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NEW CONTRIBUTIONS TO COMMON FIXED POINT
THEORY IN VECTOR METRIC SPACES

C.L. Mihit © G. Mot © and G. Petrusel*

In this paper, we will prove several new existence and stability results for the
common fixed point problem f(z) = z = g(z),z € X, where f,g: X — X
are two operators and X is an E-complete vector metric space (where E is a
Riesz space).

1. INTRODUCTION AND PRELIMINARY NOTIONS AND
RESULTS

Let E be a Riesz space and denote by < its partial ordering. Denote by E.
the positive cone, i.e., B = {c € E : ¢ = 0}. We denote by N the set of natural
numbers including 0. In this context, we denote ¢, | ¢ if (¢, )nen is a decreasing
sequence in E such that infe¢, = ¢. Also, for ¢ € E we denote | ¢ |= sup{c, —c}.
Recall that b is a supremum of a set F C E if b is a least upper bound for F.
Similar for infimum, which is the greatest lower bound for F.

Definition 1.1. Let E be a Riesz space.

e A sequence (¢, )nen is said to be order convergent to c if there is a sequence
(bn)nen in FE with b, L 0 and | ¢, — ¢ | = by, for all n.

e A sequence (¢, )nen is called order-Cauchy if there exists a sequence (b, )nen
in E with b, | 0 and | ¢, — ¢pqp | = by, for all n and p.
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Definition 1.2. A Riesz space is called Archimedean if n='c | 0, for every
cE E+.
For other notions and results concerning Riesz spaces see [7].

The following concepts are considered in [6].

Definition 1.3. Let X be a non-empty set and let E be a Riesz space. The
mapping d : X x X — F is called a vector metric (or an E-metric) if the following
properties hold:

(i) d(z,y) =0 if and only if z = y;
(ii) d(z,y) 2 d(z,2) + d(y, 2), for all z,y,z € X.

Under the above assumptions, the pair (X, d) is called vector metric space.
Remark 1.4. ([6]) If d is a vector metric on X, then d(x,y) = d(y, ), for
each z,y € X.
Some useful notions are now presented.
Definition 1.5. Let (X, d) be a vector metric space.

e A sequence (Zn)neny C X is E-convergent (or vectorial convergent) to an
. . d, . .
element ¢ € X (and we will write z,, LB x) if there exists (an)neny C E,
an 0 and d(z,,x) < a,, for all n.

e A sequence (z,)neny C X is E-Cauchy sequence if there exists (ap,)neny C E,
an 4 0 and d(xy,, Tnip) = ap, for all n, p.

e A vector metric space X is E-complete if each E-Cauchy sequence in X is
FE-convergent to a limit in X.

e A subset Y of a vector metric space X is said to be E-closed whenever

(Zn)neny CY and z, g imply z € Y.

For other notions and results concerning vector metric spaces see [6].
Let (X,d) be a vector metric space. We will consider f,g : X — X two
operators and the fixed point equations:

(1) z = f(z),
respectively
(2) z = f(z) = g(x).

In the above context, we will denote by Fiz(f) = {x € X | f(x) = z} the
fixed point set of f and by

CFP(f,g)={zeX|z=f(z)=g(x)}

the common fixed point set of f and g.
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Remark 1.6. It is easy to see that CFP(f, g) = Fiz(f) N Fiz(g).

Let f: X — X be an operator. We will denote f™ := fo fo...o f (n-times).

Definition 1.7. Let (X, d) be a vector metric space. We say that f: X — X
is a graphic k-contraction if there exists k € (0,1) such that

d(f(z), f*(x)) = kd(z, f(z)), for all z € X.

Definition 1.8. Let (X,d) be a vector metric space. Then, by definition,
f: X — X is called a weakly Picard operator if Fiz(f) # 0 and, for each x € X, the
sequence (f™(z))nen E-converges to x*(z) € Fiz(f). Any weakly Picard operator
with a unique fixed point (i.e., Fiz(f) = {«*}) is called a Picard operator.

Definition 1.9. Let (X, d) be a vector metric space and f : X — X be a
weakly Picard operator. If there exists C' > 0 such that

(3) d(z,z*(z)) = Cd(z, f(x)), for all z € X,

then f is called weakly C-Picard operator.
In the case of a unique fixed point, the above condition give rise to the concept of
C-Picard operator.

