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FORMULAE FOR ANTI-TRIANGULAR BLOCK

MATRICES WHICH INCLUDE THE DRAZIN INVERSE

Daochang Zhang∗, Dijana Mosić and Predrag S. Stanimirović

The expressions for the Drazin inverse of two kinds of anti-triangular block
matrices are developed under new and weaker assumptions relative to those
already used recently in this subject. Applying our results concerning the
Drazin inverse and anti-triangular block matrices, we propose some charac-
terizations and representations of the Drazin inverse of a 2× 2 block matrix.
In this way, we expand some notable achievements in characterizing and rep-
resenting generalized inverses of partitioned matrices.

1. INTRODUCTION AND MOTIVATION

Let the symbol Cm×n denote the set of m×n complex matrices. The Drazin
inverse of F ∈ Cn×n is the unique matrix F d which satisfies

FF d = F dF, F dFF d = F d, F k = F k+1F d,

for the index k of F (denoted by ind(F )), which presents the minimal non-negative
integer satisfying rank(F k) = rank(F k+1). For F e = FF d and the identity matrix I
of suitable dimensions, Fπ = I−F e denotes the spectral idempotent of F associated
with {0}. In particular, if ind(F ) = 1, F d = F# is the group inverse, as the specific
phenomenon of the Drazin inverse.

The Drazin inverse of block matrices is applicable in different fields such as
finite Markov chains, cryptography, iterative methods, systems of differential or
difference equations, and some other applications [7, 8, 21, 22, 25, 26, 27, 29].
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To solve second-order singular differential equations, the problem of finding

the Drazin inverse of anti-triangular block (or shortly ATB) matrices M =

[
F E
G 0

]
was initiated in [6]. A representation for Md without any restrictions on blocks
involved in M is still not available, although many researchers have considered this
problem [2, 4, 9, 13, 17, 20, 23, 31]. Interestingly, Md was expressed in [14]
under restriction EGF = 0.

Many studies have appeared in the literature under various conditions [16,
18, 30, 32, 33] with the intention to present the Drazin inverse of a partitioned

matrix N =

[
F E
G H

]
. Some expressions for Nd were given under the following

assumptions:

1. In [5], F = 0 and H = 0;

2. In [15], EG = 0, EH = 0 and HG = 0;

3. In [16], EG = 0, EHG = 0 and EH2 = 0;

4. In [18], EG = 0, HG = 0 (or EH = 0) and H is nilpotent;

5. In [24], EGF = 0, FEH = 0 and GEH = 0;

6. In [10], EGF = 0, HG = 0 and H is nilpotent;

7. In [10], EGF = 0, EH = 0 and HG = 0 (or EG is nilpotent);

8. In [30], EGF = 0, EGE = 0, HGF = 0 and HGE = 0;

9. In [1], EGF = 0, GEGE = 0, FπEGE = 0, EHG = 0 and EH2 = 0;

10. In [1], FEH = 0, GEH = 0, EGF = 0, HGF = 0, EGEG = 0 andHπGEG =
0;

11. In [1],HGF = 0, EGF = 0, GEH = 0, FEH = 0, GEGE = 0 and FπEGE =
0.

Motivated by the applications and theoretical significance of the Drazin in-
verse of various block matrices as well as growing research interest in this subject,
the central topic of this study is the development of representations of the Drazin
inverse on two categories of ATB matrices and the general block matrix under new
and weaker conditions than considered in the research available right now. Thus,
we extend some well-known results. The main topics of this research are briefly
described now.

(1) Firstly, we consider the Drazin inverse of the ATB matrix

(1) M̄ =

[
F E
I 0

]
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under new assumptions EF 2 = 0, (EF )2 = 0 and E2F = 0.

(2) Applying derived representations for M̄d, we present certain specific rep-
resentations for Md, such that

(2) M =

[
F E
G 0

]
,

wherein EGF 2 = 0, (EGF )2 = 0 and (EG)2F = 0.

(3) Applying the Drazin inverse of ATB matrices of the form (2), the expres-
sions for the Drazin inverse of the more general block complex matrix

(3) N =

[
F E
G H

]
are established in terms of its blocks.

This research is organized as follows. Section 2 contains preliminary results,
which are essential in subsequent sections. In Section 3, new explicit formulae for
the Drazin inverse of ATB matrices M̄ and M are derived. Section 4 involves
representations of Nd obtained using the results of Section 3. Some concluding
remarks are placed in Section 5.

2. PRELIMINARY RESULTS

This section contains a few preliminary results that will be used to prove the
main results. Cline’s formula is stated in the beginning. Assuming F ∈ Cn×n and
k ∈ N, we adopt the mark (F d)k = F kd = F dk for the equality (F d)k = (F k)d.
The definition of an integral function stands for the truncated integer of x as [x].

Lemma 1. [11](Cline’s Formula) The identity (EF )d = E(FE)2dF holds for ar-
bitrary F ∈ Cm×n and E ∈ Cn×m.

Lemma 2 gives the representations of the Drazin inverse of block triangular
matrices. According to the common convention, a sum with a lower limit greater
than its upper equals 0.

Lemma 2. [19, 28] Let N =

[
F E
0 H

]
and M =

[
H 0
E F

]
∈ Cn×n are defined

using square blocks F and H satisfying ind(F ) = r, ind(H) = s, and appropriate
block E. Then

Nd =

[
F d Z
0 Hd

]
and Md =

[
Hd 0
Z F d

]
,

where

Z =

s−1∑
i=0

(F d)i+2EHiHπ + Fπ
r−1∑
i=0

F iE(Hd)i+2 − F dEHd.
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Some useful assertions which are related to the Drazin inverse of the sum of
two matrices are developed in Lemma 3.

