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ON A PROBLEM OF MEZO AND ITS
GENERALIZATIONS TO THREE CLASSES
OF RATIONAL ZETA SERIES

Kunle Adegoke, Robert Frontczak and Taras Goy*

We evaluate in closed form three special classes of alternating zeta series with
one and two additional parameters. Two classes are expressed as linear com-
binations of polylogarithms while for the third class we prove an expression
involving the incomplete gamma function and the exponential integral. We
also present some related series that can be deduced from the main results
as well as some series with Fibonacci and Lucas numbers as coefficients.

1. MOTIVATION

This paper has two sources of motivation. The first source is a problem
proposal by Mez6 from 2015 that appeared in the American Mathematical Monthly
[13]. It asks to prove the identity

o omy b~ (=1)FC(2k)
(1) Py Lig(e™*™) =In(27) — 1 — oh 2 TRk

o0 o0

where ((s) = 3 &, R(s) > 1, is the Riemann zeta function and Lis(z) = Y Z—:,
k=1 k=1

|z| < 1, is the dilogarithm. During the course of solving this problem, we found an

interesting generalization for which we could provide two different proofs. Searching
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On a problem of Mezd and its generalizations 47

deeper in this direction we got familiar with the recent papers by Orr [12, 14]
which became the second source of motivation for writing this paper. Orr has
derived beautiful results for two families of rational zeta series which he expressed
using the Clausen functions Cl,(z). One such evaluation involving ((2n) is [14,
Eq. (2.4)]

¢(2 P pl(— 1 L(k+3)/2] pl(—1)P/2
Z 27’L+p Z p Clk+1(2ﬂ'z)+5Lp/2J7p/2Wc(p+1),

k=0
where ¢§; 1, is the Kronecker delta function. Orr [14, Eq. (3.5)] also evaluates series

of the form -

¢(2n)
2 2n)2n+1)---2n+m—1)2n+m+p)’

n=1

Here, Cl,,(z) are the Clausen functions defined by

Cli(z)=—1In (2 sin (g)) , |x| < 2,

and, for n > 2, by [11, Formulas (7.9) and (7.10)]

S(Lin(e™)) = Z sin(kx)v if n is even;

kn
(2) Cly(z) = kool (kx)
3‘3 Lln coskna: , if n is odd.
k=1

See also [16] for new information about the Clausen functions.
In this article, for a positive integer n, we first consider series of the form

> 2k)

0 <1
2k+ ’ <lel =

M

k=1

In addition, for positive integers m and n with m # n, we also treat the class of
rational series

3 C(2k)2" 0<|z| <1
P(m,n, z) z
k:1k2k+m 2k:—|—n)’ -

and its degenerated counterpart for m > 1

, 0<z<1.
Pt k2k+m

We express P(n,z) and P(m,n, z) as linear combinations of polylogarithms
Lis(z). For Q(m, z) we prove an identity involving the incomplete gamma function
I'(a,x) and the exponential integral Ein(z). We also present some related series
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that can be deduced from the main results as well as some series with Fibonacci and
Lucas numbers as coefficients. The paper concludes with a discussion of further
possible generalizations of the present results to series with an arbitrary power
kP,p > 1, in the denominator of P(n, z), P(m,n, z) and Q(m, z), respectively.

2. A GENERALIZATION OF THE ZETA IDENTITY OF MEZO

First, we prove the following generalization of (1), for which we offer two
proofs.

Theorem 1. Let n be a positive integer. For all z such that 0 < |z| < 1, we have
the identity

= (=1)k¢(2 (=DF¢(2k)z* 1 Tz In(27z)
Zl k(2k + n) __ﬁ_n+1+ n

3

( ) (n 1)' L1j+1( 27rz)

+ (2mz)" (1) —(n—1 'Z (n—PHI(2nz)’

j=1
o0
where Lig(2) = Z Z— is the polylogarithm of order s evaluated at z.

