
Applicable Analysis and Discrete Mathematics
available online at http://pefmath.etf.rs

Appl. Anal. Discrete Math. 19 (2025), 088–103.

https://doi.org/10.2298/AADM230909023W

SHARP BOUNDS FOR THE ELLIPTIC INTEGRAL OF
THE FIRST KIND IN TERMS OF TWO CLASSES OF

LOGARITHMIC-TYPE FUNCTIONS

Miao-Kun Wang

For r ∈ (0, 1), let K(r) be the complete elliptic integral of the first kind.
In this paper, by introducing two classes of logarithmic-type functions, and
proving the monotonicity and absolutely monotonicity properties of certain
functions involvingK(r) and the logarithmic-type functions, several new func-
tional inequalities for K(r) will be derived, which improve some previous
known results.

1. INTRODUCTION

For r ∈ (0, 1), Legendre’s complete elliptic integrals of the first and second
kinds are defined by

K ≡ K(r) =

∫ π/2

0

dt√
1− r2 sin2 t

=

∫ 1

0

dt√
(1− t2)(1− r2t2)

,

E ≡ E(r) =
∫ π/2

0

√
1− r2 sin2 tdt =

∫ 1

0

√
1− r2t2

1− t2
dt,

respectively (see [1, 6]). It is clear that K is strictly increasing and E is strictly
decreasing on (0, 1), and the limiting values are K(0+) = E(0+) = π/2, E(1−) = 1,
K(1−) = +∞. Indeed, K has the following limiting behaviour

(1) lim
r→1−

(
K(r) + log

√
1− r2

)
= log 4
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(see [6, (3.4)]).

It is well known that the complete elliptic integrals have many important
applications in mathematics and physics (see [9, 12, 18]). The estimates of the
arclength of an ellipse in terms of elementary functions, the computation of elec-
tromagnetic and related quantities and so on all depend on K and E . In the past
30 years, they have occurred frequently in geometric function theory, especially in
conformal and quasiconformal mappings (see [5, 7, 8, 16, 17, 21, 22, 32]). In
particular, several conformal invariants and distortion functions in quasiconformal
mappings can be expressed by the complete elliptic integral of the first kind. For
example, let B2 be the unit disk in the complex plane, then the modulus of the
plane Grötzsch ring B2 \ [0, r] (0 < r < 1) is

µ(r) =
π

2

K(
√
1− r2)

K(r)

(see [6, Chapter 5, 10]).

In face of the above mentioned important applications, the complete elliptic
integrals K and E , especially K, have been studied deeply in many papers for ten
years, and a lot of new properties and functional inequalities, including the absolute
monotonicity and asymptotic bounds for some certain functions involving K, E and
their generalizations, have been proved in [2, 3, 4, 10, 11, 14, 15, 20, 23, 24,
25, 26, 27, 28, 29, 30, 31, 35, 37, 38, 39, 40, 41, 43, 44, 45, 46, 47].

In 2004, Alzer and Qiu [2] showed that

π

2

(
arthr

r

)α1

< K(r) <
π

2

(
arthr

r

)β1

,

π

2

[
α2

L(1, r′)
+

1− α2

A(1, r′)

]
< K(r) <

π

2

[
β2

L(1, r′)
+

1− β2

A(1, r′)

]
hold for all r ∈ (0, 1). Here and in what follows we denote by r′ =

√
1− r2 for

r ∈ (0, 1),

L(1, r′) =
1− r′

log(1/r′)
, A(1, r′) =

1 + r′

2

are the logarithmic and arithmetic means of 1 and r′, and arth(·) stands for the
inverse hyperbolic tangent function.

Yang, Tian and Zhu [43] established another sharp lower bound for K in
terms of arth(·):

K(r) >
π

2

[
1− α3 + α3

(
arthr

r

)β3
]1/β3

for all r ∈ (0, 1) with the best possible constants

α3 =
3

4
, β3 =

1

10
.
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In 2020, Alzer and Richards [4] showed that r 7→ (8/5 − log r′)/K(
√
r) is

strictly concave on (0, 1), and therefore obtained the following upper bound for
K(r):

(2) K(r) <
π

2

16− 5 log(1− r2)

16 + (5π − 16)r2

for all r ∈ (0, 1).

Inspired by (2), we introduce a class of logarithmic-type functions defined on
r ∈ (0, 1) with parameter p ∈ [0,+∞) as follows

(3) Ap(r) =
π

2

1− p log(1− r2)

1 + (pπ − 1)r2
.

