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ON ZEROS OF A FAMILY OF CONE FUNCTIONS

Tatiana N. Fomenko

A concept of a (A, B)-search cone function is induced on a cone metric space,
which is an essential development of an (a, §)-search functional on a metric
space, induced earlier by the author. Main results of the paper concern a
zero existence problem for an (A, B)-search cone function (when the cone is
not normal) with consequences, and the zero existence preservation problem,
for a parametric family of (A, B)-search cone functions, when changing the
parameter. Possible applications and generalizations are mentioned, as well.

1. INTRODUCTION AND PRELIMINARIES

In 2009-2013 the author introduced the concept of («, 8)-search functional
and proved several versions of theorems on search for zeros of such functionals in
a metric space. As consequences, fixed point and coincidence theorems, for single-
valued and multi-valued mappings of metric spaces, were obtained, generalizing a
number of well-known results of various authors [12-15].

The aim of this article is to present a generalization of the mentioned results
concerning («, 8)-search functionals, using two main ideas. The first one is to
replace an usual metric space with a cone metric space, that is to consider a cone
metric instead of a numerical one. The second important idea belongs to well-
known Russian mathematician from Voronezh State University A.I. Perov. This
idea consists of the replacing the numerical contraction coefficient, for a contractive
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mapping, with a suitable bounded linear operator. This Perov’s idea appeared in
his work [30] and found a broad response.

In this article we apply both of these ideas, to generalize the concept of
(a, B)-search functional.

As it is noticed in some papers, many fixed point results in cone metric spaces
obtained in recent years, in which the assumption is present that the underlying
cone is normal and solid, can be reduced to corresponding results in metric spaces
(see, for example [21]). On the other hand, it is impossible when we deal with
non-normal solid cones.

Some authors claim (see, for example, [27]) that most of cone fixed point
results are merely copies of classical ones and that any extension of known fixed
point results to cone metric spaces is dispensable, and also that underlying Banach
space with the associated cone subset is not necessary. But in fact, it is true for
a small and very limited class of results, because only normal cones are required
for this. So, fixed point results in cone metric spaces with non-normal cones are
possibly proper extensions of the corresponding results for metric spaces.

It should be mentioned that the reducing of fixed point results from cone
metric space to the usual metric space mostly concerns fixed point theorems for
contractive mappings [6,21]. In this case, a contractive self-mapping on a cone
metric space, having a linear operator A as the contraction coefficient, turns to
a contractive self-mapping on a metric space, with the numerical contraction co-
efficient ||A||. But the estimate of the distance between an initial point and the
corresponding fixed point may not be the same. There are scalarization methods
[8,11] which allow to transform a normed space valued cone metric into a numer-
ical one. In addition, as it is shown in [22], many fixed point results obtained in
cone metric spaces over solid non-normal cones can be reduced to the case of solid
normal cones. And moreover, TVS-valued cone metric spaces over solid cones are
not an essential generalization of normed space-valued cone metric spaces. It turns
out that each solid cone in a TVS is normal, under a suitably defined norm. It
is obtained by using the technique of Minkowski functionals [23]. But, here one
have to take into account, that if the underlined cone in TVS is not normal, the
topology induced by that suitably defined norm is not equivalent to the initial
topology of the TVS. So, in this case, the given contractive linear operator in the
TVS may turn out not contractive in the new normed topology. Nevertheless, as
it is shown in the papers by E. Karapinar [24-26] and in the joint paper by W.-
S. Du and E.Karapinar [9], some interesting fixed point theorems for contractive
mappings using numerical contraction coefficients, may be proved in terms of usual
(numerical-valued) metric spaces, with the help either of the scalarization method
by W.-S. Du, when cone-values of the given cone metric in the normed space are
replaced with their norms, or with the help of the scalarization using Minkowski
functionals. But these methods do not always work if one uses operator contraction
coefficients.

In this article, we apply Perov’s idea and introduce a concept of a multi-
valued (A, B)-search cone function where coefficients of a numerical (o, 8)-search
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functional are replaced with suitable linear operators. Zero existence theorem is
proved for such cone functions. As its consequences, fixed point and coincidence
point existence theorems are obtained for multivalued mappings between cone met-
ric spaces. In addition, the zero existence preservation theorem is proved, for a
parametric family of multivalued (A, B)-search cone functions. The results of this
article concerning cone metric spaces can not be derived from analogous results in
metric spaces.

At first, below we give necessary definitions and the basic zero existence
theorem, for a multi-valued («, 8)-search functional on a metric space.