First proof. Let

% \k
(4) Siz) = 3 R o

and hence
1
(5) P(n,z) = / y"_lSl(zy)dy.
0

The evaluation of Si(z) is a classical result and equals

inh 2
5= (B) (2
= —7mz+In(2r2) —In (1 — e77%);
so that

(6) Si(zy) = —mzy +In(27z) + Iny — In(1 — e >™%¥).
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Thus, from (5) and (6) we have
1 1 1
P(n,z) = 77TZ/ y"dy+1n(27rz)/ y”fldyqt/ y" lnydy
0 0 0
1
—/ y"‘lln(l —e_%yz)dy
0

TZ In(27z) 1 /1 1 P
7 = — - —5 — " 1 ]- - Ty d .
(7) i T )Y n(1—e ™) dy

It now remains to evaluate the remaining integral in (7). Let

1
I(z) = —/ y" ! ln(l — 6_2”yz)dy.
0

Using the identity

we have

—27rzym

0 1
1
I( _/ n— 1§ : y: § :E/O yn—18—27rzymdy7
m=1

where the interchange of integration and summation is justified by uniform conver-
gence.
Next, using the standard integral [8, Entry 3.351]

1 !
w:
w,—pT g § :
(8) /0 € ’uw-i-l e w+1 ]l ’

we have

I'(2) = /1 T (n-1!' (n-— 1)le—2m=m = (271'%m)j

0 (2mzm)™ (2mzm)™ = J!
and hence
n—1) = 1 n—l'n_1 27rz e~ 2mmz

®) fle) = ((27rz)73 mz::l mntl (27mz)n ]Zo 7nz:1 mn—It1’

Plugging (9) into (7) gives the identity stated in the theorem.
Second proof. We start with the obvious observation that W = %(% — ﬁ),

and hence nP(n,z) = S1(z) — 252(z), where S1(z) is defined and evaluated as in
the first proof and S3(z) equals

o0

Z 2k+n Qk'

k=1
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We get
89 =23 L = 35 (5) [
:/len—li@(_*f)’“_l) ”

In view of the known identity [8, Entry 1.421]

1 2z 1
coth(re) = 2+ 5> s
k=1

we get
> 1 1
Z 222 2272 (71'2:.13 coth(mzz) — 1),
s=1
and hence
1 1
Sa(z) = o % ; 2" coth(mwzz)dx
1 nz (! Qe 2wz
L 7)61
Ton 2 Ox( T e )T

TZ 1 =t
i ) n —Qﬂzmwd )
o <n+1+ g_:l/o ve v

Again we can use (8) to simplify. The result is

7z In(2rz) In(l—e2™) 1 Tz
P = —— — R — -
(n,2) n + n n n?2  nn+1)
(n—1)! " (2m2)T 9
+ T (Cn+1) - : —i(e7) ).
(272) < = J! )
As Liy(2) = —In(1 — 2) the proof is completed. d

Remark 2. Identity (1) is deduced from the evaluation of P(1,1).

Example 3. Taking particular values of the n and z in (3) leads to the following
series:

') k 1 (2k) . 5£ I ( ) L12(6727T)
— k: 2k—|— 1) 12 27 ’
> k 1 —V2r
C(2k) ™ Lis(e )
—1+ —In(V2r) + =25 )
k=1 Qkk 2k +1) 3v2 (vm) Ver
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SIS e e
T )

Pt 4kk‘ 2k +1) 12

e k: 1 R —2m\ : —27

SOCU0D 1 on o () - L) — 2rLigle”™)
k: +1) 2 3 27

k=1

Theorem 4. Let n be a positive integer and let z be a real number such that
0<|z| <1. Then

¢(2 1 In(2mz)  (=1)"2(2n —1)!

