
Now, from (12) and letting v = 4y, w = vy, in (1), we obtain
e[bgdb(l/m(k)JrN Vn(k)+1 )] S 9[b3H(fVm(k) ? Fyn(k) )]
< Ola(Vmy s Vg )bBH(fl/m(k) s Fngy)]
(14‘) S [H(M(Vm(k)’ Vn(k) ))]r + L N(Vm(k) ) Vn(k))'

By utilizing inequalities (13) and (14) and applying the continuity of 6, we can
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obtain the inequality below by letting & — 400
0(eb) = 9( b3)

3
0(b klgr_l db(VIII(k)+1vVH(k)+1))

[ < lim Mum(k),un(k)))} + L lim N(Vm(k),z/n(k))

k—+o00 k—+o0

[ ( lim M Vm(k),Vn(k))>]r

k—+o0
< [0(be)]"
< 0O(be).
Due to the fact that 6 is a monotonically increasing function, we come to the
contradiction

be < be.

Therefore, the sequence {v, }nen is a Cauchy sequence in Y. As a consequence of
the completeness of (Y, dp), we can find o as element of T such that

lim dp(vy,0) =0.

n—-+4oo

Case 1: If F is a-continuous multivalued mapping, according to (4a) we
can conclude that

lim H(Fvy,, Fo) =0.

n—-+oo

Thus we obtain

dp(w, Fo) = ngrfoo do(Vnt1, Fo) < lim H(Fvp, Fo) =0.

n—-4o0o

Therefore, 0 € Fo and hence F possesses a fixed point.

Case 2: If F is not a-continuous multivalued mapping, according to (4b)
we can show that ¢ € Fo using contradiction. Assume that

o ¢ Fo.
We know that 0 < dp(Fry, o) < dp(vnt1,0), hence
nginoo dp(Frn,0) =0.

Since lim Fv = o, based on Lemma 2.2, we can conclude
n—-+oo

b12 v(0, .7-'0)< hm inf H(Fvn, Fo)
< hm sup H(Fvm, Fo)

n—-+oo

(15) < b?dy(o, Fo).
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Now, letting v = v, and w = ¢ in (1), we have

O’ H(Fvn, Fo)) < 0(a(vn, o) b*H(Fry, Fo))

<
< [0(M (v, 0))]" + LN(vy, 0), for all n € N,

where

1

M(vy,, o) = max {db(uma),db(un,]:yn), dp (o, Fo), 52

(Ao (0, Frn) + do (v, Fo) |
and

N(va, o) = min {db(un,}"z/n), dy(o, Fo), dy (o, ]-"un),db(yn,.}’-'a)}.
Taking lim,,_, ., we obtain

lim supM(vy,0) = lim supmaux{db(yn,0),db(yn,]-'z/n),db(a,]-'a)7

n—-+oo n—-—+o0o

1
@(db(a, Fuvn) + db(Vm]:U))}
< nEI—iI-loo Sup max {db(Vna 0)7 db(yna Vn+1)7 db(07 ]:0-)7
1
ﬁ(db(d, Vn+1) + db(Vn;]:o'))}
< db(U, ]:O')

and

nlim supN(un,o):nlim sup min {db(un,}"un),db(a,fa),db(a,fun),db(un,fa)}
< nlim sup min {db(z/n, Unn ), dp(0, Fo), dp(o, vpn ), db(Vn,.Fcr)}
:min{O,db(a,FU),db(a, z),z,fa)}
=0.

Therefore,

0(V*H(Fvn, Fo))

; % (dp(o, Frm)+dpn, ‘FU))D} r

(16) + L min {db(z/n, Fin), do(0, Fo), dy(a, Fra), dp(va, }'a)}.

< [G(max {db(yn, 0),dp(vn, Frn), ds (0, Fo)
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Taking lim,,—, 1o in (15), (16) and using (11) and (#3), we obtain
0bdy (o, Fo)] < 0[b° Er}_l H(Fvn, Fo)]
< lim [V*H(Fun, Fo)]
n—-+4o00
< lim 0oy, 2)PH(Frn, Fo))

n—-+oo

< lim (o[M(yn,z)]’”+LN(un,z))

n—-+oo

<O[ lim M(vy,2)]"+L lm N(v,2)

n—-+oo n—-+oo
< [6(ds (o, Fo))I*
< 0(dp(0, Fo)).