Definition 1.1. Let (X,d) be a metric space, and o, € Ry,0 < 8 < a. A
multi-valued functional ¢ : X = Ry = {z € R|z > 0} is called (a, 5)-search on X,
if for any point (zg,co) € Graph(p) = {(z,¢) € X x Ry|c € p(z)}, there exists a
point (2/,¢’) € Graph(yp) such that d(xo,z") < cg, and ¢ < gco.

Definition 1.2. The graph Graph(p) of a multi-valued functional ¢ : X = R
is called {0}-complete ({0}-closed) if and only if for any fundamental sequence
(Znycn) € Graph(p), with ¢, — 0, it is true that the sequence {z,} converges to
an element £ € X (if and only if the graph Graph(y) contains all limit points of
the form (£, 0)).

Theorem 1.3. Let on a metric space (X,d) a multi-valued (o, 8)-search functional
p : X = Ry be given, for some a,f € Ry ,0 < B < «. Let also either the
space (X, d) be complete and Graph(p) be {0}-closed, or Graph(y) be {0}-complete.
Then, for any initial point (xg,co) € Graph(p), there is a point (£,0) € Graph(p)

(that is, 0 € ¢(€)) such that d(zo,§) < ;25.

The complete proof of this statement is contained in [14].

Definition 1.4. A fized point of a multi-valued mapping F : X = X is a point & €
X such that € € F(£). Given two metric spaces (X, d), (Y, p), a coincidence point
of multi-valued mappings F,G := Y is a point £ € X such that F(£) N G(£) # 0.

One can consider a functional ¢ : X = Ry such that its zero subset Nil(p) :=
{€ € X0 € p(§)} coincides either with the fixed point set Fiz(F) := {z € X|z €
F(z)} of the mapping F : X = X, or with the coincidence set Coin(F,G) =
{z € X|F(z) NG(z) # 0} of F;G : X = Y. When applying Theorem 1.3 to
such a functional, one can obtain fixed point and coincidence point theorems for
multi-valued mappings.

Such type theorems are demonstrated by the author in [12-14]. In [14,15]
the preimage existence problem is investigated. That is to search for the preimage
G YZ) == {zr € X|G(z) N Z # 0 of a closed subset Z of the space Y, under the
mapping G : X = Y. If Z = {¢} C Y is a singleton, one can obtain the root
existence theorem, for the inclusion: ¢ € F(x).

Coincidence points of a number of multi-valued mappings Fi,--- , F, : X =
Y can be considered as the preimage points of the diagonal A,, C Y™, under the
mapping F': X =2 Y", where F = (Fy,--- , F,).
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Similarly, common fixed point theorems for the mappings Fy, -, F, : X =3
X are obtained, in the particular case when X =Y.

In this way, in [12-15] several results are obtained generalizing some known
statements of different authors.

Now, let us introduce possible counterparts of («, 8)-search functional in a
cone metric space. At first we consider the case where a cone K in a Banach space
S is normal. Below we give necessary definitions.

Let X be a nonempty set and (S, | - ||) be a Banach space. Let K be a
positive convex closed acute cone, that is K be a closed convex subset satisfying
the following conditions: 1)0 € K; 2)Va € K,a # 0= VYu > 0,ua € K, —pa &
K; 3)Va,be K =Vte [0;1],ta+ (1 —-t)b € K.

The presence of the cone K in the set S defines a partial order <gx on S.
Namely, for any x,y € S we say ¢ <k y if and only if y —x € K. Thus, (S, <) is
a partially ordered set.

Definition 1.5. The cone metric on X associated with the cone K is a mapping
satisfying the axioms of a metric, that is for any x,y € S, the following conditions
hold:

L dg(z,y) 2k 0; (di(z,y) = 0) <= (v = y);
3. for any z € X it is true that di (z,y) <k dk(z,z) + dr(z,y).

Suppose that X # ) is equipped with a cone metric di as described above.
The space (X, dk) with the cone metric is called a cone metric space.

In 1964 A.I Perov proved in [30] a generalization of the well-known con-
traction mapping principle by Banach-Caccioppoli, in spaces with a metric taking
values in the positive cone R’} (see also [31]). A positive linear operator with a
spectral radius smaller than unity was used as a contraction coeflicient.

After these Perov’s works, many papers of different authors have appeared
with results generalizing the Perov’s fixed point theorem. We would like to mention
here a few such papers, for instance [1-4,6-8,10] and [19,20,29,30]. In these works
the authors consider various generalizations of cone metric spaces and obtain more
general fixed point theorems than Perov’s one. Different applications of Perov’s
fixed point theorem are also presented to the theory of differential equations, in
particular, to semilinear systems of equations, to fractional differential equations
and others. In the paper [29], the authors introduce a new class of (Q, 8)-condensing
multivalued mappings, where 8 is a vector measure of the noncompactness and
@ is a bounded positive linear operator whose spectral radius r(Q) < 1. Some
properties of such multivalued mappings are studied. In particular, it is shown that
the topological degree theory and classical fixed point theorems can be extended
to this class of multivalued mappings.