By (3), inequality (2) can be rewritten as K(r) < A5/16(r). Moreover, it is not
difficult to verify that, for any fixed r ∈ (0, 1), p 7→ Ap(r) is strictly decreasing

from [0,+∞) onto (log(1/r′)/r2, π/(2r′
2
)] (see Lemma 6(1)), and it was proved

in [6, Theorem 3.21(7), Exercise 3.43(9)] that π/(2r′
2
) > K(r) > log(1/r′)/r2 for

all r ∈ (0, 1). Then it is natural to ask that what are the best possible constants
α, β ∈ [0,+∞) such that Aα(r) < K(r) < Aβ(r) takes place for each r ∈ (0, 1).
The following Theorem 1 is to answer the question.

Theorem 1. Let α, β ∈ [0,+∞). Then the inequality

Aα(r) < K(r) < Aβ(r)

holds for all r ∈ (0, 1) if and only if α ≥ α∗
0 = 1/(4 log 2) = 0.360 · · · and β ≤ β∗

0 =
3/[4(π − 1)] = 0.350 · · · .

Similarly, in this paper, another class of logarithmic-type functions involving
inverse hyperbolic tangent function will also be considered. For q ∈ [0,+∞), let

(4) Bq(r) =
π

2

1 + 2qrarthr

1 + (qπ − 1)r2
.

Then, for any fixed r ∈ (0, 1), the function q 7→ Bq(r) is also strictly decreasing

from [0,+∞) onto (arthr/r, π/(2r′
2
)] (see Lemma 6(2)). Since it was proved in [6,

Theorem 3.21(7) and Exercises 3.43(30)] that the double inequality

arthr

r
< K(r) <

π

2r′2

is valid for all r ∈ (0, 1), a similar problem is raised that what are the best possible
upper and lower bounds for K(r) in terms of Bq(r). Our second theorem is to solve
this problem.

Theorem 2. Let α, β ∈ [0,+∞). Then the inequality

Bα(r) < K(r) < Bβ(r)

holds for all r ∈ (0, 1) if and only if α ≥ α∗
1 = 1/(2 log 2) = 0.721 · · · and β ≤ β∗

1 =
3/[4(π − 2)] = 0.656 · · · .
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In addition, we shall study the difference and ratio between K(r) and Aβ∗
0
(r),

and show their monotonicity property or absolutely monotonicity property. Recall
that, a function f is called absolutely monotonic on the interval I if

f (k)(x) ≥ 0 for x ∈ I and k = 0, 1, 2, · · ·

(see [33]). In this paper, we also obtain

Theorem 3. Let

F (r) =K(r)−Aβ∗
0
(r),

G(r) =
K(r)

Aβ∗
0
(r)

.

Then

(1) −F is absolutely monotonic on (0, 1), and the function F (r)/r4 is strictly
decreasing on (0, 1) with the range (2(3 log 2 − π + 1)/3, π(5π − 17)/[128(π − 1)]).
Consequently, for all r ∈ (0, 1), the double inequality

2(3 log 2− π + 1)

3
r4 +

π

2

[
4(π − 1)− 3 log(1− r2)

4(π − 1) + (4− π)r2

]
< K(r)(5)

<
π(5π − 17)

128(π − 1)
r4 +

π

2

[
4(π − 1)− 3 log(1− r2)

4(π − 1) + (4− π)r2

]
;

(2) G is piecewise monotone on (0, 1), first decreasing then increasing. Con-
sequently, for all r ∈ (0, 1), the inequality

G(r0)Aβ∗
0
(r) ≤ K(r) < Aβ∗

0
(r).

Here r0 is the unique extreme point of G on (0, 1).

To end this section, let us recall some basic derivative formulas and series
expansions which K and E satisfy:

dK
dr

=
E − r′

2K
rr′2

,
dE
dr

=
E − K

r
,

d(E − r′
2K)

dr
= rK,

d(K − E)
dr

=
rE
r′2

,

K(r) =
π

2

∞∑
n=0

[(
1
2

)
n

n!

]2
r2n, E(r) = π

2

∞∑
n=0

(
− 1

2

)
n

(
1
2

)
n

(n!)
2 r2n.