Remark 1.10. The relation (3) is called the retraction-displacement condi-
tion corresponding to f.

The purpose of this work is prove several new results for the common fixed
point problem f(z) = z = g(z),x € X, where f,g : X — X are two operators
and X is an E-complete vector metric space (where E is a Riesz space, which is a
richer structure than a cone metric space, but poorer than that of a real Banach
space). Stability results are also given. Our results extend some theorems from
[6], including the study of the fixed point problem from the following perspectives:
existence, uniqueness, data dependence and stability of some iteration processes.

2. MAIN RESULTS

We start this section by a fixed point theorem for graphic contractions in
E-complete vector metric spaces. For the recommended terminology in fixed point
theory see [1]. For related results and applications in classical metric spaces see
[12].

Theorem 2.1. Let (X, d) be an E-complete vector metric space such that E
is Archimedean. Let f: X — X be a graphic k-contraction. Suppose that the set
Graph(f) .= {(z, f(x)) : x € X} is E-closed in X x X.

Then the following conclusions hold:

(a) Fiz(f) # 0;

(b) for each x € X the sequence (f™(x))nen E-converges to an element
2* () € Fia(f);
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(c) f is a weakly (1 — k)~1-Picard operator, i.e., the following retraction-
displacement condition holds

d(z,z*(x)) = md(a:,f(x)), forallz € X.

(d) if k < %, then f is a ﬁ—quasi—contmction, i.e.,

d(f(z),z*(x)) = d(z,z*(x)), for every x € X.

1-2k

Proof. (a)-(b) We will show that f is a weakly Picard operator. Let z be an
arbitrary element of X and define zo = = and z,, := f"(x), for n € N with n > 1.
Since, for every n € N we have

d(xn+1axn) = d(f($n),f($n,1)) = kd(xnwxn*l) == k"d(f(w),x),
it follows that
d(@p, Tnip) 2K (L= KP)(1 = k)7Hd(f(2),2) k" (1= k)~ d(z, f(2)),

for each n,p € N;p > 1. Since E is Archimedean, the sequence (zp)nen is E-

Cauchy in X and hence it is E-convergent to an element z*(z) € X. By the relation

Tn+1 = f(xn), for n € N, since f has closed graph, we get that z*(x) € Fiz(f).
(c) Using the relation

(2, Tnip) 2K (1= k)7 d(f (@), 2),
and letting p — oo we obtain that
d(x,,z*(2)) < k™(1 — k)~ d(f(z), ), for each n € N.

(d) We suppose k < 1. By (c), it follows

Hence,

O

Example 2.2. Let E = R? with the coordinatwise ordering and X = {(z,0) :
z€[0,1]}U{(0,y):y €[0,1]} U{(l,y) : y € [0,1]}. We define on X the metric d
by:

a((2,0), (4, 0)) = Gl — gl Iz — 91}, d((0,2), (0,)) = (|2 ~ ], 2| — )
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A((2,0),(0,)) = (52 + 9,2+ 2),d(1,2). (1,y) = (1 — 91, 5= — )
d((l’,O), (Ly)) = (|1 - y|’ |.’L‘ - 1|)7d((0’$)7 (Ly)) = (y7 |$ - y‘)

Let f: X — X be given by

F(@,0) = (0,2), £(0,9) = (5,0, f(L,y) = (1,1).

Then f is a graphic 3 -contraction with closed graph. Moreover, Fiz(f) = {(0,0), (1,1)}
and f is not a contraction.

Proof. We consider (z,0) € X. Thus,

3 3

Let now (0,y) € X. We obtain

d(f(0,), £2(0,9)) = d((£,0), £(£,0)) = a((£,0),(0,2))

2’ 2 2’ 2
=y 3 T,
= 24,0, 0.9) = 2a((0.9). £(0.9))

Similarly, we have

d(f(1,9), f2(1,9)) = d((1,1), f(1,1)) = d((1,1),(1,1)) =0
< 2d((1,9). £(1,9)), for all (1,y) € X.
We conclude that f is a graphic %—contraction.