Using (61), we obtain
bdy (o, Fo) < dp(o, Fo).
This implies that
dp(o, Fo)(b—1) <0,
hence
b<1.

This leads to a contradiction, so it follows that o belongs to Fo. O

Theorem 4. Let (Y,d,) be a complete b-metric space and F : T — K(Y) be an
a-admissible 0-¢-Multivalued contraction satisfying

(1) (Y,dp) is an a-complete metric space;
(2) there are vy € Y and v € Fuy so that a(vy, 1) > 1;
(3) F is a triangular a-admissible;

(4) either

(4a) F is an a-continuous multivalued mapping,
or
(4b) If {vn} C T so that a(vy,vnt1) > 1 for everyn € N and lirf V=V €
n—-+4oo

T, then we get a(vy,v) > 1 for everyn € N.

Then F possesses a fized point.
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Proof. Let vy € T and 11 € Fuy such that a(vp,v1) > 1. We define a sequence
{vn} by

Upnt+1 € Fuy

for all n € N. If there is ng € N with dp(vng, Yng+1) = 0, then it follows that wy,
belongs to Fuy,, and we can conclude that vy, is a fixed point of F, thus completing
the proof.

Now we assume that dp(vy, Frn) > 0 for all n € N. From the triangular a-
admissibility of F follows a(v1, v2) > 1. By continuously performing this procedure,
we can obtain

(17) a(Vn, vn11) > 1 for every n € NU{0}.

Since F is compact and if we substitute v by v,_1 and w by v, in (2), we can get

e[db(l/n—hl/n)] < G[H(Jl—:yn—lafyn)]
< O3 H(Fvn_1,Frn)l
< Ola(vy_1,va) B3 H(Frn_1, Fry)]
(18) < (b[H(M(I/n_l, Vn)] + LN(vy—1,vn), for alln € N,
where
M<anl7 Vn) = max {db<l/nfl7 Vn)y db(l/nflz]:l/nfl% db(”na]:l/n);
db(fl/n—la Vn) + db(”n—lafyn) }
202
dp(vn—1, Ftn
S max {db(l/n71> Vn)7 db(Vn, ]:Vn>7 %}
and

N(anlvyn) = min db(unflafynfl)adb(Vna-FVn)adb(-FanlvVn):db(l/nfhfyn)}

= min {dy (a1, Ftia1), Ao, Fr), 0, do (1, Fin) }
=0.

On the other hand, we have

1 1
@db(l/u—l,d’—'bn) S ﬁ [b(db(l/n—l, l/n) + db(Vn,]:Vn))]
1
= % (db(Vn—la Vn) + db(Vn, fVIl))
1
< 5 (D (-1, vn) + dp(vn, Frm))

2
< max {db(’/nfla ), dp(Vn, -FVn)}7
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and we obtain
M(vy—1,vn) = max {db(yn_l, Vn), dp(vn, ]‘—l/n)}.

If M(vn—1, n) =dp(Vn, Fim), since vy 1 € Fuy, it follows dp (v, Frn) <dp(¥n, Vnt1)-
By using (18), we have

which leads to a contradiction, which implies that the assumption made earlier is
incorrect. Consequently, M(vy_1,vn) = dp(vn—1,n). Thus

0(ds (v, va1)) < 9(0(do(v1,00)))
(19) < O(dp(vn—1,1m)).
From (19) and using Lemma 3 and (), we get
dp(Un, Unt1) < dp(Vn—1, V).

As a result, the sequence of nonnegative real numbers {dy(vn, Vnt+1) pnen is strictly
decreasing. This implies the existence of a nonnegative numbers v that satisfy the
following equality

nggloo db(VH-Ha Vn) =7

Now, our assertion is that v = 0. To demonstrate this, we will use a proof by
contradiction, assuming that v > 0. Since {dy(vn, Vnt+1) }nen is decreasing sequence
of nonegative numbers, it follows that

dy (U, vns1) > 7, for alln € N.
Repeating (19), we get
0(do (Vs 1)) < 6(0(dolt-1, 1))
< 6*(0(dp(va-2,70-1)) )