Here (a)0 = 1 and (a)n =
n−1∏
k=0

(a+ k) for n ∈ N.
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2. LEMMAS

Lemma 4 ([6, Theorem 1.25]). Let a, b ∈ R with a < b, f, g : [a, b] → R be
continuous on [a, b] and differentiable on (a, b). Let g′(x) ̸= 0 on (a, b). Then, if
f ′/g′ is increasing (decreasing) on (a, b), then so are the functions

f(x)− f(a)

g(x)− g(a)
and

f(x)− f(b)

g(x)− g(b)
.

If f ′/g′ is strict monotone, then the monotonicity in the conclusion is also strict.

However, sometimes the ratio f ′/g′ is not monotone on the whole interval. An
auxiliary function Hf,g, called H-function, has been introduced and used frequently
to judge the monotonicity property by Yang et al in [27, 30, 34, 36, 42] recently.
That is, let a, b ∈ R with a < b, and let f and g be differentiable on (a, b) and
g′ ̸= 0 on (a, b). Then Hf,g is defined by

(6) Hf,g :=
f ′

g′
g − f.

For some basic properties of Hf,g, the readers can refer to [34]. In particular, if f
and g are twice differentiable, then we obtain(

f

g

)′

=
g′

g2

(
f ′

g′
g − f

)
=

g′

g2
Hf,g,(7)

H ′
f,g =

(
f ′

g′

)′

g.(8)

Lemma 5 ([36, Theorem 2.1],[19, Lemma 2.1]). Suppose that the power series
f(x) =

∑∞
n=0 anx

n and g(x) =
∑∞

n=0 bnx
n have the radius of convergence r > 0

with bn > 0 for all n ∈ N0. Let h(x) = f(x)/g(x), and Hf,g(x) be defined as (6),
then the following statements are true:

(1) If the non-constant sequence {an/bn}∞n=0 is increasing (decreasing), then h(x)
is strictly increasing (decreasing resp.) on (0, r);

(2) If the non-constant sequence {an/bn} is increasing (decreasing) for 0 ≤ n ≤
n0 and decreasing (increasing) for n > n0, then the function h is strictly
increasing (decreasing) on (0, r) if and only if Hf,g(r

−) ≥ (≤)0. Moreover,
if Hf,g(r

−) < (>)0, then there exists η ∈ (0, r) such that h(x) is strictly in-
creasing (decreasing resp.) on (0, η) and strictly decreasing (increasing resp.)
on (η, r).

Lemma 6. Let p, q ∈ [0,+∞), and Ap(r), Bq(r) be defined in (3) and (4). Then,
for each r ∈ (0, 1),

(1) p 7→ Ap(r) is strictly decreasing from [0,∞) onto (log(1/r′)/r2, π/(2r′
2
)];
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(2) q 7→ Bq(r) is strictly decreasing from [0,∞) onto (arthr/r, π/(2r′
2
)].

Proof. By differentiation and simple computations, we obtain

(9)
dAp(r)

dp
=

π

2

2r′
2
log(1/r′)− πr2

[1 + (pπ − 1)r2]2

and

(10)
dBq(r)

dq
=

πr2

[1 + (qπ − 1)r2]2

(
r′

2
arthr

r
− π

2

)
.

It was proved in [21, Lemma 3(1)] that r 7→ [r′
2
arthr]/r is strictly decreasing from

(0, 1) onto (0, 1), and it is easy to check that r 7→ (1−r) log[1/(1−r)]−πr is strictly
decreasing from (0, 1) onto (−π, 0). Thus dAp(r)/dp < 0 and dBq(r)/dq < 0 for
each fixed r ∈ (0, 1) by (9) and (10). So that the monotonicity properties in parts
(1) and (2) follow. Obviously,

A0(r) = B0(r) =
π

2r′2
, lim

p→+∞
Ap(r) =

1

r2
log

1

r′
, lim

q→+∞
Bq(r) =

arthr

r
.

Lemma 7. Let

f(r) =
π/2− r′

2K(r)

r2K(r) + log r′
, r ∈ (0, 1).

Then f is strictly increasing from (0, 1) onto (3π/[4(π − 1)], π/(4 log 2)).

Proof. Let

f1(r) =
π

2
− r′

2K(r), f2(r) = r2K(r) + log r′,

f3(r) =r′
2
(
K − E + r2K

r2

)
, f4(r) = E + r′

2K − 1,

f5(r) =2(K − E)− r2(E − r′
2K) + 2r4K − r2E , f6(r) = r2[2(K − E) + r2K].