Lemma 3. Let A,B ∈ Cn×n satisfy ind(A) = t and ind(B) = s as well as B2A = 0,
BA2 = 0 and (BA)2 = 0. Then

(A+B)d =

s−1∑
k=0

(Ad)k+1BkBπ +

s+1∑
k=2

(Ad)k+1BABk−2Bπ +

t−1∑
k=0

AπAk(Bd)k+1

+

t+1∑
k=2

AπAk−2BA(Bd)k+1 +X,

where

X = UBπ +AπV +AUV + UV B −Ad − 2AdBAB2d

−2A2dBABd −A3dBA−BAB3d −Bd,

U = A3dBA+Ad,

V = Bd +BAB3d.

Proof. For arbitrary k ≥ 0, we denote k′ = [(k− 1)/2] as well as α = 0 if k is even,
and α = 1 otherwise. Note that ind(BA) ≤ 2, because (BA)2(BA)π = 0. By [10,
Theorem 2.3], we obtain

(A+B)d = UBπ +AπV +AUV + UV B +

s+2∑
k=0

(Ad)k+1Γk+2B +

t+2∑
k=0

AEk+2(B
d)k+1,

where

U = A3dBA+Ad,

V = Bd +BAB3d,

Ek+2 = −AαdU(BA)k
′+1 + Zk (k ≥ 0),

Γk+2 = −(BA)k
′+1V Bαd + Tk (k ≥ 0),

such that

Z0 = 0, Z1 = Aπ, Z2 = AπA, Zj = AπAj−1 +AπAj−3BA (j ≥ 3),

T0 = 0, T1 = Bπ, T2 = BBπ, Tj = Bj−1Bπ +BABj−3Bπ (j ≥ 3).
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Routine calculations show that

s+2∑
k=0

(Ad)k+1Γk+2B

= Ad(−V )B +A2d(−BAV Bd + T1)B +A3d(−BAV + T2)B +

s+2∑
k=3

(Ad)k+1TkB

= −AdV B +A2d(−BAV Bd +Bπ)B +A3d(−BAV +BBπ)B

+

s+2∑
k=3

(Ad)k+1(Bk−1Bπ +BABk−3Bπ)B

= −AdV B −A2dBAV Be −A3dBAV B +
s+2∑
k=1

(Ad)k+1BkBπ

+

s+2∑
k=3

(Ad)k+1BABk−2Bπ

= −Ad −AdBAB2d −A2dBABd −A3dBA+

s+2∑
k=0

(Ad)k+1BkBπ

+

s+2∑
k=2

(Ad)k+1BABk−2Bπ,

and

t+2∑
k=0

AEk+2(B
d)k+1

= −AUBd +A(−AdUBA+ Z1)B
2d +A(−UBA+ Z2)B

3d +

t+2∑
k=3

AZk(B
d)k+1

= −AUBd −AeUBAB2d +AAπB2d −AUBAB3d +A2AπB3d

+

t+2∑
k=3

A(AπAk−1 +AπAk−3BA)(Bd)k+1

= −(A2dBA+Ae)Bd −AdBAB2d +AAπB2d −AeBAB3d +A2AπB3d

+

t+2∑
k=3

A(AπAk−1 +AπAk−3BA)(Bd)k+1

= −A2dBABd −AdBAB2d −BAB3d −Bd +

t+2∑
k=0

AπAk(Bd)k+1

+

t+2∑
k=2

AπAk−2BA(Bd)k+1
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as desired.

The following additive properties of the Drazin inverse were proved in [30].

Lemma 4. [30, Theorem 2.1] Let the matrices A,B ∈ Cn×n satisfy ind(A) = r
and ind(B) = s in common with ABA = 0 and AB2 = 0. In this case,

(A+B)d = Bπ
s−1∑
i=0

BiA(i+1)d +

r−1∑
i=0

B(i+1)dAiAπ +Bπ
s−1∑
i=0

BiA(i+2)dB

+

r−2∑
i=0

B(i+3)dAi+1AπB −BdAdB −B2dAAdB.

Lemma 5. [30, Theorem 2.2] Let A,B ∈ Cn×n satisfy ind(A) = r, ind(B) = s,
BAB = 0 and A2B = 0. Under these conditions, it follows

(A+B)d = Bπ
s−1∑
i=0

Bi(Ad)i+1 +

r−1∑
i=0

(Bd)i+1AiAπ +A

r−1∑
i=0

B(i+2)dAiAπ

+A

s−2∑
i=0

BπBi+1A(i+3)d −ABdAd −ABBd(Ad)2.

3. DRAZIN INVERSE OF ATB MATRICES

This section gives some novel expressions for the Drazin inverse of ATB ma-
trices M̄ and M , represented by (1) and (2), respectively. These expressions are
proved under new conditions that generalize some already existing results.

Theorem 6 presents a formula for the Drazin inverse of M̄ under specific
constraints. The notation [y] will designate the truncated integer of y.

Theorem 6. For square matrices F and E of identical dimensions and included
in M̄ given by (1), let ind(F ) = r, ind(E) = s. If the restrictions

EF 2 = 0, (EF )2 = 0 and E2F = 0

are satisfied, then M̄d possesses the block representation

M̄d =

[
M1 M2

M3 M4

]
,
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where

M1 =

s−1∑
k=0

F (2k+1)dEkEπ +

[ r2 ]∑
k=0

FπF 2k+1E(k+1)d

+

s+1∑
k=2

F (2k)dEFEk−2Eπ +

[ r2 ]+1∑
k=1

FπF 2k−2EFE(k+1)d − F 2dEFEd,

M2 =

s∑
k=1

F (2k+1)dEFEk−1Eπ +

s−1∑
k=1

F 2kdEkEπ +

[ r2 ]∑
k=0

FπF 2kEkd

+

[ r2 ]∑
k=0

FπF 2k+1EFE(k+2)d − FπEπ − F dEFEd − F 3dEF,

M3 =

s−1∑
k=0

F (2k+2)dEkEπ +

[ r2 ]∑
k=0

FπF 2kE(k+1)d +

s+1∑
k=2

F (2k+1)dEFEk−2Eπ

+

[ r2 ]+2∑
k=2

FπF 2k−3EFE(k+1)d − F 3dEFEd − F dEFE2d,

M4 =

s∑
k=1

F (2k+2)dEFEk−1Eπ +

[ r2 ]∑
k=0

FπF 2k+1E(k+1)d +

s−1∑
k=0

F (2k+1)dEkEπ

+

[ r2 ]∑
k=0

FπF 2kEFE(2k+2)d − F d − F 2dEFEd − F 4dEF.