Z k: —|— n)  2n2 + n + (27z)%n C@n+1)

(10) n
220 —1)! Z (2n+1—2j) Clyj1(2m2) + 2wz Cly; (272)
= (o 11— 2 (2re)? |

i C(2k)22F B 1 N In (7z cse(rz))

—k(2k—1+2n) (20— 1)2 2n — 1
(1) n

(2n — )1 Z ;(2n +1 —2j) Cly;(2mz) — 2712 Cly; 1 (272)

= @n+1-2))2r2)5 1 ’

where Cl;(z) is the Clausen function defined in (2).

Proof. Evaluate P(2n,—iz) and P(2n—1, —iz), where i denotes the imaginary unit,
and simplify. O

The following numerical relations of the Clausen functions and polylogarithm
are known [11, Sections 4.3, 4.5, 7.2, 7.3, 7.5].

Lemma 5. We have
Cla(nm) =0, ne€Z,
R
o (3)=30u(5) (g rou(F)=75
Clopii(m) = (272" = 1)¢(2n + 1), Clopt1(27) = ¢(2n + 1),
Clont1 (g) = 9=+ (972 _1)¢(2p + 1),

Clapit (g) - %(2—2” —1)(372 —1)¢(2n + 1),

Clanr (57) = 337"~ 1) + 1),

Lin(1) =C(n),  Lin(~1) = (2" = 1)¢(n),

where G = E 2n+1 =z s Catalan’s constant.
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Corollary 6. If z is a real number such that 0 < |z| <1, then

o~ ((2k)z 1 1 Cly(272)
— 4+ In(2 — ——(<¢(3) = Cl3(2 R
; k(k+1) 2 +In(2r2) 2m222 (C( ) 3(2m2) + Tz )’
= (2 Cly(272)
=—-1+4+1In(2 —_—
Zk?k—I—l +In(2mz) + 21z
k=1
Proof. Set n =1 in (10) and (11), respectively. O
Corollary 7. If n is a positive integer, then
(12) Z L, lntn) S e+ 1)
k( k —|— n) 2n? le 27r (2m)29 (2n — 25)!

i B 1 In(27)
k2k+2n—1) T (@2n-1)2 " 2n—-1

k=1
n—1
'Z j+1)
j:1 271' 29 2TL—2] -1

Proof. Evaluate 2P(2n,4i) and P(2n — 1,i) using In(27i) = In(27) + in/2 and
Li,(e2™) = ((n). O

(13)

Example 8. From (12) and (13) one gets the following series:

— C(2k) 1

;WH 5 =3 +In(27),

~ C(2k) 1 In(2m)  3((3)
;k(/ﬂ+2)’*§+ 5 o
— ((2k)

(14) kz::l m =—-1+ 111(27‘()

— ((2k) 1 In(2m)  ((3)
Zk(2k+3)__§+ 3 272

k=1

Identity (14) was also reported by Yun-Fei [19, Identity (2.54)].

Corollary 9. If n is a positive integer, then

= 2k Inw 1 —1)"(2n)!
Z (k) _Inm 1 (=1)"(2n)

—_— = 2 1
4kk(k + n) n 2n? w2 C@n+1)

(15) k=1

n—1
3(2% — 1)
22n - 1)1 Y —j,qzj L),
j=1
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oo

> ¢(2k) _ w1
£ AR (2k + 2n — 1) S 2n—1  (2n—1)2

(16) _— )
(2n —2 Z 2t —1) 1¢(27 +1)
P 27r 2J @n+1—2)> T
Proof. Evaluate 2P(2n,i/2) and P(2n — 1,i/2). O

Example 10. Atn =1 and n =2, from (15), (16) we obtain

= (2K 1 7¢(3

(17 kz_l 4kk((k+)1) =gt 27(TZ>’
S C(2k) 1 Inm 9¢(3) | 93¢(5)
kz::l 4k k(k+2) 8 2 2x? 4t
- ((2k)

(18) ;m =ln7—1,
(k) 1 Inm  3¢(3)

(19) 2. 4*EQ2k+3) 9 3 2x2

Identities (17), (18) and (19) were derived by Zhang and Williams [20,
p. 1585]; see also [4, Formulas (2.16), (2.17)] and [17].