So, the development of the Perov’s idea is realized in several theoretical and
applicable directions.
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In addition, in 2018 this useful natural idea by A.I. Perov — to replace
a number contraction coefficient with a linear bounded operator, was employed
(without any reference to Perov’s works) by E.S. Zhukovskiy and E.A. Panasenko
in [34], to characterize contraction mappings in a cone metric space.

In this paper, we use the Perov’s idea of operator coeflicients in order to
develop the method of search for zeros of (a, )-search functionals, to extend it
to cone metric spaces, and to demonstrate its applications to the fixed point and
coincidence theory.

The following definitions 1.6-1.8, 1.11 and theorems 1.9, 1.10, 1.12, 1.13 of
this section were presented in [18] (in its original versions).

Assume that the norm in S is monotone with respect to the partial order
<k, ie, (a <g b) = (|| a ||<|| b ]]). In this case, K is also called a normal cone
with the normal constant equal to 1. In addition, we assume that K is a generating
cone, i.e. S = K — K. In other words, any element a € S is represented as a
difference of some elements of K.

In the set £(S) := {L : S — S} of all bounded linear operators on S, one can
consider the subset £ of linear operators leaving K invariant, i.e. L4 := {P €
L(S)|P(K) C K}. Following [30], we notice that as K is a generating cone with
a monotone norm, it is easy to see that £, is also a positive convex closed acute
cone in £(S). And this cone £ defines a partial order on £(.S). Namely, we say
that for F, G, € L(S) it is true that F < Gif G- F € L.

Now, we introduce the concept of an (A, B)-search cone function with op-
erator coefficients A, B. Multivalued mappings will be denoted by double arrows
=.

The following concept is a cone analog of an («a, #)-search functional.

Definition 1.6. A multivalued mapping ¢ : X = K is called (A, B)-search cone
function (on X ), if the following conditions hold:

(i) A, B € L4(S) are bounded commuting linear operators such that A is invertible,
A~' € £, and the composition A7'B : K — K has a spectral radius A =
AMA™IB) < 1;

(ii) for any z € X and any ¢ € p(z) C K, there exists an element 2’ € X, such that
di (z,2") <g A7Y(c), and there exists a value ¢’ € ¢(z'), such that ¢’ <x A~1B(c).

The graph of an (A, B)-search cone function ¢ is denoted by Graph(yp) =
{(z,c)Jre X,cep(x)} CX x K.

The Cauchy property and convergence of sequences in X x S (in particular,
in Graph(p)) are considered relative to the componentwise metric D = dg X v,
where v(a,b) :==||a—1b].

Definition 1.7. We say the graph Graph(p) of an (A, B)-search cone function is
called {0}-complete if any Cauchy sequence {(z,,cn)} C Graph(p), with ¢, — 0,
as n — 0o, converges to an element of the graph. The graph Graph(y) is called
{0}-closed if all its limit elements of the form (£,0) are contained in it.

Definition 1.8. A sequence {(Zn,cn)}n=0.1,... C Graph(y) is called (A, B)-search
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sequence if the following conditions hold, n € N:
dK($n,1,l'n) SK Ail(cnfl)acn SK AilB(Cnfl)- (1)

We say the graph Graph(p) of an (A, B)-search cone function is called (A, B)-
search-closed if it contains limits of (A, B)-search sequences.

For the completeness, we give the following theorem with the complete proof.

Theorem 1.9. Let (X,dk) be a complete cone metric space, with the cone K C S,
and the norm in S be monotone with respect to the order <g. Let p : X = K
be a multivalued (A, B)-search cone function with operator coefficients A,B : K —
K. Assume that the graph Graph(p) is (A, B)-search-closed. Then, for any point
xo € X and any value ¢y € p(xy), there exists a point x, = x.(xg,co) € X, such
that 0 € @(x,) and the cone distance di(xo,x.) satisfies the following estimate
dK({L‘o,m*) <Kk A_l(I — A_IB)_l(C()).