<" (Q(db(VO, 1/1)))~
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This implies that
1<6(a)
< 0(dp(vn, vng1))
<" (9(db(Vo, V1))>-
Taking lim,,_, ., and applying the property of ¢ and €, we can conclude that

1< 6(a)
< (o)

:17

which contradicts our assumptions. Therefore, we can conclude that v = 0, and
consequently, we obtain the following result

ngrfw dp (Y, Vng1) = 0.
Now we will demonstrate that {v,}nen is a Cauchy sequence. Let us assume the
opposite. According to Lemma 2, there exists € > 0 such that for some integer K
there are two sequences {my} and {ng)} for which it holds:

i) e< kgrfoo inf db(z/m(k) , l/n(k)> < kgr—il-loo sup dp (Vm ey » Vng,y ) < bE,

oy € . . )

ii) 5 < kBIJPoo inf db(l/n(k)7l/m(k)+1) < kEI-sI-loo sup db(”n<k>an(k)+1) < b,
€

see . . . 2

iii) 5 < kgl_‘l_loo inf dp (V)5 Ynoya) < kEI-&I-loo sup dp (Vi » Vngo4a ) < b76

) < ble.

. € . . .
vi) b—2§ lim mfdb(z/m(k)ﬂ,z/n(k)ﬂ)g lim Sude(Vm<k>+1vVn<k>+1 <

k—+o0 k—+o00

As F satisfies the properties of a triangular a-admissible mapping, we can apply
Lemma 6 to conclude that

(20) a(z/m(k), Vn(k)) > 1.
We also have

kgr-iI-looM(ym(k)’VWk)) < be

(21) kli)rJPOO N> Yngy ) = 0.

Now, from (20) and letting v = i, w = vn,, in (2), we obtain
e[bSdb(VmeNVn(k)H)] < e[bSH(}—me’]:”n(k))}
<O[a (Vm(k) s Vngg )bSH(.FVm(k) , fy,l(k))]
< ¢[0(M(Vm(k) ’ Vn(k)))} + LN(Vm(k) ’ Vn<k>)'
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Taking limy_, o, in the aforementioned inequality, and utilizing the continuity of
both ¢ and 6, along with the formula (21), we can derive the following

(5t°) = 0(eb)

o 00
< ¢|:9<k£IfooM Vm(k)”’“(kﬂ)} +1L kEr-&I-loo N g
ot M )

< ¢[0(be)].

Applying Lemma 3, we obtain the following inequality
0(be) < @[0(be)] < 6(be).
Since 6 is increasing function, it follows that
be < be,

which contradicts our initial assumption. Therefore, we can conclude that {v,} is a
Cauchy sequence in the space Y. Furthermore, due to the completeness of (Y, d;),
we can deduce that there is o belonging to T such that

lim dp(vy,0) =0.

n—-4oo

Case 1: If F is a-continuous multivalued mapping, from (4a) we conclude
that

lim H(Fv,, Fo) =0.

n—-+oo

Thus, we can obtain

dp(o, Fo) = ngrfoodb(y”*'l’fa) < lim H(Fvn, Fo)=0.

n—+o0o

Therefore, o € Fo and hence F possesses a fixed point.

Case 2: If F is not a-continuous multivalued mapping, from (4b) we show
that o € Fo by contradiction. Suppose that

dp(Fo,0) > 0.

Since lim v, = o, by using Lemma 2.2 we can conclude that
n—-+4oo

b12 v(0, .7-'0)< hm inf H(Fvn, Fo)
< hm sup H(Fvm, Fo)

n—-+oo

(22) < b?dy(o, Fo).
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Now, letting v = v, and w = ¢ in (2), we have

O[b*H(Fuw, Fo)) [o(vn, )P H(Frn, Fo)

<4
< ¢[0(M(vn,0))] + LN(v,0), for all n € N,

(23)

where
1

M(vy,, o) = max {db(un,a),db(un,]-'yn), dp(0, Fo), 52

(Ao (0, Frn) + do (v, Fo) |
and

N(vp,0) = max {db(Vn,]:I/n), dp(o, Fo),dp(o, Fun,db(un,]-"a)}.
Similar to the proof of Theorem 3, we obtain

lim supM(vy,0) < dp(o, Fo),

n—-+o0o
nl}riloo sup N(vy,0) = 0.
Consequently, taking n — 400 in formula (23) and utilizing the properties of both
f and ¢, we obtain the following result
1
9(b3gdb(07 Fo) = 0(bdy(0, Fo))
<0(* lim H(Fuy, Fo))
n—-4oo
< lim O(b°*H(Fwy, Fo))
n—-4-oo

< lim 0(a(vn, 2)b*H(Fry, Fo))

n—+o00

< lim (¢[9(M(yn, )] + LN(va, z))

n—-+4oo

<o[0( lim M(w,2))]

n——+oo
< ¢(9(db(a, fcr)
< 0(dp(0, Fo)).