Then f(r) = f1(r)/f2(r), f1(0
+) = f2(0

+) = 0, f3(1
−) = f4(1

−) = 0 and

f ′
1(r)

f ′
2(r)

=
2rK − (E − r′

2K)/r

r(E + r′2K − 1)/r′2
=

f3(r)

f4(r)
,

f ′
3(r)

f ′
4(r)

=
[−2(K − E) + r2(E − r′

2K)− 2r4K + r2E ]/r3

−[2(K − E) + r2K]/r
=

f5(r)

f6(r)
.

Expanding f5 and f6 into power series gives

f5(r) =
π

2

∞∑
n=0

[(
1
2

)
n

]2
4n!(n+ 2)!

(16n2 + 36n+ 17)r2n+4,
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f6(r) =
π

2

∞∑
n=0

[(
1
2

)
n

]2
n!(n+ 1)!

(3n+ 2)r2n+4.

Let

An =

[(
1
2

)
n

]2
4n!(n+ 2)!

(16n2 + 36n+ 17), Bn =

[(
1
2

)
n

]2
n!(n+ 1)!

(3n+ 2)

and Cn = An/Bn. Then Cn = (16n2 + 36n+ 17)/[4(n+ 2)(3n+ 2)] and

Cn+1 − Cn =
1

4

[
20n2 + 46n+ 21

(n+ 2)(n+ 3)(3n+ 2)(3n+ 5)

]
> 0

for all n ∈ N. This together with Lemma 5(1) implies that f5/f6 is strictly in-
creasing on (0, 1). Applying Lemma 4 twice, we conclude that f is also increasing
on (0, 1). For the limiting values, by L’Hôpital’s rule,

lim
r→0+

f(r) = lim
r→0+

f ′
1(r)

f ′
2(r)

= lim
r→0+

f3(r)

f4(r)
=

3π

4(π − 1)
.

Using (1), we have

lim
r→1−

f(r) = lim
r→1−

π
2 − r′

2K(r)

K(r) + log r′

r2

= lim
r→1−

π
2 − r′

2K(r)

K(r)− log 4
r′ + log 4 + r′2 log r′

r2

=
π/2

log 4
=

π

4 log 2
.

Lemma 8. Let

g(r) =
π/2− r′

2K(r)

r[rK(r)− arthr]
, r ∈ (0, 1).

Then g is strictly increasing from (0, 1) onto (3π/[4(π − 2)], π/(2 log 2)).

Proof. Let

g1(r) =
π/2− r′

2K(r)

r
, g2(r) = rK(r)− arthr,

g3(r) = r′
2
(
2K − E − π/2

r2

)
, g4(r) = E − 1,

g5(r) = 4(K − E) + r′
2E + r′

2K − π, g6(r) = r2(K − E).

Then g(r) = g1(r)/g2(r), and lim
r→0+

g1(r) = lim
r→0+

[3πr2/8+o(r2)]/r = 0, g2(0
+) = 0,

g3(1
−) = g4(1

−) = 0 and

g′1(r)

g′2(r)
=

(2K − E − π/2)/r2

(E − 1)/r′2
=

g3(r)

g4(r)
,
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g′3(r)

g′4(r)
=

−[4(K − E) + r′
2E + r′

2K − π]/r3

−(K − E)/r
=

g5(r)

g6(r)
.

Expanding g5 and g6 into power series, we have

g5(r) =
π

2

∞∑
n=0

(
1
2

)
n

(
1
2

)
n+1

4[(n+ 2)!]2
(n+ 1)(16n2 + 44n+ 27)r2n+4,

g6(r) =
π

2

∞∑
n=0

(
1
2

)
n

(
1
2

)
n+1

n!(n+ 1)!
r2n+4.

Let

A∗
n =

(
1
2

)
n

(
1
2

)
n+1

4[(n+ 2)!]2
(n+ 1)(16n2 + 44n+ 27), B∗

n =

(
1
2

)
n

(
1
2

)
n+1

n!(n+ 1)!

and C∗
n = A∗

n/B
∗
n. Then C∗

n = (16n2 + 44n+ 27)/[4(n+ 2)2] and

C∗
n+1 − C∗

n =
20n2 + 94n+ 105

4(n+ 2)2(n+ 3)2
> 0

for all n ∈ N. This together with Lemma 5(1) showes that g5/g6 is strictly increas-
ing on (0, 1), so is g by Lemma 4. By L’Hôpital’s rule and (1) we get

lim
r→0+

g(r) = lim
r→0+

π
2 − r′

2K(r)

r2
· 1

K(r)− arthr
r

= lim
r→0+

3πr2

8 + o(r2)

r2
· 1

π
2 − 1

=
3π

4(π − 2)
,

lim
r→1−

g(r) = lim
r→1−

π
2 − r′

2K(r)

K(r)− log 4
r′ + log 4− (1+r) log(1+r)

2r + (1−r) log(1−r)
2r

=
π

2 log 2
.