Proof. The properties of the multivalued (A, B)-search cone function imply
that, starting from an arbitrary initial pair (xg,co) € Graph(y), it is possible to
construct an (A, B)-search sequence {(z,,c,)} C Graph(yp) with the properties
(1). We need to show that {z,}n=01,... is a Cauchy sequence. The assumption
AA~'B) < 1 implies the invertibility of the operator I — A™'B : K — K. And,

the operator (I — A71B)~! is equal to the sum of the iterative series b (A~1B).
i=0
This series consists of the operators (A"1B)* € £L,. As the cone £, is closed, it
N .
follows that (I — A=1B)~! € £, moreover, for any N € N, we have ¥, (A"!B)* <
i=0

(I -A-1B)~L
From the inequalities (1) and the properties of the cone metric dx we obtain
in the standard way that

Adr (T, Tnam) <K ‘Zo A (Tpijs Tnyjr1) <k
j=

m—1 m—1 . m— .

<k 'S A Mensy) <k ATHATIBY () = "B (ATIB)" AT (¢g) =
3=0 §=0 =0

m—1

:(A—lB)n N

j (AT'BY A7 o) <k (AT'B)"(I = A7'B) ' A7 e) =

0
— (A7'B)"[A7N(I - A7'B) " (o)) (2)

As the spectral radius A\(A~1B) < 1, we have (A~1B)" — 0in L.

For properties of the spectral radius and the sufficient conditions for the
inequality A\(A7!'B) < 1, see [31].

Using the property of the monotonicity of the norm (in other words, the
property of the normality of the cone K) we conclude from (2) that

I d(zn, psm) <kl (ATB)"(I = A7'B) 7' A™ (o) || — 0.

n— oo
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It means that {z,}n=01,... is a Cauchy sequence.

As the cone metric space (X, df) is assumed to be complete, there exists

a point x, = lim z, € X. In view of the continuity of the metric dx (in the
n— oo

corresponding topology), we have

n—1 n—1

di (T, Ts) = nhﬁn;() dr (o, xn) <k nhﬁn;o JEO dr(zj,zi41) <k nhﬁngo jgo A*l(cj) <Kk

n—1 .
<k A7V lim % (AT'B) (o) <k A7HI — A7'B) Hco).

n—00 j=0
Note that ¢, <g (A7'B)"(co) — 0. By the theorem condition, Graph(y) is
n—oo

(A, B)-search-closed, therefore (z.,0) € Graph(y), i.e. 0 € p(z,.). O

The result of Theorem 1.9 could not be derived from analogous results on
metric spaces by scalarization methods, since our conditions for an (A, B)-search
cone function contain bounded linear operators A, B instead of number coefficients,
and the considered cone functions are multivalued. The same is true for all the
following results of this article.

Consider the following consequences from the latter theorem.

Theorem 1.10. Let (X,dk) be a complete cone metric space and F : X = X be
a multivalued mapping with closed bounded images. Let a mapping ¢ : X = K,
where p(x) ={d € K|3z € F(x),d = dx(z,2)}, be an (A, B)-search cone function
for linear bounded operators A, B € L. Suppose that Graph(p) is (A, B)-search-
closed. Then, for any point xo € X and any yo € F(xg), there exists a fized point
& =&(xo,y0) of the mapping F, that is £ € F(£), and the following estimate holds:

di (z0,&) <k A7 — A7'B) " (dk (w0, y0))-

Definition 1.11. Let (X, dk) be a cone metric space, F' : X = X be a multivalued
mapping, and @ : K — K be a bounded linear operator with a spectral radius
A(@) < 1. The mapping F is called Q-contraction (contraction with the operator
coefficient Q) if for any 1,29 € X and any y; € F(z1) there exists yo € F(x3), for
which di (y1,92) <k Q(dk(x1,x2)).

One can consider the particular case of Theorem 1.10, when the mapping F’
is a Q-contraction.

The following cone metric analogue of the well-known Nadler fixed point
theorem is presented in [34]. We show that this result follows from the previous
Theorem 1.10.

Theorem 1.12. ([34], Theorem 1). Let (X,dk) be a complete cone metric space,
the norm in S be monotone with respect to the partial order <y induced by the cone
K. Let F: X = X be a multivalued Q-contracting mapping with closed images
and an operator contraction coefficient Q € Ly having a spectral radius A\(Q) < 1.
Then, for any xo € X and any yo € F(xq), the mapping F has a fized point £ € F(§)
such that the following estimate holds: dg (z0,¢) <x (I — Q)" (dx(x0,v0)).
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Proof. We show that this result follows from Theorem 1.10. In fact, this
is a particular case of Theorem 1.10. It is easy to see that under the conditions
of Theorem 1.12 the mapping ¢ : X = K, where p(x) = {c € K|y € F(z),c =
dg(z,y)}, is a multivalued (I, @Q)-search cone function, where I = Idx. Indeed,
for any pair (zg, co) € Graph(p) where ¢ = di (2o, yo), for some yg € F(x¢), there
is a pair (z1,¢1) € Graph(p), where 1 = yo, and (by definition of the contraction
mapping F') there is a point y1 € F(z1) = F(yo), such that ¢; = dg (z1,91) € ¢(z1),
c1 = di (Yo, 1) <k Q(di(xo,y0) = Q(co). As the mapping F' is Q-contraction, its
graph is closed. It implies that the Graph(y) is also closed, and in particular,
it is (A, B)-search-closed. So, all conditions of Theorem 1.10 are fulfilled, for the
mapping F. Therefore, the statement follows from Theorem 1.10. OJ