Theorem 11. For all z such that 0 < |z]| <1,

— C(2k)z*F Cly(272)
(20) kzl Kokt 1) L+ In(2mle]) + ==,
— ((2k)2%*F 1 ~((3) | Clz(2rz) | Cly(27z)
(21) ; k(k + 1) 3" In(2r]z]) 27222 on2? T an
Proof. Evaluate P(1,—iz) and 2P (2, —iz), respectively. O

Identity (20) is equivalent to, but much simpler and more useful than that
from [15, Formula (566)].

Example 12. From (20) and (21) we have

(22) iﬂ:m(g)—huﬁ,
k

— 167k (2k + 1) T
—(9\k C(2k) | /37 2G
(23) ; (E) Rk 1) n (7) e
—~  C((2k) . /m\ 1 35((3) 4G
(24) k; 16Fk(k+1) In (5) T2 Tame T
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as well as
= VBB
;wg(gﬁn:ln(é)—“; i (5):
- T 7r V3
> sionrn =" (3) 1 7 T¢(§)
3 ™ Va+ V2 - V2
;ngglim_ln(zl)_l 1 e = DG*&?M%)’

where (z) = 1;,((;)) is the digamma function with ¥'(z) = > ﬁ
n=0

Note that in the last three examples we have used evaluations
o (5)=5 () -5)
o (5) =5 (v (5)- %)
oL (7)= 3%(\/51//(%) —2(V2+ 1) - 8(2V2 - 1)G),

which were derived by Grosjean in [9].

Formulas (22)—(24) are known results. For example, (22) appears in [10,
Entry (54.5.6)]. See also [15, Formulas (698), (699)] and [2, Formulas (5.21), (5.22)].

Theorem 13. For all z such that 0 < |Inz| < 2,

00
111 2k+1sz 7.(_2

(25) 2 R =?—%ln2z+2lnz(l—ln(—lnz))—2L12(z),

where B; denotes the Bernoulli numbers.

Proof. Evaluate P(1,—22) and use ¢(2n) = %Bgn, n> 1. O

It is instructive to compare (25) with [11, Identity (1.76)]:

L 72 22 B 7* By2®
Lig(e™) =g +z2lne—z— "t oo st

Corollary 14. If z is a real number such that 0 < |z| < 27, then

Bopz2ktl 4z 4 22 2 L
- —2:Inz— = 4 2Liy(e7).
2 2k +1)! 2 iz = 4 2Lix(e™)

Proof. Evaluate (25) at z = e~ * with z > 0. O
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In particular,

Corollary 15. For all z such that 0 < |z| < 2m,

>\ Bopz2k 2 . z
2 —2m( Zsinh (5) ).
(26) ; k2t TG
Proof. Differentiate (25) with respect to z and write e~ * for z. O

Differentiating (26) with respect to z, in the next corollary we obtain the
generating function of even-indexed Bernoulli numbers.

Corollary 16. For all real z such that 0 < |z| < 2w,

iBkaZk_i+ z
— (2k)! 2 e 1

Corollary 17. For all z such that 0 < |z| <1,

(27) i (—1)k_1<(2k;)22k B 1 TZ T ln(— 2Sinh(ﬂ'z)) N Lig(e%z).

2k +1 T2 4 24Z+ 2 Az

k=1
Proof. Differentiate P(1, z) with respect to z. O

Corollary 18. For all real z such that 0 < |z| < 1,

2 ((2k)z?* 1 In(2sin(rz))  Cly(272)
(28) 2 2%k+1 2 ( 2 - irz
Pt Tz
Proof. Write iz for z in (27) and take the imaginary part. O

Note that Formula (28) is given in a slightly different way in [15, Formula
(490)]. Also, one can find it in [10, Formula (54.5.4)] and [18, Formula (2.18)].