Let (z,z) € X. From f(z,z) = (z,z), it follows (z,z) = (0,0), (z,z) = (1,1),
ie. Fiz(f) ={(0,0),(1,1)}. O

In particular, another retraction-displacement result for graphic contractions
with a unique fixed point holds.

Theorem 2.3. Let (X,d) be a vector metric space and f : X — X be a
graphic k-contraction such that Fixz(f) = {z*} and, for each x € X, the sequence
(f™(x))nen is E-convergent to x*. Then

d(z,z*) < ﬁd(m,f(x)), forallz € X.
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Proof. Let © € X be arbitrary and denote z,, := f"(z), n € N. We successively
obtain

d(z,2%) 2 d(, f(2)) +d(z*, f(2)) 2 d(z, f(2)) +d(z*, f*(2)) + d(f(2), f*(z))

< (1+Ek)d(z, f(z)+d(z*, f2(2)) < ... 2 (A+k+..+k" Dd(z, f(2))+d(z*, f*(x))

1 * n 1 *
Since (zn)nen is E-convergent to x*, there exists a sequence (a,)nen in E such
that a, | 0 and d(x,,x*) = an, for every n € N. Hence, we get that

d(z,7%) < ﬁd(m,f(x)) +an.

In conclusion, we get that d(z,2*) < t2-d(z, f(z)). O

Some stability properties for some general classes of mappings in vector metric
spaces are established in the next part of this section.

First, the well-posedness in the sense of Reich and Zaslavski, adapted to the
context of a vector metric space, is presented. For related considerations see [14].

Definition 2.4. Let (X,d) be a vector metric space and f : X — X be
an operator with a unique fixed point z* € X. If, for any sequence (u,)peny C X
such that (d(un, f(un)))nen is order convergent to 0 we have that (up)nen is E-
convergent to «*, then we say that the fixed point equation x = f(z) is well-posed
in the sense of Reich and Zaslavski.

Theorem 2.5. Let (X,d) be a vector metric space and f: X — X be a C-
Picard operator. Denote by x* its unique fixed point. Then, the fized point equation
x = f(z) is well-posed in the sense of Reich and Zaslavski.

Proof. We consider (u,)nen C X, such that d(uy, f(u,)) is order convergent to 0.
Then, there exists a sequence (a,)nen in F such that a,, | 0 and d(uy,, f(u,)) < an,
for every n € N. Then, by the C-Picard assumption on f, it follows that

d(up, ") =2 cd(tn, f(uy)) X cay, for all n € N.
Thus, d(u,,z*) < ca, | 0 and so, the sequence (u,)nen is E-convergent to z*. [

For our next stability result, we will need the following variant of the classical
Cauchy-Toeplitz Lemma in a Riesz space F.

Lemma 2.6. Let E be an Archimedean Riesz space. Let v € (0,1) and

(bn)nen be a sequence in E4 order convergent to 0. Then ¢, = Zv”_kbk 1 0.
k=0
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Proof. Since the sequence (b, )nen from F, is order convergent to 0, there exists

a sequence (ap)nen in By, such that a, | 0 and b, < a, for every n € N. Thus,

a, = 0 for every n € N and ing an = 0. As a consequence, (a,)nen is decreasing
ne

and for every € > 0 there exists n. € N such that a,_ =< . Thus a, < ¢, for every
n > n.. Then, we have

n

Z ak—ZV" Fay, + Z "y, <

=0 k=nc<+1

~ Z’y ar + ¢ Z AR Lo,

k=n.+1
O

Next, the Ostrovski stability property for the fixed point equation is proved.

Definition 2.7. Let (X,d) be a vector metric space and f : X — X be
an operator with a unique fixed point z* € X. If, for any sequence (v,)nen C X
such that (d(vn41, f(vn)))nen is order convergent to 0 it follows that (vp)nen is
E-convergent to z*, then we say that the fixed point equation 2 = f(x) has the
Ostrowski stability property.

Theorem 2.8. Let (X, d) be a vector metric space with respect to an Archimedean
Riesz space E. Let f : X — X be a y-quasi-contraction, i.e., there exists v € (0,1)
such that

d(f(z),z*) < vd(z,x*), for every x € X.

Suppose that Fix(f) = {«*}. Then, the fixed point equation x = f(x) has the
Ostrowski stability property.