Proof. We can represent M̄2 as

(4) M̄2 =

[
F 2 + E FE

F E

]
=

[
F 2 0
F F eE

]
+

[
E FE
0 FπE

]
:= A+B.

Notice that the next equalities hold:

(F eE)d = 0, (FπE)n = FπEn, n ≥ 1.

By Lemma 1, it follows

(FπE)d = Fπ[(EFπ)d]2E = Fπ[(EFπ)2]dE = Fπ(E2)dE = FπEd.

According to Lemma 2, we derive

Ad =

[
F 2d 0∑r−1

i=0 (F
eE)iF ((F 2)d)i+2 0

]
=

[
F 2d 0
F 3d 0

]
,

Bd =

[
Ed

∑r−1
i=0 EiFE((FπE)d)i+2

0 FπEd

]
=

[
Ed EFE2d + FEd

0 FπEd

]
,
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and

Aπ =

[
Fπ 0
−F d I

]
, Bπ =

[
Eπ −EFEd − FEe

0 I − FπEe

]
.

It can be checked that

An =

[
F 2n 0

F 2n−1 0

]
, n ≥ 3;

Bn =

[
En EFEn−1 + FEn

0 FπEn

]
, n ≥ 2;

and

And =

[
F 2nd 0

F (2n+1)d 0

]
, Bnd =

[
End EFE(n+1)d + FEnd

0 FπEnd

]
, n ≥ 1.

We observe that ind(F ) = r and ind(E) = s, respectively, give F rFπ = 0 and
EsEπ = 0. It is clear that

t− 2 ≤ 2

[
t

2

]
− 1 ≤ t− 1, t− 1 ≤ 2

[
t

2

]
≤ t, t ≤ 2

[
t

2

]
+ 1 ≤ t+ 1

for arbitrary nonnegative integer t. Because

AiAπ =

[
F 2i 0

F 2i−1 0

] [
Fπ 0
−F d I

]
=

[
F 2iFπ 0

F 2i−1Fπ 0

]
, i ≥ 3,

and

BiBπ =

[
Ei EFEi−1 + FEi

0 FπEi

] [
Eπ −EFEd − FEe

0 I − FπEe

]
=

[
EiEπ EFEi−1Eπ + FEiEπ

0 FπEiEπ

]
, i ≥ 2,

we conclude that ind(A) = [ r2 ] + 1 and ind(B) = s+ 1. In particular,

AAπ =

[
F 2Fπ 0
FFπ F eE

]
, A2Aπ =

[
F 4Fπ 0

F 3Fπ + F eEF 0

]
and

BBπ =

[
EEπ −EFEe + FEEπ

0 FπEEπ

]
.

Direct calculations show that the assumptions B2A = 0, BA2 = 0 and (BA)2 = 0
from Lemma 3 are satisfied. Making substitutions into Lemma 3 according to the
following expressions