One more important consequence of Theorem 1.9 is the following coincidence
existence theorem.

Theorem 1.13. Let ;G : X = Y be two multivalued mappings with bounded
closed images, and 1 : X = K, where

Y(x) :={ce K|Jy € F(z),3z € G(x), pr(y,2) = c},z € X.

Assume that ¢ is an (A, B)-search cone function, with respect to linear operators
A, B € L. In addition, assume that Graph(y) is (A, B)-search-closed. Then, for
any xg € X and any points yo € F(xg), 20 € G(xg), the mappings F,G have a
coincidence point & = &(xq, Yo, 20) € X, that is F(§) N G(&) # 0, and the following
estimate holds:

di(20,8) <k A™(I — A7'B) Y (pk (y0,20)). O

The proof of this theorem follows from Theorem 1.9. It is just sufficient to
take into account that Coin(F, G) = Nil(p).

2. MAIN RESULTS.

It should be noticed that the statements of previous theorems 1.9, 1.10, 1.12,
1.13 may be presented under more general conditions.

Now, let us consider (A, B)-search cone functions in the case when the un-
derline cone K is solid and non-normal.

Let F : S — S be a bounded linear operator on S that is F € L(S), and
AMF) = nlgngo | F™ ||*/"= inf, || F" ||*/™ be the spectral radius of F. Tt is known

(see also [7]) that if A(F) < 1, then the series > F™ is absolutely convergent, the
i=0
operator I — F' is invertible in L(S) and . F" = (I — F)~L. Like as above, let S
i=0
be a Banach space with a cone K C S, < be the partial order induced by cone

K on S, and for a nonempty set X, let di : X x X — K be a cone metric. So, we
have a cone metric space (X, dk).
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We assume now that the cone K is solid (that is its interior Int(K) # @), but
not necessary normal. We say 0 < ¢ if and only if ¢ € Int(K). It is known that
under these conditions, 0 <y x,, — 0, as n — 0o, means that for any ¢, 0 < ¢, there
exists ng € N, such that 0 <g x, < ¢, for any n > ng. And, if for any ¢,0 < ¢,
there exists ng € N, such that 0 <g dg(xn,zm) < ¢, for any m,n,m > n > ng,
it means that {z,}, is a Cauchy sequence. It is clear that if F' € L(S), then F is
monotone (that is a <g b = F(a) <k F(b)) if and only if F(K) C K. (See [7],
for the detail proofs of these facts).

The next theorem is a version of Theorem 1.9, without normality condition
of the cone K.

Theorem 2.14. Let (X,dk) be a complete cone metric space, with solid cone
K C S, which is not necessary normal with respect to the order <g. Let ¢ :
X = K be a multivalued (A, B)-search cone function with operator coefficients
A,B: K — K. Assume that the graph Graph(y) is (A, B)-search-closed. Then, for
any point xg € X and any value co € p(xg), there exists a point x. = x.(xg,co) €
X, such that 0 € p(z.) and the cone distance di(xo,x.) satisfies the estimate
di (1o, 1) < A7YI — A71B) 7 Y(cp).

Proof. When repeating the proof of Theorem 1.9, we come to a search
sequence {(z,,c,)} C Graph(yp) starting from an arbitrary initial pair (zg,cg) €
Graph(p), and then obtain the estimate (2). In particular, we obtain the inequality

dic (T, Tnm) < (ATB)"S (AT BY A (0o) < (AT'B)" 5 (A7 B A (o),
j=0 7=0

for any m,n € N, m > n > 0. As the spectral radius A(A~!B) < 1, we have
(A71B)® — 0 in £, . Consequently,
n—oo

(A~'B)" EO(A—lB)jA—l(cO) = (AT'B)"[AI - A'B) (o) — 0.