Example 19. Taking z = 1/2, z = 1/4 and z = 3/4 in (28) yield the following
identities:

— ((2k) 1 In2
(29) 2 ket 2 2

(30)

(2) C@k) _1 W2 G
16

(31) >

2k+1 2 4 3¢
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Identity (29) is found in [15, p. 313, Formula (493)] and [14]. One can find
(30) and (31) in [15, Formulas (670) and (671)].

Theorem 20. For all z such that 0 < |z]| <1,

i Ve=1¢(2k) 22k 1 7wz o« ¢(3) +Li3(62”) _ Lig(e?™)
2k+1 YE+1) 2 6 12z 27222 27222 o2mz

k=1
Proof. Multiply through (27) by z and integrate with respect to z. O

Corollary 21. For all real z such that 0 < |z| <1,

= 22k 1 ¢(3)  Cly(2m2)  Cly(272)
(33) Zl k + 1 2k: +1) T2 27222 on22 T ops
Proof. Write iz for z in (32) and take real parts. O

Example 22. For certain z, from (33) we have

= 1
Z 2k+1) T2

k:l
- _ 1 7¢(3)
(34) kzl 4k (k 2k +1) 2 272°
= 1 35¢(3) 2@
(35) kgl 2k‘+1) 2 e

/9 ¢(2k) 1 35%¢(3) 26
2(6) +1)(2k+1) 2 36x2 3w’

- ¢(2k) 1w 12¢(B3) | V3 1
;36k(k+1)(2k+1)_§_%_ 72 +%w(§)'

The series representation (34) is found in one of Euler’s papers and has been
rediscovered by many mathematicians (see [5] and [20], among others). The iden-
tity (35) is also known ([3, Formula (5.10)], [12, Formula (16)]).

3. CONNECTION WITH SECOND-ORDER SEQUENCES

In this section, we study some series involving the Riemann zeta function
and Fibonacci (Lucas) numbers. The results are closely related to our studies in
[1, 6, 7]. As usual, let F,, and L, denote the n-th Fibonacci and Lucas numbers,
both satisfying the recurrence w,, = w,—1 + wy,_2 for n > 2, but with the initial
values Fy =0, F; =1 and Ly = 2, L1 = 1, respectively.
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The Binet formulas are

an_ﬁn
a—fB"

where a = (1 ++/5)/2 and B = —1/a = (1 —/5)/2.

(36) Fn: Ln:an+6n7 T'LZO,

Theorem 23. If n is a positive integer and z is any real number such that
0 < |z| <1, then

WZ “LPu((2k)2%  wz

k(2k +n) n+1
(37) B 21;104 2(n — 1();;:;2@ In o) Cn+1)
o " aJ Lijqq (62ﬂﬂz) — (=B) Lij+y (e—2mz)
(=12 (n—)m) :
o~ (=1 Lor((2k)2 Bz
I; kE(2k +n) T n+1
(38) B 2111(5772) ~ 2(n-— 1();761-25)1;11(71 In a)c(n 1)

n aj Llj 1 62“52 +(75)J Llj 1 e*Qﬂ'QZ
+ -y ( (n)j)!@m)j (7).

j=1
Proof. Evaluate P(n,az) and P(n,—Bz) and combine these equations according to
(3) and the Binet formulas (36). O
Theorem 24. If z is any real number such that 0 < |z| < 1/a, then
— [5,((2k)2%*  2Ina _ BCL(2raz) — aCly(27pz2)
P kE2k+1) 5 2/572 ’

=\ Lox((2k)2%F B Cly(2maz) + a Cly(2132)
k(2k +1) 212 '

(39)

(40) = -2+ 2In(27z) —

k=1

Proof. Evaluate P(1,iaz) and P(1,—i5z) and combine these equations according
0 (20) and the Binet formulas (36). O

Example 25. When n =1 and z = 1/2, then from (37)—(40) we get

=T 9
4kk 2k + 1) j omet T T ’