UBπ =

[
F 5dEF + F 2d 0
F 6dEF + F 3d 0

] [
Eπ −EFEd − FEe

0 I − FπEe

]
=

[
F 5dEFEπ + F 2dEπ −F 2dEFEd − F dEe

F 6dEFEπ + F 3dEπ −F 3dEFEd − F 2dEe

]
,
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AπV =

[
FπFEFE3d + FπEd FπEFE2d + FπFEd

−F eEFE3d − F dEd + FπEFE3d −F dEFE2d − F eEd + FπEd

]
,

AUV =

[
F 3dEFEd + F eEd + F eFEFE3d F eEFE2d + F eFEd

F 4dEFEd + F eEFE3d + F dEd F dEFE2d + F eEd

]
,

UV B =

[
F 5dEFEe + F dEFE2d + F 2dEe F 2dEFEd + F dEe

F 6dEFEe + F 2dEFE2d + F 3dEe F 3dEFEd + F 2dEe

]
,

−Ad − 2AdBAB2d − 2A2dBABd =

[
−F 2d − 2F dEFE2d − 2F 3dEFEd 0
−F 3d − 2F 2dEFE2d − 2F 4dEFEd 0

]
,

−Bd −BAB3d −A3dBA =

[
−Ed − FEFE3d − F 5dEF −EFE2d − FEd

−FπEFE3d − F 6dEF −FπEd

]
,

[ r2 ]+3∑
k=0

AπAk(Bd)k+1 =

=


[ r2 ]+3∑
k=0

FπF 2kE(k+1)d
[ r2 ]+3∑
k=0

FπF 2kEFE(k+2)d +
[ r2 ]+3∑
k=0

FπF 2k+1E(k+1)d

[ r2 ]+3∑
k=1

FπF 2k−1E(k+1)d
[ r2 ]+3∑
k=1

FπF 2k−1EFE(k+2)d +
[ r2 ]+3∑
k=0

FπF 2kE(k+1)d

+F eEFE3d − F dEd −F dEFE2d

 ,

[ r2 ]+3∑
k=2

AπAk−2BA(Bd)k+1 =


[ r2 ]+3∑
k=2

FπF 2k−3EFE(k+1)d 0

[ r2 ]+3∑
k=2

FπF 2k−4EFE(k+1)d − F eEFE3d 0

 ,

s+3∑
k=2

A(k+1)dBABk−2Bπ =


s+3∑
k=2

F (2k+1)dEFEk−2Eπ 0

s+3∑
k=2

F (2k+2)dEFEk−2Eπ 0

 ,

s+3∑
k=0

A(k+1)dBkBπ =

=



s+3∑
k=0

F (2k+2)dEkEπ
s+3∑
k=1

F (2k+1)dEkEπ +
s+3∑
k=2

F (2k+2)dEFEk−1Eπ

−F dEe − F 2dEFEd − F 4dEFEe

s+3∑
k=0

F (2k+3)dEkEπ
s+3∑
k=1

F (2k+2)dEkEπ +
s+3∑
k=2

F (2k+3)dEFEk−1Eπ

−F 2dEe − F 3dEFEd − F 5dEFEe

 ,
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(4) leads to

(M̄d)2 = (A+B)d =

[
m1 m2

m3 m4

]
,

where

m1 =

s+3∑
k=0

F (2k+2)dEkEπ +

[ r2 ]+3∑
k=0

FπF 2kE(k+1)d +

s+3∑
k=2

F (2k+1)dEFEk−2Eπ

+

[ r2 ]+3∑
k=2

FπF 2k−3EFE(k+1)d − F 3dEFEd − F dEFE2d,

m2 =

s+3∑
k=2

F (2k+2)dEFEk−1Eπ +

s+3∑
k=1

F (2k+1)dEkEπ +

[ r2 ]+3∑
k=0

FπF 2k+1E(k+1)d

+

[ r2 ]+3∑
k=0

FπF 2kEFE(2k+2)d − F dEe − F 2dEFEd − F 4dEFEe,

m3 =

s+3∑
k=0

F (2k+3)dEkEπ +

[ r2 ]+3∑
k=1

FπF 2k−1E(k+1)d +

[ r2 ]+3∑
k=2

FπF 2k−4EFE(k+1)d

+

s+3∑
k=2

F (2k+2)dEFEk−2Eπ − F 4dEFEd − F 2dEFE2d − F dEd,

m4 =

[ r2 ]+3∑
k=1

FπF 2k−1EFE(k+2)d +
s+3∑
k=2

F (2k+3)dEFEk−1Eπ +
s+3∑
k=1

F (2k+2)dEkEπ

+

[ r2 ]+3∑
k=0

FπF 2kE(k+1)d − F 2dEe − F 3dEFEd − F 5dEFEe − F dEFE2d.

Applying the equality M̄d = M̄M̄2d, we find

M̄d =

[
M1 M2

M3 M4

]
,

where
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M1 = Fm1 + Em3 =

s+3∑
k=0

F (2k+1)dEkEπ +

[ r2 ]+3∑
k=0

FπF 2k+1E(k+1)d

+

s+3∑
k=2

F (2k)dEFEk−2Eπ +

[ r2 ]+3∑
k=1

FπF 2k−2EFE(k+1)d − F 2dEFEd,

M2 = Fm2 + Em4 =

s+3∑
k=2

F (2k+1)dEFEk−1Eπ

+

s+3∑
k=1

F 2kdEkEπ +

[ r2 ]+3∑
k=0

FπF 2k+2E(k+1)d

+

[ r2 ]+3∑
k=0

FπF 2k+1EFE(k+2)d + FπEe − F dEFEd − F 3dEFEe,

M3 = m1 =

s+3∑
k=0

F (2k+2)dEkEπ +

[ r2 ]+3∑
k=0

FπF 2kE(k+1)d +

s+3∑
k=2

F (2k+1)dEFEk−2Eπ

+

[ r2 ]+3∑
k=2

FπF 2k−3EFE(k+1)d − F 3dEFEd − F dEFE2d,

M4 = m2 =

s+3∑
k=2

F (2k+2)dEFEk−1Eπ +

[ r2 ]+3∑
k=0

FπF 2k+1E(k+1)d +

s+3∑
k=1

F (2k+1)dEkEπ

+

[ r2 ]+3∑
k=0

FπF 2kEFE(2k+2)d − F dEe − F 2dEFEd − F 4dEFEe.

The proof can be finished by setting the upper and lower bounds of the involved
sums.

An example is given for finding the Drazin inverse of adequate ATB matrix
utilizing Theorem 6.

Example 7. Consider 2× 2 complex block matrices

F ′ =

[
0 0
0 H

]
, E′ =

[
0 0

HQ 0

]
and 4× 4 block matrix

M̄ =

[
F ′ E′

I 0

]
=


0 0 0 0
0 H HQ 0
I 0 0 0
0 I 0 0

 ,
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where H and Q are matrices of appropriate dimensions. Simple calculation gives
(E′)2 = 0 and E′F ′ = 0. So, conditions of Theorem 6 are satisfied. Further, E′

and F ′ satisfy s = ind(E′) = 2 and r = ind(F ′) = ind(H). The Drazin inverses of

blocks E′ and F ′ are equal to (E′)d = 0 and (F ′)d =

[
0 0
0 Hd

]
, which imply

M̄d =

[
F ′ E′

I 0

]d
=


0 0 0 0
0 H HQ 0
I 0 0 0
0 I 0 0


d

=

[
M1 M2

M3 M4

]
,

in which blocks Mi, i = 1, 2, 3, 4 are defined as in Theorem 6. Necessary calculation
gives

M1 =

1∑
k=0

(F ′)(2k+1)d(E′)k(E′)π = (F ′)d + (F ′)3dE′

=

[
0 0
0 Hd

]
+

[
0 0

H3dHQ 0

]
,

M2 = (F ′)2dE′ =

[
0 0
0 H2d

] [
0 0

HQ 0

]
=

[
0 0

H2dHQ 0

]
,

M3 =

1∑
k=0

(F ′)(2k+2)d(E′)k(E′)π = (F ′)2d + (F ′)4dE′

=

[
0 0
0 H2d

]
+

[
0 0

H4dHQ 0

]
,

M4 =

1∑
k=0

(F ′)(2k+1)d(E′)k(E′)π − (F ′)d = (F ′)3dE′ =

[
0 0

H3dHQ 0

]
.