Using (61), we obtain
bdy (o, Fo) < dp(o, Fo).
This implies that
dp(o, Fo)(b—1) < 0=b< 1,

which leads to a contradiction. Hence, o belongs to Fo.
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The following fixed point theorems for a-admissible 0-¢-multivalued Reich-
type contraction and a-admissible 8-¢-multivalued Kannan-type contraction can
be obtained from Theorem 4. These results enhance and expand upon the existing
findings related to Reich-type contraction and Kannan-type contraction on b-metric
space that were previously established.

Theorem 5. Let (Y,d,) be a complete b-metric space and F : T — K(Y) be a
given mapping. Assume that there are 0 € © and ¢ € ® such that for any v,w € T,
we have

H(Fv, Fw) > 0 implies that 0[b>H(Fv, Fw)] < ¢[0(D(v,w))],
where
D(v,w) = max{dy(v,w), dp(v, Fv),ds(w, Fw)}.
Then F possesses a fized point.

Proof. We have
D(v,w) = max{dp(v,w), dp(v, Fv),dp(w, Fw)}
1

< max {db(yn, 0),dp(vn, Frn), dp(o, Fo), 552

(db(a, Fun) + dp(vn, ]-"0)) }
= M(vy, 0).

Therefore, F is an a-admissible #-¢-multivalued type contraction, where a(v,w) =
1, for every v,w € T. According to Theorem 4, we can deduce that F possesses a
fixed point. O

Theorem 6. Let (Y,d,) be a complete b-metric space and F : T — K(T) be an
a-admissible 0-¢-multivalued Kannan-type contraction satisfying

(1) (Y,dp) is an a-complete metric space;

(2) there are vy € T and vy € Fuy so that a(vg,v1) > 1;
(3) F is a triangular a-admissible;

(4) either

(4a) F is an a-continuous multivalued mapping,
or
(4b) If {vn} C T so that a(vy,vnt1) > 1 for everyn € N and hgl Up =V €
n—-—+oo

T, then we get a(vy,v) > 1 for every n € N.

Then F possesses a fized point.
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Proof. Since F is an a-admissible #-¢-multivalued Kannan-type contraction, from
(3) there are 8 € © and ¢ € ® so that

dp(Fr,v) + dp({w, w)
ol

gb{ (max {dy(v, Fv), dy(w, fw)})}

< o[o(M(vw)].

Therefore, F is an a-admissible §-¢-multivalued type contraction. According to
Theorem 4, we conclude that F possesses a fixed point. O

] [a(y, W)BAH(Fr, ]-"w)] 10) [ (

Theorem 7. Let (Y,dy) be a complete b-metric space and F : T — K(T) be an
a-admissible 0-¢-multivalued Reich-type contraction satisfying

(1) (Y,dp) is an a-complete metric space;
(2) there are vy € Y and vy € Fuvy so that a(vo,v1) > 1;
(3) F is triangular a-admissible;

(4) either

(4a) F is an a-continuous multivalued mapping,
or
(4b) If{vn} C T so that a(vy,vni1) > 1 for everyn € Nand lim v, =v €
n——4oo

T, then we get a(vy,v) > 1 for every n € N.
Then F possesses a fixed point.

Proof. Since F is an a-admissible 6-¢-multivalued Reich-type contraction, from (4)
there are ¢ € ® and 6 € © so that

dp(v,w) + dp(Fr,v) + dp({w, w)

ol (& 3 )
¢[0( max{d,(v,w), dy(Fr,v), dy({w,w)})]
S[O(M(v, w))].