3. PROOFS OF THEOREMS 1–3

Proof of Theorem 1. Let p ∈ [0,+∞). Then

K(r)−Ap(r) =
[1 + (pπ − 1)r2]K(r)− π[1− p log(1− r2)]/2

1 + (pπ − 1)r2
(11)

=
π
(
r2K + log r′

)
1 + (pπ − 1)r2

[
p− π/2− r′

2K(r)

π (r2K + log r′)

]
.

Therefore, Theorem 1 directly follows from (11) and Lemma 7.
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Proof of Theorem 2. Let q ∈ [0,+∞). Then

K(r)−Bq(r) =
[1 + (qπ − 1)r2]K(r)− π/2− qπrarthr

1 + (qπ − 1)r2
(12)

=
πr2 [K − (arthr)/r]

1 + (qπ − 1)r2

[
q − π/2− r′

2K(r)

πr (rK − arthr)

]
.

Therefore, Theorem 2 directly follows from (12) and Lemma 8.

Proof of Theorem 3. (1) Expanding K(r) and Aβ∗
0
(r) into power series yields

K(r) =
π

2

∞∑
n=0

µnr
2n, Aβ∗

0
(r) =

π

2

∞∑
n=0

λnr
2n,

where

µn =

[(
1
2

)
n

n!

]2
, (n ≥ 0),

and λ0 = 1, and λn satisfies the following recurrence relation

(13) λn+1 =
β∗
0

n+ 1
− (β∗

0π − 1)λn, (n ≥ 0).

Here (13) can be derived by comparing the coefficients of two sides of the following
equation

1− β∗
0 log(1− r2) = [1 + (β∗

0π − 1)r2]

∞∑
n=0

λnr
2n,

equivalently,

1 +

∞∑
n=0

β∗
0

n+ 1
r2n+2 =

∞∑
n=0

λnr
2n + (β∗

0π − 1)

∞∑
n=0

λnr
2n+2

= λ0 +

∞∑
n=0

λn+1r
2n+2 +

∞∑
n=0

(β∗
0π − 1)λnr

2n+2.

Rewrite (13) as

λn =
β∗
0

n
− (β∗

0π − 1)λn−1, (n ≥ 1),

and then substitute into (13), we obtain another recurrence formula involving λn+1

and λn−1:

(14) λn+1 =
β∗
0 [(2− β∗

0π)n− (β∗
0π − 1)]

n(n+ 1)
+ (β∗

0π − 1)2λn−1 (n ≥ 1).
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In what follows, we shall prove that λn ≥ µn by mathematical induction on n.
Obviously, λ0 = µ0 = 1, λ1 = µ1 = 1/4 and λ2 = (π + 2)/[16(π − 1)] > µ2 = 9/64.
Suppose that λk ≥ µk for k = 3, · · · , n, then from (14) we obtain

λn+1 − µn+1 =
β∗
0 [(2− β∗

0π)n− (β∗
0π − 1)]

n(n+ 1)
+ (β∗

0π − 1)2λn−1 −

[ (
1
2

)
n+1

(n+ 1)!

]2
≥β∗

0 [(2− β∗
0π)n− (β∗

0π − 1)]

n(n+ 1)
+ (β∗

0π − 1)2µn−1 − µn−1
(4n2 − 1)2

16n2(n+ 1)2

=
β∗
0 [(2− β∗

0π)n− (β∗
0π − 1)]

n(n+ 1)
− µn−1

[
(4n2 − 1)2

16n2(n+ 1)2
− (β∗

0π − 1)2
]
.