Following the results of Theorem 6, it can be obtained

[
F ′ E′

I 0

]d
=


0 0 0 0

H2dQ Hd HdQ 0
0 0 0 0

H3dQ H2d H2dQ 0

 .

Now, the goal of our research is the block matrix M defined in (2). The
representation of Md is developed in Theorem 8 using the representation of M̄d in
Theorem 6.

Theorem 8. Let M be represented as in (2) such that ind(F ) = r, ind(EG) = s,
and let square matrices F and EG be of the same size. If the constraints

EGF 2 = 0, (EGF )2 = 0 and (EG)2F = 0
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are satisfied, then

(5) Md =

[
N1 N2

N3 N4

]
,

where

N1 =

s∑
k=1

F (2k+2)dEGF (EG)k−1(EG)π +

s−1∑
k=0

F (2k+1)d(EG)k(EG)π

+

[ r2 ]∑
k=0

FπF 2k+1(EG)(k+1)d +

[ r2 ]+1∑
k=1

FπF 2k−2EGF (EG)(k+1)d

− F 2dEGF (EG)d,

N2 =

s+1∑
k=2

F (2k+1)dEGF (EG)k−2(EG)πE +

[ r2 ]∑
k=0

FπF 2k+1EGF (EG)(k+3)dE

+

[ r2 ]∑
k=0

FπF 2k(EG)(k+1)dE +

s−1∑
k=0

F (2k+2)d(EG)k(EG)πE

− F dEGF (EG)2dE − F 3dEGF (EG)dE,

N3 =

[ r2 ]∑
k=0

GFπF 2k(EG)(k+1)d +

s∑
k=1

GF (2k+3)dEGF (EG)k−1(EG)π

+

s−1∑
k=0

GF (2k+2)d(EG)k(EG)π +

[ r2 ]+2∑
k=2

GFπF 2k−3EGF (EG)(k+1)d

−GF 3dEGF (EG)d −GF dEGF (EG)2d,

N4 =

s+1∑
k=2

GF (2k+2)dEGF (EG)k−2(EG)πE +

s−1∑
k=0

GF (2k+3)d(EG)k(EG)πE

+

[ r2 ]∑
k=0

GFπF 2k+1(EG)(k+2)dE +

[ r2 ]∑
k=0

GFπF 2kEGF (EG)(2k+3)dE

−GF d(EG)dE −GF 2dEGF (EG)2dE −GF 4dEGF (EG)dE.

Proof. Let M = AB, where

A =

[
I 0
0 G

]
and B =

[
F E
I 0

]
.

Because

BA =

[
F EG
I 0

]
,
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by Theorem 6 we obtain

(BA)d =

[
n1 n2

n3 n4

]
,

where

n1 =

s−1∑
k=0

F (2k+1)d(EG)k(EG)π +

[ r2 ]∑
k=0

FπF 2k+1(EG)(k+1)d

+

s+1∑
k=2

F (2k)dEGF (EG)k−2(EG)π +

[ r2 ]+1∑
k=1

FπF 2k−2EGF (EG)(k+1)d

− F 2dEGF (EG)d,

n2 =

s∑
k=1

F (2k+1)dEGF (EG)k−1(EG)π +

s−1∑
k=1

F 2kd(EG)k(EG)π

+

[ r2 ]∑
k=0

FπF 2k(EG)kd +

[ r2 ]∑
k=0

FπF 2k+1EGF (EG)(k+2)d

− Fπ(EG)π − F dEGF (EG)d − (EG)3dEGF,

n3 =

s−1∑
k=0

F (2k+2)d(EG)k(EG)π +

[ r2 ]∑
k=0

FπF 2k(EG)(k+1)d

+

s+1∑
k=2

F (2k+1)dEGF (EG)k−2(EG)π

+

[ r2 ]+2∑
k=2

FπF 2k−3EGF (EG)(k+1)d − F 3dEGF (EG)d − F dEGF (EG)2d,

n4 =

s∑
k=1

F (2k+2)dEGF (EG)k−1(EG)π +

[ r2 ]∑
k=0

FπF 2k+1(EG)(k+1)d

+

s−1∑
k=0

F (2k+1)d(EG)k(EG)π +

[ r2 ]∑
k=0

FπF 2kEGF (EG)(2k+2)d

− F d − F 2dEGF (EG)d − F 4dEGF.

By Lemma 1, we deduce

Md = A(BA)2dB =

[
n2
1F + n2n3F + n1n2 + n2n4 n2

1E + n2n3E
Gn3n1F +Gn4n3F +Gn3n2 +Gn2

4 Gn3n1E +Gn4n3E

]
.