Then, F is an a-admissible #-¢-multivalued type contraction. Moreover, according
to Theorem 4, we prove that JF possesses a fixed point. O

0]a(v,w)b*H(Fv, Fw)] <

IA A

3. CONSEQUENCES

Our main results enable the deduction of several classical fixed point outcomes
with ease, as demonstrated in this section.
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Corollary 1. Let (Y,dy) be a complete b-metric space and F : T — K(Y) be a
mapping. Assume that there are k € (0,1) and 6 € © such that for every v,w € Y,
we obtain

H(Fv, Fw) > 0 implies that O[b>H(Fv, Fw)] < [0(dy(v,w))] .
Then F possesses a fized point.

Corollary 2. Let (Y,dy) be a complete b-metric space and F : T — K(YT) be
a given mapping. Assume that there are ¢ € ® and 6 € © such that for every
v,y €Y, we obtain

H(Fv, Fw) > 0 implies that O[b>H(Fv, Fw)] < ¢[0(dp(v,w))].
Then F possesses a fized point.

Corollary 3. Let (Y,dy) be a complete b-metric space and F : T — K(YT) be
a given mapping. Assume that there are ¢ € ® and 6 € © such that for every
v,y €Y, we obtain

dp(v, Fv) + db(w,]-'w))].

O[3 H(Fu, Fw)] < ¢ [9( :

Then F possesses a fixed point.

Corollary 4. Let (Y,dy) be a complete b-metric space and F : T — K(T) be
a given mapping. Assume that there are ¢ € ® and 0 € © such that for every
v,w € Y, we obtain

dp(v, w) + dp(v, Fv) + db(w,]-'w))}.

Ola(v, W)V H(Fr, Fw)] < qb[G( 3

Then F possesses a fixed point.
Example 1. Consider the b-metric on the set T = [0, +00) defined by dp(v,w) =
(v —w)? for every v,w € Y. Let us define F : ¥ — K(T) by
0,4]  if wel0,5]
Fv =
[v?,03]  otherwise,
a: T —[0,+00) by

1 if vywel0,5
a(v,w) =
0 otherwise

and the functions 0 : [0, 4+00) — [1,+00) by d(t) = 1 + /1.
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We will now demonstrate that F satisfies the conditions of being a triangular
a-admissible mapping. Let v € T and w € Fv such that a(v,w) > 1. Then,
v,w € [0,5]. Let p € Fw, then

v
2

1w E [0,%} C [O,—] c [0,1].

So, a(w, ) > 1. Hence, F is an a-admissible. Moreover, let v,w € Y and p € Fw
such that

av,w)>1 and a(w,pu) > 1.

Then, v,w € [0,5] and p € [0, %] C [0,1] which implies that v, € [0,5], thus
a(v,p) > 1. So, F is triangular a-admissible.
For vy = % €Y and v = 3—10 € Fyy we have a(vp,v1) > 1.

In addition, for any sequence {vn} C Y, where vy € T, ligl vy =V and
n—-—+oo

a(Vn,vnt1) = 1 for all n € N, it holds that vy € [0,5] for any n € N and thus
vy, v € [0,5], so a(vy,v) > 1 for alln € N. Hence, the condition (4b) holds.

Subsequently, we will prove that the assumptions of Theorem 3 are satisfied
for every vyw €Y and b = 2.

Case 1: If v,w € [0,5] we have a(v,w) > 1 and thus
0(a(v,w)b*H({v, Fw)) = Vo(v,w)b3H(v,w) + 1
= Va(r,w)bB3H{v, Fu) + 1

< \/8H(Pv, Fw) + 1.

Conversely, we can say that
H(Fv, Fw) = max {p(fu, {w),p(]:w,]:y)}

= max{ sup dp(p, Fw), sup db(a,}"u)}
neFv cEFw

(v —w)?
25

Thus,

0 (v, w)b*H(Fr, Fw)) < 8% +1

<Vdp(r,w)+1
VM(y,w) +1

6(M(v,w)) + LN(v,w).

IN A
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Case 2: If v,w € (5,+00), we have

a(v,w) =
and thus
0 (v, w)b*H({v, Fw)) = 6(0)
<0((v—w)?)
< 6(M(v,w)) + LN(v,w).

Then, F satisfies all assumptions of Theorem 3 and it possesses a fized point, where

0 is such a fized point.
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