Using the Wallis’ inequality µn ≤ 1/[π (n+ 1/4)] (see [13, Theorem 1]) and the
fact that

(4n2 − 1)2

16n2(n+ 1)2
≥
[

(4n2 − 1)2

16n2(n+ 1)2

]
n=1

=
9

64
> (β∗

0π − 1)2

for n ≥ 1, we obtain

π(λn+1 − µn+1) ≥
β∗
0π[(2− β∗

0π)n− (β∗
0π − 1)]

n(n+ 1)

− 1

n− 3/4

[
(4n2 − 1)2

16n2(n+ 1)2
− (β∗

0π − 1)2
]

=
4(1− 4ξ + 3ξ2)n3 − 4(1 + ξ − 6ξ2)n2 + 12ξ(ξ + 1)n− 1

16n2(n+ 1)2(4n− 3)

for n ≥ 2, where ξ = β∗
0π − 1 = 0.1002 · · · . Furthermore, inequality

4(1− 4ξ + 3ξ2)n3 − 4(1 + ξ − 6ξ2)n2 + 12ξ(ξ + 1)n− 1

≥8(1− 4ξ + 3ξ2)n2 − 4(1 + ξ − 6ξ2)n2 + 12ξ(ξ + 1)n− 1

=4(1− 9ξ + 12ξ2)n2 + 12ξ(1 + ξ)n− 1

≥(8− 60ξ + 108ξ2)n− 1 ≥ n− 1 ≥ 0

holds for all n ≥ 2, so that λn+1 ≥ µn+1. This proves that λk ≥ µk for k ∈ N. Until
now, −F is absolutely monotonic on (0, 1), and F (r)/r4 is decreasing on (0, 1). For
the limiting values of F (r)/r4 at r = 0+ and r = 1−, it is clear that

lim
r→0+

F (r)

r4
= lim

r→0

K(r)−Aβ∗
0
(r)

r4
=

π

2
(µ2 − λ2) =

π(5π − 17)

128(π − 1)
.

By (1) we obtain

lim
r→1−

F (r)

r4
= lim

r→1−
K(r)−Aβ∗

0
(r) = lim

r→1−
K(r)− log

4

r′
+ log

4

r′
−Aβ∗

0
(r)

= lim
r→1−

[1 + (β∗
0π − 1)r2] log 4− π/2− (1− πβ∗

0)(1− r2) log r′

1 + (β∗
0π − 1)r2
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=
β∗
0π log 4− π/2

β∗
0π

=
2(3 log 2− π + 1)

3
.

Therefore, inequality (5) follows, and this completes the proof of part (1).

(2) Let

G1(r) = [1 + (β∗
0π − 1)r2]K(r), G2(r) = 1− β∗

0 log(1− r2).

Then G(r) = 2G1(r)/[πG2(r)]. If we prove that G′
1/G

′
2 is piecewise monotone on

(0, 1), first decreasing and then increasing, then by the formula (8)

dHG1,G2
(r)

dr
=

(
G′

1

G′
2

)′

G2,

we can conclude that there exists r0 ∈ (0, 1) such that HG1,G2
(r) is strictly decreas-

ing on (0, r0), and strictly increasing on (r0, 1); if we further show thatHG1,G2
(0+) =

0 andHG1,G2
(1−) > 0, thenHG1,G2

(r) is first negative then positive on (0, 1). Then
by the formula (7)

G′(r) =

(
2G1(r)

πG2(r)

)′

=
2G′

2(r)

πG2(r)
2HG1,G2(r),

and the fact that G′
2(r) > 0 for all r ∈ (0, 1), one has that G′(r) is also first negative

then positive on (0, 1). So that G is piecewise monotone on (0, 1). Moreover, by
(1),

lim
r→1−

G(r) = lim
r→1−

2

π

[1 + (β∗
0π − 1)r2][K(r)/ log(1/r′)])

1/ log(1/r′) + 2β∗
0

= 1.

The asserted inequality holds true. Now we prove part (2) by two steps.

Step 1: We show that G′
1/G

′
2 is piecewise monotone on (0, 1), first decreasing

and then increasing. Differentiating G1 and G2, and then expanding them into
power series give

G′
1(r) =2(β∗

0π − 1)rK(r) + [1 + (β∗
0π − 1)r2]

E(r)− r′
2K(r)

rr′2
(15)

=π

∞∑
n=0

[(
1
2

)
n

]2
n!(n+ 1)!

[(
n+

1

2

)2

+ (β∗
0π − 1)(n+ 1)2

]
r2n+1,

G′
2(r) =

2β∗
0r

1− r2
= 2β∗

0

∞∑
n=0

r2n+1,(16)

G′
1(r)

G′
2(r)

=
π

2β∗
0

∑∞
n=0 Dnr

2n+1∑∞
n=0 r

2n+1
,

where

Dn =

[(
1
2

)
n

]2
n!(n+ 1)!