\fi Vel meC(2k) 7 msinh(lna)  « Lig(e™) + BLig(e™™)
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i )= 1L2kC(2k) 8+ /5 ol — mcosh(Iln )
2 4% 2% + 1) 4 nr 3
aLip(e™) — B Lig(e™™)
+ 5
77
i For,¢(2k) 2Ina 3 B Cla(ra) — aCla(mf)
S ARE(2k + 1) V5 NG ’

o LopC(2k) B Cla(ra) 4+ a Cly ()

Theorem 26. If n is a positive integer and z is any real number such that
0 < |z| £1/a, then

V5 Z For((2k)2F  Ina (—1)"V/5(2n — 1)1 Fy,¢(2n + 1)
k(k+n)  n (2mz)2n
" -ﬁQj Clgj+1(2ﬂ'0&2) — OéQj Clgj+1(2ﬂ'ﬂz)
_ _ 1\ 1)
(2n = 1) ; 2 (2n — 29)!(272)%
" BP 71 Cly; (2raz) — a1 Clyj (27 6%2)

+@n=1) (1) (2n + 1 — 2j)1(2m2)%—1 ’

<.
Il
—

—_—

1 o~ Lak((2k)z 1 In(@2rz)  (=1)"(2n — 1)!Lon((2n + 1)

52 k(k+mn) ST T T T (27z)2n

(—l)j (ﬁgj Cle+1(27TOzZ) +a? Clgj+1(27rﬁz))
(2n — 2j)!(272)%

NE

—(2n —1)!
1
L (=1)7(BH L Cly; (2maz) 4+ a1 Cly;(27Bz))

(2n + 1 —2j5)!(2mz)2 -1 ’

<.
s

+ (2n —1)!
1

<.
Il

Proof. Both results follow immediately from (10). We omit details. O

Theorem 27. If n is a positive integer and z is any real number such that
0 < |z| £1/a, then

. FyuC(2k)z 1 5 sin(wfz)
\[Zk‘ 2k -1+ 2n) 2n—1 In <a sin(waz))

(2n — 2)! Zn: ((2n+1—2j) Cly;(2maz) — 2maz Cly;—1 (2maz)
" (2n+1—2j)!(2raz)?—1

" (2n + 1 — 2j) Cly; (2w Bz) — 2732 Cly;_1(2732)
+@n-2)1) (-1 @nt 1 2)\@nfa 1 !
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— LakC(2k)z* 2 Lo m22?
k 2k — 1+ 2n) - (2n—-1)2  2n-1 sin(raz) sin(752)

(2n — 'i S(2n+1—2j) Cly;(2maz) — 2maz Cly;—1 (2maz)
et (2n+1—2j)!(2naz)?i—1
" i (2n+1—2j) Cly, (27rﬂz) — 2Bz 012] 1(2752)
—(2n —2)! —1)/
Proof. Both formulas follow immediately from (11). O

4. TWO OTHER INTERESTING SERIES

Our analysis allows the evaluation of two other interesting series which are
similar to the series considered by Orr [14]. For positive integers m and n with
m # n, let us consider the two series

C(2k)22

Pm,n, 2) Zleker 2k+n)’

0<|z] <1,

and its degenerated counterpart for m > 1

Y. 52k
Q(m,z):Z(ki;]{f:(&_ill))27 0<z2<1,

Then the following result holds.

Theorem 28. For non-equal positive integers m, n and all z such that 0 < |z| < 1,
we have

2k) 22 m+n Tz In(27z)

Zk 2k+m(2k+n B mn)2+(m+1)(n+1)_ mn

L) - ((712 —zl)!
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and, for all0 < z <1,

= VE—1C(2k) 22k 2 Tz In(27z)
kZ:1 2k+m) Tmd (m+1)2 w2
m— ! i1 27z
(42) Doy SO Dl ZL()(%))