It follows that the sequence {xy, },=0,1,... is a Cauchy sequence.
As the cone metric space (X, dg) is assumed to be complete, there exists a
point z, = lim z,, € X. Note that ¢, <x (A71B)"(cg) — 0. By the theorem
n—oo

n—0o0

condition, Graph(y) is (A, B)-search-closed, therefore (x.,0) € Graph(p), i.e. 0 €
p(z). O

The following theorem is a consequence from Theorem 2.14 concerning the
fixed point problem. It is a generalization of Theorem 1.10 given above, for the
case when the considered cone is not normal.

Theorem 2.15. Let (X, dk) be a complete cone metric space where the cone K C S
is solid but not necessary normal. Let F : X = X be a multivalued mapping with
closed bounded images. Consider the following cone function ¢ : X =% K, where

p(x):={d e K|3z € F(z),d=dg(z,2)}. Letp be an (A, B)-search cone function,
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for linear bounded operators A, B € L. Suppose that Graph(p) is (A, B)-search-
closed. Then, for any point xg € X and any yo € F(xg), there exists a fized point
& =¢&(xo,y0) of the mapping F, that is & € F(£), and the following estimate holds:

d(20,8) <x A~ — A7'B) " (dk (z0,50)). O

The next theorem is also a consequence of Theorem 2.14. It concerns the
coincidence existence problem. This result generalizes Theorem 1.13 given above,
for the case when the considered cone K is not normal.

Theorem 2.16. Let F,G : X = Y be multivalued mappings with bounded closed
images, ¢ : X = K, where ¢(z) := {c € K|Jy € F(x),3z € G(x),pk(y,2) = c}.
Assume that 1) is an (A, B)-search cone function, with respect to linear operators
A, B € L. In addition, assume that Graph(y) is (A, B)-search-closed. Then, for
any xg € X and any points yo € F(xg), 20 € G(xo), the mappings F,G have a
coincidence point & = &(xg, Yo, 20) € X, that is F(§) N G(&) # 0, and the following
estimate holds:

di(20,8) <k A™"(I — A7'B) Y (pk (yo0,20)). O

We do not give proofs of Theorems 2.15, 2.16. To prove these theorems,
it is enough to note that the set Fiz(F') is equal to the set Nil(yp), and the set
Coin(F,G) = Nil(y), and to repeat the proof of Theorem 2.14.

The following theorem is presented in [7]. We give it in suitable denotations.
In this theorem in [7], the cone K in a Banach space S is supposed to be solid but
not normal. It is clear that Theorem 2.17 is a generalization of the above Theorem
1.12 (see [34]), in which the cone K is supposed to be normal (since the norm in S
is monotone relative to the order <g).

Theorem 2.17. ([7], Theorem 2.3) Let (X,dk) be a complete cone metric space,
dig : X x X = K, and let T be a multivalued dg -Perov contractive mapping from
X into itself (i.e. there exists Q € L(S), such that A(Q) < 1, Q(K) C K and
for any x1,29 € X and any y1 € T(x1) there is yo € T(x2) with d(y1,y2) <k
Q(dx(x1,x2))) such that for any v € X, T(x) is a nonempty closed subset of X.
Then there exists xog € X such that xg € T(xg), i.e., xo is a fized point of T.

Proof. @ We show that Theorem 2.17 follows from Theorem 2.14. Con-
sider the multivalued cone function n : X = K, where n(z) := {¢ € K|Jy €
T(x),di(x,y) = ¢}. We need to show that the function 7 satisfies all condi-
tions of Theorem 2.14. By Theorem 2.17 conditions, for any zg € X and any
yo = x1 € T(xp), there is a point y; = x2 € T(yo) such that dg(yo,y1) =
di(z1,72) = e1 <k Q(d(wo,y0)) = Q(co). It follows that one can construct a
sequence {zy}, C X, and hence a search sequence (zy,c,) € Graph(n), with the
properties

dK(l‘n+1; xn) <K Cn, Cn+1 <k Q(Cn)7 n=0,1,--- (3)

One can see from (3) that the function 7 is a (I, Q)-search function where I =
Idx is the identical mapping on X. Further, we need to show that the sequence
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{Zn}n=01,.. C X is Cauchy, and the graph Graph(n) is search-closed that is the
limit of any convergent search sequence belongs to the graph.
Similarly to the proof of Theorem 2.14, we have

m—1

dic (T, Tnim) <x (Q)" T (Q) (o) <k (Q)"

Jj=0 J

(Q) (co) = Q™(I — Q) *(co),

IRSE

for any m,n € N, m > n > 0.
As the spectral radius A\(Q) < 1, we have (@)™ — 0 in £,. Consequently,

n—oo

dK(l'n; xn+m) SK Qn(I - Q)il(co) — 0.