[(
n+

1

2

)2

+ (β∗
0π − 1)(n+ 1)2

]
.
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By simple computation we get

Dn+1

Dn
− 1 =

(7π − 16)n2 + (12π − 36)n+ 5π − 17

4(n+ 1)(n+ 2)[3πn2 + (2π + 4)n+ 13]
.

This implies, for n ∈ N ∪ {0},

D0 > D1 < D2 < D3 < · · · ,

that is, the sequence {Dn} is strictly decreasing for 0 ≤ n ≤ 1 and strictly increasing
for n ≥ 1. According to Lemma 5(2), it suffices to prove that HG′

1,G
′
2
(1−) > 0.

Indeed,

G′′
1(r) =2(β∗

0π − 1)K(r) + 4(β∗
0π − 1)

E − r′
2K

r′2

+ [1 + (β∗
0π − 1)r2]

r′
2
(K − E) + 2r2(E − r′

2K)

r2r′4
,

G′′
2(r) =

2β∗
0(1 + r2)

(1− r2)2

and thereby

lim
r→1−

HG′
1,G

′
2
(r)

= lim
r→1−

G′′
1(r)

G′′
2(r)

G′
2(r)−G′

1(r)

= lim
r→1−

1

1 + r2

{
2(β∗

0π − 1)rr′
2K(r) + 4(β∗

0π − 1)r(E − r′
2K)

+ [1 + (β∗
0π − 1)r2]

r′
2
(K − E) + 2r2(E − r′

2K)

r2r′4

}
−
{
2(β∗

0π − 1)rK(r) + [1 + (β∗
0π − 1)r2]

E(r)− r′
2K(r)

rr′2

}
= lim

r→1−

rK(r)

1 + r2

{
2(β∗

0π − 1)r′
2
+ 4(β∗

0π − 1)
E − r′

2K
K(r)

+ [1 + (β∗
0π − 1)r2]

K − E
r2K

− 2(β∗
0π − 1)(1 + r2)

− [1 + (β∗
0π − 1)r2]

E(r)− r′
2K(r)

r2K

}
= lim

r→1−
[β∗

0π − 4(β∗
0π − 1)]

rK(r)

1 + r2
= lim

r→1−

7π − 16

4(π − 1)

[
rK(r)

1 + r2

]
= +∞.

Step 2: We show that HG1,G2
(0+) = 0 and HG1,G2

(1−) > 0. Use of (15),
(16) and (1) gives

lim
r→0+

HG1,G2
(r) = lim

r→0+

G′
1(r)

G′
2(r)

lim
r→0+

G2(r)− lim
r→0+

G1(r)
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=
π

2β∗
0

[
1

4
+ (β∗

0π − 1)

]
− π

2
= 0,

lim
r→1−

HG1,G2
(r) = lim

r→1−

[
β∗
0π − 1

β∗
0

r′
2K(r) +

1 + (β∗
0π − 1)r2

2β∗
0

E(r)− r′
2K(r)

r2

]

×
[
1 + β∗

0 log
1

1− r2

]
−
[
1 + (β∗

0π − 1)r2
]
K(r)

= lim
r→1−

π

2

(
1 + β∗

0 log
1

1− r2

)
−
[
1 + (β∗

0π − 1)r2
]
log

4

r′

= lim
r→1−

π

2
+ β∗

0π log
1

r′
− β∗

0π log
4

r′
+ (β∗

0π − 1)(1− r2) log
4

r′

=
π

2
− β∗

0π log 4 =
π(π − 1− 3 log 2)

2π − 2
= 1.0853 · · · > 0.
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8. G.D. Anderson, M.K. Vamanamurthy, M. Vuorinen: Topics in special functions
II. Conform. Geom. Dyn., 11(2007), 250-270.

9. G.E. Andrews, R. Askey, R. Roy: Special Functions. Encyclopedia of Mathematics
and Its Applications, vol.71, Cambridge Univ. Press, Cambridge, 1999.

10. Q. Bao, X.-J. Ren, M.-K. Wang: A monotonicity theorem for the generalized el-
liptic integral of the first kind. Appl. Anal. Discrete Math., 16(2)(2022), 365–378.



Sharp bounds for the elliptic integral of the first kind in terms of two... 101

11. B.A. Bhayo, M. Vuorinen: On generalized complete elliptic integrals and modular
functions. Proc. Edinb. Math. Soc. (2), 55(3)(2012), 591–611.