(m — 1' > Ein(27zk) +zm W
km+1 9

~El
i!
HM

where

are the harmonic numbers, I'(a, x) is the incomplete gamma function I‘(a x) =

1—e""

o0
i to=le~tdt, and Ein(z) being the exponential integral Ein(z :

Proof. From the partial fraction decomposition

1 2 2 1

k(2k+m)(2k +n)  m(m—n)2k+m)  n(m—n)(2k +n) + mnk

we immediately see that we can write

2

m—-n

P(m,n,z) = %Sl(z) + (;Sz,m(z) = ;SZ,n(z)>a

where S1(%) is defined in (4) and Sy,

—~

z) equals

(=1)*¢(2k)z*
2k +v

WK

3271)(2’) =

)

>
Il

1

which was also evaluated in Section 2. To complete the proof of (41) we simplify
making use of the elementary identity

nn+1)—m(m+1) ] mn

(m+1)(n+1)(m —n) C(m+Dn+1)

For (42) we start with the partial fraction decomposition

1 1 2 2

k(2k+m)2 ~ m2k  m2(2k+m) m(2k+m)?

This yields

(43) Qm.2) = —581(2) 3 82.m(2) — S5 (2)
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with S1(z) and Sz (%) as above and

© )sz

— 2k + m)?

We have

1
Sam(z) = / Y18 m(2y) dy
0

1 TZ m! Ly
= — — 1 -
2m?  2(m+1)2  2mtl(gz)m C(m+1) /0 y

m 1
m! 1 L _
+ 7z E ?W/O y] 1L1m+1—j(€ 27rzy)dy
j=0 "

I Tz n m! /1 Lipg1(e72™Y) — ((m + 1)
2m? 2(m + 1)2 2mtl(gz)m f, Yy

1
27rz (27 2)m+1 Z 27TZ /0 Y~ Lipg1—j (e 727 dy.

dy

Next,

6727rzyk -1

1 S '
x/O 1 (Lim+1(672ﬂ—zy) - C(m + 1)) dy - Z k'w;l—‘rl / dy

Y Y
Ein(27zk)
- Z Emtl

Also,
1 oo 1 1 L
—1 71 —27z )—1 _—27z
/ Y Bm (67 dy = ZW/ yeT Y
0 k=1 0
- i 1 (=D =T(j,2nzk)
T L fmtl=] (2mzk)d ’
k=1
as

1 . .
j—1_—2max _ (J - 1)' - F(Jv 271'(1)
/0 e dx Gra) ) R(a) > 0.
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The expression for S3 ,,,(z) becomes

1 Tz 7 — Ein(272k)
= —_ 1
Sa.m(2) 2m2  2(m+1)2 + Qm“ (rz) (Z Lm+1 —¢(m + )>

Tz " m! ; (j— D! =T(y,2nzk)
—_ —(2mz)’ . -
+ (2mz)m+1 ng 4! (2m2) l; km‘*'l—ﬂ (27mzk)d

1 Tz m!

= - : )(Hy, —
2m? (m + 1)2 T 9mA1 (1z)m ¢(m +1)( 7)
~v — Ein(27zk) L1 A D, 27mzk)
2m+1 7TZ Z Jem+1 2m+1 7TZ m Z ﬁ Tpmtl
J=1 k=1

where v = lim (H,, — Inn) is the Euler-Mascheroni constant.
n—oo

The expression for Q(m, z) follows from simplifications according to (43). O

Example 29. Series identity (41) yields

& Ic 1 (Qk) 7 § B
— k( Qk + D(2k+2) 4 12 2 (27)2 (2m)2 7
3

(=DF'C(2k)
2::14’€k(2k+1)(2k+2)_4 12 2 2 a2
4

i (DR
o ARE(2E+1)(2k+3) 9 7203 2 3

7mrInm  Lig(e”™) Lis(e™™)