It follows that the sequence {x,,}n=0.1,... is Cauchy sequence.

As the cone metric space (X, dg) is assumed to be complete, there exists a
point x, = nl;rr;o T, € X.

Now, we need to show that 0 € n(z,). To do this, one can follow the corre-
sponding consideration in the proof of Theorem 2.3 in [7].

By the theorem conditions, for the points z,_1,2, € X, and x,, € Q(zp—1),
there is a point v, € Q(x,) such that di (,,v,) <k Q(dx(Tn-1,%+)) <k Q"(I —
Q)" (co)-

As x, — x,, for any € > 0, there is ng € N, such that di (x,,x.) < €,Vn >
ng.

Then we have d (7, Z+) <r dic(Tn, Tm)+di (Tm, T4) < Q"(I—Q) " (co)+
g, for m > max{n,ng}. Since ¢ is arbitrary, it follows that dx (z,,z.) <k Q"(I —
Q) (o), for any n > 1.

Then, di (Vn, T+) <k di (Vn, Tn) +di(Tn, ) <k 2Q™(I — Q) (co) — 0, as
n — oo. As T'(z.,) is closed, it follow that z, € T'(x.) that is 0 € n(z,). In other
words, Graph(n) is search-closed. So, all conditions of Theorem 2.14 are fulfilled.
O

Now we are ready to consider the problem of the zero existence preserva-
tion, under the parameter variation, for a parameter family of (A, B)-search cone
functions, on an open subset U of a cone metric space (X, dx).

Denotation. For any subset Z C X, and a family ® = {®; : Y = K}icjo,
of multivalued (A, B)-search functions, we introduce the following denotation:

Mz (®) = {(z,t) € Z x [0;1] | 0 € Dy(x)}.

Definition 2.18. We say that the family ® is 6-continuous on the set Mz (®), if for
any pair (z,t) € Mz(®) and any ¢’ > ¢ there is ¢ € @y () such that ¢ <y 6(t')—0(¢).

Definition 2.19. For a subset Y C X, we say that a multivalued cone function
¢ Y = K is (A, B)-search on'Y if it meets all conditions of the Definition
1.6, for the cone metric subspace (Y,dg). In other words, for any point y € Y
and any ¢ € @(y), there exist a point ¢y € Y and a value ¢ € ¢(y’) such that
dic(yy) < A~ 1(¢), ¢ < A7B(o).
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On the space X x [0;1] (in particular, on Y x [0;1]), we consider the metric
D : (X x[0;1])? — R, defined by the rule D((a’,t'), (2”,t")) = dx (2, 2" )+ |t —t"|,
for all ', 2" € X and any ¢/, € [0;1]. The convergence in this metric is obviously
component-wise.

The following Proposition is a useful auxiliary statement.

Proposition 2.20. Let (X, dg) be a cone metric space, U C X be an open subset
in X, and let 6 : [0;1] — K be a continuous increasing function. Let, on U, there
be given a one-parameter family ® = {®; : U = K}icjo) of multivalued functions
which are (A, B)-search on U. Suppose that the family ® is 0-continuous on the set
My (®), and for each t € [0;1], the graph Graph(®;) is {0}-closed. Then, My ()
is closed if Mpy (®) = @.

Proof. Let a sequence {(zn,t,)} C My (®) converge to an element (§,¢) €
U x [0;1]. Let us show that (£,t) € My (®). The sequence {x,} converges to &.
Since 0 € ®; (x,,), in view of f-continuity, there exists an element ¢,, € ®;(x,,) such
that |c, —0| < |0(t)—0(t,)|. Therefore, ¢, = |¢,, —0| < |0(t) —0(tn)| — 0, and hence
the sequence (zn,c,) C Graph(®,) converges to some element (£,0). By virtue of
the {0}-closedness of the graph of the function ®;, we have (£,0) € Graph(®,),
ie, 0 € ®4(£). Since Myy(®) = @, it follows that £ ¢ OU. This means that
(1) € My(®). O

Theorem 2.21. Let (X,dk) be a complete cone metric space (as described above),
let U C X be an open subset of X, and let 0 : [0;1] — K be a continuous increasing
cone function. Let there be given a family ® = {®; : U = K}ieron) of multivalued
(A, B)-search cone functions on U, with {0}-closed graphs Graph(®;) = {(z,c) €
UxKlce ®,(z)}, t €[0;1]. As well, we suppose that May (®) = @, M = My (®) #
&, and the family © is 0-continuous on M = My (D).

Then, if there exists an element of the form (x0,0) € M, it follows that there
exists an element of the form (z1,1) € M.