(6)
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We finish this proof substituting the next expressions

n2
1 =

s−1∑
k=0

(F d)2k+2(EG)k(EG)π +

s+1∑
k=2

(F d)2k+1EGF (EG)k−2(EG)π,

n2
4 = F 3dEGF (EG)d,

n2n4 = F 2dEGF (EG)d,

n3n1 =

s−1∑
k=0

(F d)2k+3(EG)k(EG)π +

s+1∑
k=2

(F d)2k+2EGF (EG)k−2(EG)π,

n2n3 = Fπ(EG)d − F dEGF (EG)2d − F 3dEGF (EG)d

+

[ r2 ]∑
k=0

FπF 2k+1EGF (EG)(k+3)d +

[ r2 ]∑
k=0

FπF 2k+2(EG)(k+2)d,

n1n2 = −2F 2dEGF (EG)d − F d(EG)e − F 4dEGF (EG)e

+

s∑
k=2

(F d)2k+2EGF (EG)k−1(EG)π +

s∑
k=1

(F d)2k+1(EG)k(EG)π

+

[ r2 ]∑
k=0

FπF 2k+1(EG)(k+1)d +

[ r2 ]+1∑
k=1

FπF 2k−2EGF (EG)(k+1)d,

n4n3 = −F d(EG)d − F 2dEGF (EG)2d − F 4dEGF (EG)d

+

[ r2 ]∑
k=0

FπF 2kEGF (EG)(2k+3)d +

[ r2 ]∑
k=0

FπF 2k+1(EG)(k+2)d,

n3n2 = −2F 3dEGF (EG)d − F dEGF (EG)2d − F 2d(EG)e − F 5dEGF (EG)e

+

[ r2 ]∑
k=0

FπF 2k(EG)(k+1)d +

s∑
k=2

(F d)2k+3EGF (EG)k−1(EG)π

+

s−1∑
k=1

(F d)2k+2(EG)k(EG)π +

[ r2 ]+1∑
k=2

FπF 2k−3EGF (EG)(k+1)d

into (6).

The following results are obtained as consequences of Theorem 8.

Corollary 9. [14, Theorem 3.4] For square matrices F and EG of an identical
dimension, let EGF = 0. Then

Md =

[
FU UE
GU G

[
F dU + (FU − F d)(EG)d

]
E

]
,
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where M is represented by (2), ind(F ) = r, ind(EG) = s and

U =

s−1∑
k=0

F (2k+2)d(EG)k(EG)π +

[ r2 ]∑
k=0

FπF 2k(EG)(k+1)d.(7)

We strengthen the conditions in Corollary 9 to obtain the following formula.

Corollary 10. For square matrices F and EG of an identical dimension, let
EGF = 0 and GEGE = 0. Then

Md =

[
F d + F 3dEG+ F 5dEGEG F 2dE + F 4dEGE

GF 2d +GF 4dEG+GF 6dEGEG GF 3dE +GF 5dEGE

]
,

where M is represented by (2).

Corollary 11. For square matrices F , E and EG of identical dimensions, let us
assume EGF = 0 and EGEG = 0. Under these conditions, it follows

Md =

[
F d + F 3dEG F 2dE + F 4dEGE

GF 2d +GF 4dEG GF 3dE +GF 5dEGE

]
,

where M is represented by (2).

Remark 12. Let M be represented by (2), ind(F ) = r, ind(EG) = s. Subsequently,
under the assumptions used in Corollary 9, it is possible to derive another results
presented in [14]:

Md =

[
FU UE
GU GFU(EG)dE

]
if EGF = 0 and F is nilpotent,

where

U =

[ r2 ]∑
k=0

F 2k(EG)(k+1)d;

Md =

[
F d F 2dE

GF 2d GF 3dE

]
if EG = 0;

Md =

[
FŪ ŪE + Fπ(EG)dE

GŪ +GFπ(EG)d GF dŪE −GF d(EG)dE

]
if FπFE = 0 and EGF = 0,

where

Ū =

s−1∑
k=0

F (2k+2)d(EG)k(EG)π.

Example 13 illustrates the computation of the Drazin inverse of an adequate
ATB matrix utilizing the results of Theorem 8.
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Example 13. Consider 2 × 2 complex blocks E′ and F ′ as in Example 7 in con-
junction with block matrix

G′ =

[
G1 0
G3 G4

]
and 4× 4 block matrix

M =

[
F ′ E′

G′ 0

]
=


0 0 0 0
0 H HQ 0
G1 0 0 0
G3 G4 0 0

 ,

with the blocks H and Q of proper dimensions. Since (E′G′)2 = 0 and E′G′F ′ = 0,
it follows that requirements of Theorem 8 are satisfied. As a consequence,

Md =

[
F ′ E′

G′ 0

]d
=


0 0 0 0
0 H HQ 0
G1 0 0 0
G3 G4 0 0


d

=

[
N1 N2

N3 N4

]
,

in which the blocks Ni, i = 1, 2, 3, 4 are defined as in Theorem 8. Basic calculation
gives s = ind(E′G′) = 2, r = ind(F ′) = ind(H), (E′G′)d = 0, (E′G′)π = I, and

(F ′)d =

[
0 0
0 Hd

]
. In addition, the following calculation follows

N1 =

1∑
k=0

(F ′)(2k+1)d(E′G′)k(E′G′)π = (F ′)d + (F ′)3dE′G′

=

[
0 0
0 Hd

]
+

[
0 0

H3dHQG1 0

]
,

N2 =

1∑
k=0

(F ′)(2k+2)d(E′G′)k(E′G′)πE′ = (F ′)2dE′ + (F ′)4dE′G′E′ = (F ′)2dE′

=

[
0 0
0 H2d

] [
0 0

HQ 0

]
,

N3 =

1∑
k=0

G′(F ′)(2k+2)d(E′G′)k(E′G′)π = G′(F ′)2d +G′(F ′)4dE′G′

=

[
0 0
0 G4H

2d

]
+

[
0 0

G4H
4dHQG1 0

]
,

N4 =

1∑
k=0

G′(F ′)(2k+3)d(E′G′)k(E′G′)πE′ = G′(F ′)3dE′ +G′(F ′)5dE′G′E′

=

[
0 0

G4H
3dHQ 0

]
.
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Following the results of Theorem 8, it can be obtained

[
F ′ E′

G′ 0

]d
=


0 0 0 0

H2dQG1 Hd HdQ 0
0 0 0 0

G4H
3dQG1 G4H

2d G4H
2dQ 0

 .