12. J. M. Borwein, P. B. Borwein: Pi and the AGM. John Wiley & Sons, New York,
1987.

13. C.-P. Chen, F. Qi: The best bounds in Wallis’ inequality. Proc. Am. Math. Soc.,
133(2)(2005), 397–401.

14. T.-R. Huang, L. Chen, Y.-M. Chu: Asymptotically sharp bounds for the complete
p-elliptic integral of the first kind. Hokkaido Math. J., 51(2)(2022), 189–210.

15. T.-R. Huang, S.-L. Qiu and X.-Y. Ma: Monotonicity properties and inequalities
for the generalized elliptic integral of the first kind. J. Math. Anal. Appl., 469(1)(2019),
95–116.

16. X.-Y. Ma, S.-L. Qiu, G.-Y. Tu: Generalized Grötzsch ring function and generalized
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function with application to Hersch-Pfluger distortion function. Math. Inequal. Appl.,
21(3)(2018), 629–648.

33. D. V. Widder: The Laplace Transform. Princeton University Press, Princeton, 1941.

34. Zh.-H. Yang: A new way to prove L’Hosptial monotone rules with applications.
arXiv: 1409.6408, 2014, 19 pages.

35. Zh.-H. Yang and Y.-M. Chu: A monotonicity property involving the generalized
elliptic integral of the first kind. Math. Inequal. Appl., 20(3)(2017), 729–735.

36. Zh.-H. Yang, Y.-M. Chu, M.-K. Wang: Monotonicity criterion for the quotient of
power series with applications. J. Math. Anal. Appl., 428(1)(2015), 587–604.

37. Zh.-H. Yang, Y.-M. Chu, and W. Zhang: High accuracy asymptotic bounds for the
complete elliptic integral of the second kind. Appl. Math. Comput., 348(2019), 552–564.

38. Zh.-H. Yang, W.-M. Qian and Y.-M. Chu: Monotonicity properties and bounds
involving the complete elliptic integrals of the first kind. Math. Inequal. Appl.,
21(4)(2018), 1185–1199.

39. Zh.-H. Yang, W.-M. Qian, Y.-M. Chu and W. Zhang: On approximating the
arithmetic-geometric mean and complete elliptic integral of the first kind. J. Math.
Anal. Appl., 462(2)(2018), 1714–1726.

40. Zh.-H. Yang, J.-F. Tian: Convexity and monotonicity for elliptic integrals of the
first kind and applications. Appl. Anal. Discrete. Math., 13(1)(2019), 240–260.

41. Zh.-H. Yang, J.-F. Tian: Sharp inequalities for the generalized elliptic integrals of
the first kind. Ramanujan J., 48(1)(2019), 91–116.

42. Zh.-H. Yang, J.-F. Tian: Monotonicity rules for the ratio of two Laplace transforms
with applications. J. Math. Anal. Appl., 470(2)(2019), 821–845.

43. Zh.-H. Yang, J.-F. Tian. Y.-R. Zhu: A sharp lower bound for the complete elliptic
integrals of the first kind. Rev. R. Acad. Cienc. Exactas F́ıs. Nat. Ser. A Mat. RACSAM,
115(21)(2021), Paper No. 8, 16 pages.

44. L. Yin, X.-L. Lin, F. Qi: Monotonicity, convexity and inequalities related to com-
plete (p, q, r)-elliptic integrals and generalized trigonometric functions. Publ. Math. De-
brecen, 97(1-2)(2020), 181–199.

45. X.-H. Zhang: Monotonicity and functional inequalities for the complete p-elliptic
integrals. J. Math. Anal. Appl., 453(2)(2017), 942–953.

46. T.-H. Zhao: Sharp approximations for complete p-elliptic integral of the second kind
by weighted power means. Bull. Malays. Math. Sci. Soc.(2), 46(4)(2023), Paper No.
126, 23 pages.

47. L. Zhu: A new upper bound for the complete elliptic integral of the first kind. Rev. R.
Acad. Cienc. Exactas F́ıs. Nat. Ser. A Mat. RACSAM, 117(3)(2023), Paper No. 125,
9 pages.



Sharp bounds for the elliptic integral of the first kind in terms of two... 103

Miao-Kun Wang (Received 09. 09. 2023.)
Department of Mathematics, (Revised 18. 12. 2024.)
Huzhou University,
Huzhou, 313000, China
E-mail: wmk000@126.com