Proof. We shall proceed similarly to the corresponding reasoning in [33].
Consider the partial order < on M defined by the following rule:

/ / 1 " t/ S t”
(x ot ) = (Z‘ it ) < { d(x/,x”) < A—l(I _ Ale)fl(g(t//) _ Q(t/)).
We show that under these conditions, there is a maximal element in the partially
ordered set (M, =). For this, we need to show that any chain in (M, <) has an
upper bound. Then, by the well-known Kuratowski-Zorn lemma, there exists a
maximal element in M.

Let V = {(z,t)} € M be an arbitrary chain in M. Consider the set T, = {t €
[0;1]|3(x,t) € S} C [0;1]. Tt is clear that the set T}, is bounded above. Then, there
exists its least upper bound ¢ = sup T\, and a nondecreasing sequence {t,} C T\
such that t, < t. Take a sequence {(x,,t,)} C V corresponding to the sequence
{tn}, such that (x,,t,) < (Tpt1,tny1) for all n € N



530 Tatiana N.Fomenko

Such sequences do exist, because, for any natural number n, it is true that
tn < tpt1, and in the chain V all elements are pairwise comparable.

In addition, for any n € N, we have d(x,,, Tp11) < A" I-AT1B) "1 (0(t41)—
6(ty,)). This inequality implies that, for any n,m € N the following condition holds:
d(Tn, Tntm) <

<d(Tn, Tpy1) + o+ d(Tnpm—1, Trgm) < A_I(I_A_IB)_I(H(thrm) —0(t,)) (4)

As the function 6 is continuous, the sequence {6(t,)} converges to 6(¢), which
means that it is a Cauchy sequence. In view of inequality (4), it is clear that the
sequence {z,} is also a Cauchy sequence. In addition, by virtue of the condition 0 €
®,, (z,) and the property of §-continuity of the family ® on the set M = My (®),
there exists a value ¢, € ®¢(z,) such that

Cn=cn—0<0(t)—0(t,) = 0.

As ®; has {0}-closed graph, it follows that there exists a £ € U such that z,, — &,
and 0 € ®z(£). By the theorem condition, the set M is closed. Since {(xy,t,)} C
V C M and (xy,t,) — (&,1), it follows that (£,1) € M.

Now, we show that the element (£,%) is an upper bound of the chain V.

Passing to the limit in the inequality (4), as m — oo, we obtain d(x,,§) <
ATYI — A71B)=Y(0(f) — 0(t,)). In view of the inequality t,, < ¢ we see that, for
all n € N it is true that (z,,t,) < (£, 7).

Now, one may consider an arbitrary element (z,t) € V. As t,, — t, it follows
that, for ¢ = ¢t — t, there exists an N € N such that { — t; < t —t. Therefore,
t < tn. But, since arbitrary pairs (x,t) and (zy,ty) are comparable in the chain
V, we have (z,t) < (zn,tn). Hence, by transitivity, (z,t) < (&,t). Therefore, (¢, )
is an upper bound of the chain V.

So, we have obtained that any chain V in M has an upper bound. Then,
by the well-known Kuratowski-Zorn lemma, there exists a maximal element in M.
Furthermore, if there is an element (x9,0) € M, it follows that there is a maximal
element (Z,f) € M such that (x¢,0) < (Z,1).

Let us show that £ = 1. On the contrary, one can take ¢/, < t' < 1. As
(#,t) € M, we have 0 € ®;(%). Then, due to the condition of #-continuity of the
family ® on M, there is a value ¢ € ®4 (%) such that ¢/ <g 0(¢') — 0(¢). If t' — ¢
is enough small, and due to Theorem 1.9, there is a point 2’ € U with 0 € &4 (2'),
such that dg (%,2") <x A7V — A7'B)7Y(¢/) <xg A~ — A71B)=1(0(t') — 0(1)).

So, we have (Z,t) = (2/,t'). It means that the element (Z,t) is not maximal.
It follows that the maximal element is of the form (z1,1). O

The main results of this paper imply consequences on the fixed point (coin-
cidence) existence preservation when changing the parameter, for a family of mul-
tivalued mappings of cone metric spaces with a normed space valued cone metrics.
We don’t give here these results.
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Above we mentioned various directions in which Perov’s theorem is general-

ized in many papers of different authors.

As far as one can see, the further development of the results obtained here may

be realized in similar directions concerning generalizations of cone metric spaces and
considerations of some new applications.

The author is very grateful to Professor Erdal Karapinar, for his attention to

my works, support and valuable recommendations.

The author would like to express my sincere gratitude to the reviewers of this

paper, for their attention, valuable remarks and advices which allowed me to make
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