4. APPLICATIONS

The results proposed in the previous section are applied to obtain certain
characterizations and representations of the Drazin inverse of the partitioned matrix
N specified as in (3).

Theorem 14. For square matrices F , H and EG which are such that F and EG
are of identical dimensions, let

EGF 2 = 0, (EG)2F = 0, (EGF )2 = 0, EHG = 0 and EH2 = 0.

Under these assumptions, it follows

Nd =

[
I 0
0 Hπ

] s−1∑
i=0

[
0 0
0 H

]i
(Md)i+1

+

r−1∑
i=0

[
0 0
0 H(i+1)d

]
M i

[
Fπ − F 3dEGF −N2G −N1E

−GF d −GF 4dEGF −N4G I −N3E

]

+

[
I 0
0 Hπ

] s−1∑
i=0

[
0 0
0 H

]i
(Md)i+2

[
0 0
0 H

]
−
[
0 0
0 HdN4H +H2dN3EH

]

+

r−2∑
i=0

[
0 0
0 H(i+3)d

]
M i+1

[
0 −N1EH
0 H −N3EH

]
,

where N , M and Md are given by (3), (2) and (5), respectively, and ind(M) = r,
ind(H) = s.

Proof. The splitting N = M +B composed of

M =

[
F E
G 0

]
and B =

[
0 0
0 H

]
,

satisfies MB2 = 0 and MBM = 0. According to Theorem 8, Md is expressed as
in (5) and so

Mπ =

[
I −N1F −N2G −N1E
−N3F −N4G I −N3E

]
.
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Since

N1F = F e + F 3dEGF,

N3F = GF d +GF 4dEGF,

it is evident that

Mπ =

[
Fπ − F 3dEGF −N2G −N1E

−GF d −GF 4dEGF −N4G I −N3E

]
.

The proof can be finished using Lemma 4 in conjunction with

Bd =

[
0 0
0 Hd

]
and Bπ =

[
I 0
0 Hπ

]
.

By strengthening the extra restrictions EGF = 0 andGEGE = 0, we simplify
Theorem 14 to enable the verification of the following formula for Nd.

Corollary 15. For square matrices F , H and EG such that F and EG are of the
same size, let

EGF = 0, GEGE = 0, EHG = 0 and EH2 = 0.

Then

Nd =

[
I 0
0 Hπ

] s−1∑
i=0

[
0 0
0 H

]i
(Md)i+1

+

r−1∑
i=0

[
0 0
0 H(i+1)d

]
M i

×
[

Fπ − F 2dEG− F 4dEGEG −F dE − F 3dEGE
−GF d −GF 3dEG−GF 5dEGEG I −GF 2dE −GF 4dEGE

]
+

[
I 0
0 Hπ

] s−1∑
i=0

[
0 0
0 H

]i
(Md)i+2

[
0 0
0 H

]

+

r−2∑
i=0

[
0 0
0 H(i+3)d

]
M i+1

[
0 −F dEH − F 3dEGEH
0 H −GF 2dEH −GF 4dEGEH

]
−
[
0 0
0 HdGF 3dEH +HdGF 5dEGEH +H2dGF 2dEH +H2dGF 4dEGEH

]
,

where N and M are specified by (3) and (2), respectively. Corollary 10 gives the
representation of Md, and ind(M) = r, ind(H) = s.
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Theorem 14 extends analogous expressions under the following restrictions:
1. EG = 0, EHG = 0 and EH2 = 0 (see [16, Theorem 2.2]);
2. EGF = 0, GEGE = 0, FπEGE = 0, EHG = 0 and EH2 = 0 (see [1, Theorem
3.6]).

Combining Lemma 5 with BMB = 0 and M2B = 0, where M is represented

by (2) and B =

[
0 0
0 H

]
, we obtain the following formula.

Theorem 16. For square matrices F , H and EG, such that F and EG are of the
same size, let

EGF 2 = 0, (EG)2F = 0, (EGF )2 = 0, FEH = 0 and GEH = 0.

Then

Nd =

[
I 0
0 Hπ

] s−1∑
i=0

[
0 0
0 H

]i
M (i+1)d

+

r−1∑
i=0

[
0 EH(i+2)d

0 H(i+1)d

]
M i

[
Fπ − F 3dEGF −N2G −N1E

−GF d −GF 4dEGF −N4G I −N3E

]

+

s−2∑
i=0

[
0 EHπHi+1

0 0

]
M (i+3)d −

[
0 EHHd

0 0

]
M2d −

[
EHdN3 EHdN4

0 0

]
,

where N , M and Md are given by (3), (2) and (5), respectively, ind(M) = r and
ind(H) = s.

Consequently, we show the subsequent representations for the Drazin inverse
of N .

Corollary 17. For square matrices F , H and EG such that F and EG are of the
same size, let

FEH = 0, GEH = 0, EGF = 0 and EGEG = 0.

Then

Nd =

[
I 0
0 Hπ

] s−1∑
i=0

[
0 0
0 H

]i
M (i+1)d

+

r−1∑
i=0

[
0 EH(i+2)d

0 H(i+1)d

]
M i

[
Fπ − F 2dEG −F dE − F 3dEGE

−GF d −GF 3dEG I −GF 2dE −GF 4dEGE

]

+

s−2∑
i=0

[
0 EHπHi+1

0 0

]
M (i+3)d −

[
0 EHHd

0 0

]
M2d

−
[
EHd(GF 2d +GF 4dEG) EHd(GF 3dE +GF 5dEGE)

0 0

]
,
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where N and M are specified as in (3) and (2), respectively, Md is expressed by
Corollary 11, and ind(M) = r, ind(H) = s.