Corollary 30. If m and n are non-equal positive integers having the same parity,
then

i . m+n n In(27)
Pt k(2k + m) 2k: +n)  (mn)? mn

1+(=D)" /., ¢((m+1) ., n+1
" 2(m—n) (Z (m =D — = )
! e+ ) 1ig( 24 1>
m—n (m —1)! Z (m —2)1(2m)% Z (n—25)(

j=1 j=1

Proof. Evaluate (41) at z = ¢, where i = v/—1. O
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Example 31. We have

4 In2m)  ((3)

2k+1 2k+3) 9 3 A2’

™3
s :51

k) 3 @n) (@)
— k(k+1)(k+2) 8 2 272’
k) 8 @n) (B) 36

— k(2k+3)(2k+5) 225 15 A2 T Axt

e

Corollary 32. If m is a positive even integer and n is a positive odd integer, then

k 2k+m )2k +n)  (mn)? mn m—n (2m)™

+m1—n ((m—l)!

Example 33. We have

S k) _ T ¢®3)

i 2k) m+n+ln(27r) _Z,m(m—l)!g(m—i—l)

k=1

3

(m — 25)1(2m)3 (n —25)!(27)2

VSRSV (n_l)f“z”/zwmw).

1 j=1

;klﬁ—Q )(2k + 3) 75+71( ™=
- 7 2¢(3) | ¢(5)
Zkk+1 2k+5)__%+51( ™ T

k=1

5. CONCLUDING REMARKS

We conclude with the following observations. Another natural generalization
of the function P(n, z) is one of the form

>, Zk:)
45 0 <1 p>1.
(45) PO =3 G o<kt ez
The recursion
1 1 2 1

k(2k+n)  nkP  nkP—1(2k +n)
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can be solved by standard methods to get

1 L (—2) 2\7 (—1)P
W2k +n) JZ::O o () %+ n

Then

p—l 0 2k
(—2) k)z 2\ P
(46) (nzp) =3 S CUEE0T (2, o).

7=0 k=1
Hence, to extend Theorem 1 to P(n,z,p) it suffices to find a closed form for

M

S EEEEE s () vz

ilml I N e )

Tz

Similarly, from the partial fraction decomposition
1 1 2 2

k(2k +m)(2k +n)  mnk * m(m —n)2k+m)  n(m—n)(2k +n)’

we also get

-2

2y

1 o pz 2
kp(2k +m)(2k +n)  mnkP  m(m —n) — m/ T EPm1m0 A 2k+m

2 B (—2y 2\p—1(—1)P-1
"~ n(m—n) Zo nitlgp—1-j + (ﬁ) 2k +n

Jj=

This shows that a closed form evaluation of (47) would also allow us to evaluate
the generalization of P(m,n,z) to

o~ (=D)F¢(2k) 2%

P = <1 >
(m,n, z,p) 2 T3k + m)(2k ) 0<l|z/<1, m#n, p>1,
via
1o~ (Z1)R¢(2k)2"
P = A7) S\eh)e
(m,m, 2,p) = — 3 p
k=1

2 p—2 (_2)] 00 (_1) C(Z]f)ZQk 9 p—1

+ m(m n) g mi+1 fp—1—3 + < ) 52 m(z)
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Finally, considering the generalization of Q(m, z) to Q(m, z, p) defined by

> 2k)
mzzo:Z:l kp2k+ ;o 0<z[ <1, p>1,

we start with the partial fraction decomposition

1 1 2 2
k(2k+m)2 m2k  m2(2k+m) m(2k+m)?’

The recursion is solved as

pml oy p-! _9)i Poo(_1)p
I SN T SN Y AUNC
kP(2k 4+ m)? = mit2kp—i = mit2kp—1=3(2k 4+ m) m /) (2k+m)?

giving the identity

S (2 S ()RR

Q(m,z,p) = mit2 Jp—i
7=0 k=1
p—1 D
(—2)7 ) 2
— 22 s Pm,z,p—1—3)+(—— | Ssm(2),
=0

where P(n, z,p) is defined in (45) and S5 ,,(2) is defined in (44).
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