Corollary 18. For square matrices F , H and EG such that F and EG are of the
same size, let

EGF = 0, GEH = 0, FEH = 0 and GEGE = 0.

Then

Nd =

[
I 0
0 Hπ

] s−1∑
i=0

[
0 0
0 H

]i
M (i+1)d

+
r−1∑
i=0

[
0 EH(i+2)d

0 H(i+1)d

]
M i

×
[

Fπ − F 2dEG− F 4dEGEG −F dE − F 3dEGE
−GF d −GF 3dEG−GF 5dEGEG I −GF 2dE −GF 4dEGE

]
+

s−2∑
i=0

[
0 EHπHi+1

0 0

]
M (i+3)d −

[
0 EHHd

0 0

]
M2d

−
[
EHd(GF 2d +GF 4dEG+GF 6dEGEG) EHd(GF 3dE +GF 5dEGE)

0 0

]
,

where N and M are specified as in (3) and (2), respectively, Md is expressed by
Corollary 10, ind(M) = r and ind(H) = s.

Remark 19. Theorem 16 generalizes some of known results under the next as-
sumptions:

1. EGF = 0, FEH = 0 and GEH = 0 (see [24, Theorem 3.2]);

2. FEH = 0, GEH = 0, EGF = 0, HGF = 0, EGEG = 0 and HπGEG = 0 (see
[1, Theorem 3.1]);

3. HGF = 0, EGF = 0, GEH = 0, FEH = 0, GEGE = 0 and FπEGE = 0 (see
[1, Theorem 3.3]).
Specifically, Theorem 14 and Theorem 16 separately extend the subsequent results:

1. EG = 0 and EH = 0 (see [16, Corollary 2.3]);

2. EGF = 0, EH = 0 and EG is nilpotent (see [10, Theorem 4.2];

3. EG = 0, EH = 0 and H is nilpotent (see [18, Corollary 2.3].

Next we consider that BMB = 0 and BM2 = 0, where M is as in (2) and

B =

[
0 0
0 H

]
, and utilize Lemma 4 to give the following formula.
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Theorem 20. For square matrices F , H and EG such that F and EG are of the
same size, let

EGF 2 = 0, (EG)2F = 0, (EGF )2 = 0, HGF = 0 and HGE = 0.

Then

Nd =

[
Fπ − F 3dEGF −N2G −N1E

−GF d −GF 4dEGF −N4G I −N3E

] r−1∑
i=0

M i

[
0 0

H(i+2)dG H(i+1)d

]

+

s−1∑
i=0

(Md)i+1

[
0 0
0 H

]i [
I 0
0 Hπ

]
+

s−2∑
i=0

(Md)i+3

[
0 0

Hi+1HπG 0

]
−
[
N2H

dG 0
N4H

dG 0

]
− (Md)2

[
0 0

HHdG 0

]
,

where N , M and Md are given by (3), (2) and (5), respectively, ind(M) = r and
ind(H) = s.

Remark 21. Theorem 20 generalizes the following results:

1. EGF = 0, HGF = 0 and HGE = 0 (see [24, Theorem 3.1]);

2. EGF = 0, EGE = 0, HGF = 0 and HGE = 0 (see [30, Theorem 3.1].

Applying Lemma 5 with MBM = 0 and B2M = 0, where M is as in (2),

and B =

[
0 0
0 H

]
, we get the next representation in Theorem 22.

Theorem 22. For square matrices F , H, and EG such that F and EG are of the
same size, let

EGF 2 = 0, (EG)2F = 0, (EGF )2 = 0, EHG = 0 and H2G = 0.

Then

Nd =

[
Fπ − F 3dEGF −N2G −N1E

−GF d −GF 4dEGF −N4G I −N3E

] r−1∑
i=0

M i

[
0 0
0 H(i+1)d

]

+

s−1∑
i=0

M (i+1)d

[
0 0
0 H

]i [
I 0
0 Hπ

]

+

s−1∑
i=0

[
0 0
0 H

]
M (i+2)d

[
0 0
0 H

]i [
I 0
0 Hπ

]
−
[
0 0
0 HGN2H

2d +HN4H
d

]

+

r−2∑
i=0

[
0 0

−H(GF d +GF 4dEGF +N4G) H(I −N3E)

]
M i+1

[
0 0
0 H(i+3)d

]
,

where N , M and Md are given by (3), and (2) and (5), respectively, ind(M) = r
and ind(H) = s.
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Remark 23. Theorem 20 and Theorem 22, each separately, extend the following
result:

1. EGF = 0, HG = 0 and H is nilpotent (see [10, Theorem 4.5]).
Moreover, Theorem 14, Theorem 16, Theorem 20 and Theorem 22 separately gen-
eralize the next results:

1. F = 0 and H = 0 (see [5, Theorem 2.1];

2. EGF = 0, HG = 0 and EH = 0 (see [10, Theorem 4.4]);

3. EG = 0, HG = 0 and EH = 0 (see [15, Theorem 5.3]).

5. CONCLUSION

Inspired by the significant utility of the Drazin inverse of ATB matrices,
explicit expressions are derived under new conditions, which are weaker than those
already used in this topic. In particular, we firstly establish a novel representation
for the Drazin inverse of the ATB matrix M̄ , defined by the block structure (1),
under the constraints EF 2 = (EF )2 = E2F = 0. Using this result, we present the
expression for the Drazin inverse of the ATB matrix M , represented in the form
(2), under the new assumptions EGF 2 = (EGF )2 = (EG)2F = 0. Consequently,
we obtain some well-known and new representations and characterizations of the
Drazin inverse of ATBmatrices. Applying our representations for the Drazin inverse
of ATB matrices, we prove several explicit representations of the Drazin inverse on
a block matrix N stated in (3), generalizing some of the existing results in this
topic.
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