Proof. We consider (v, )neny C X such that (d(vit1, f(vn)))nen is order convergent
to 0. Since the operator f is a y-quasi-contraction, it follows

d(Vpt1,7") 2 d(vng1, f(vn)) +d(@", f(vn))

j d(”n-&-la f(vn)) + ’yd(:l?*7 Uﬂ)
j d(vn+17 f(’l)n)) + ’Yd(Un, f(Un,I)) + ’72(1(55*7’071,1) j
< dnt1, f(0n)) + ¥d(Vn, f(Vn-1)) + ... +y"d(v1, f(v0)) + ’y"+1d(x*,vg).

By the above Cauchy-Toeplitz Lemma in Riesz spaces (see Lemma 2.6, applied here
for by, := d(vp41, f(vn))), we get that (v,)nen is E-convergent to x*. O

We can summarize the above results in our next theorem.

Theorem 2.9. Let (X, d) be an E-complete vector metric space such that E
is Archimedean. Let f : X — X be a graphic k-contraction with Fix(f) = {z*}.
Suppose that the set Graph(f) = {(z, f(z)) : x € X} is E-closed in X x X.
Then the following conclusions hold:
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(i) f is (1 — k)~'-Picard operator;

(7)) the fized point equation x = f(x) is well-posed in the sense of Reich and
Zaslavski

(iti) if additionally k < %, then the fized point equation x = f(x) has the
Ostrowski stability property.

For related results and open questions see [11].

By a similar approach, Ulam-Hyers stability of the fixed point equation can
be established. Recall that, if (X, d) is a vector metric space and f : X — X is
an operator with Fix(f) # 0, then the fixed point equation x = f(z) is called
Ulam-Hyers stable if there exists ¢ € E4 \ {0} such that for every e € E \ {0} and
any z € X with d(z, f(2)) = € there exists +* € X such that d(z*, z) < ce. Then, it
is easy to prove that for any weakly C-Picard operator f : X — X the fixed point
equation z = f(z) is Ulam-Hyers stable. We refer to [8] and [15] for similar results
and details.

We will continue our study by considering the common fixed point problem
for two operators f,g : X — X in a vector metric space (X,d). We have the
following existence, uniqueness and approximation result.

Theorem 2.10. Let (X,d) be a E-complete metric space such that E is
Archimedean and let f,g: X — X be two operators for which there exists k € (0, %)
such that:

(4) d(f(x), 9(y)) = kld(z, f(x)) +d(y,9(y))], for all z,y € X.

Then, the following assertions hold:

(a) for every xg € X, the sequence (n)nen given by
Tant1 = f(T2n), Tan = (g0 f)"(20), YV nEN,

is E-convergent to an element x* € Fix(f).
(b) for every yo € X, the sequence (Yn)nen given by

Yont1 = 9(Y2n), Y2n = (f09)"(%0), YV nEN,

is E-convergent to an element y* € Fix(g).
(c) Fiz(f) = Fix(g) = {z*} and thus CFP(f,g) = {z*};

(d) the operators f and g are graphic ﬁ—contmctions;

d
(e) the operators f and g are ﬁ-quasi-contmctions;

(f) the operators f and g are %—Picard operators;

(g) the fized point problem for f and the fized point problem for g are well-
posed in the sense of Reich and Zaslavski;

(h) if, additionally k < i, then the fized point problem for f and the fized

point problem for g have the Ostrowski property.
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Proof. (a) We consider z¢ € X arbitrary chosen and (x,)nen as in (a). We have

(w1, 22) = d(f(x0), g(x1)) = k[d(zo, f(20)) + d(21,9(21))]

and then

k
d(xth) = md(io,l‘l).

Inductively, we get

1—]@) d(.’L’O,Il), Vn € N.

(5) Ay Tns1) 3 <

It follows that (z,)nen is a E-Cauchy sequence. Then there exists (an)neny C F,
an | 0 and d(z,,2*) = ay, for every n € N.
Thus,

d(z”, f(x"))
d(z”, x2n) + d(g(z2n-1), f(z7))
d(z*, m2,) + kld(2", f(27)) + d(@2n-1,T2n)].

IATA 1A

d(x”, w2n) + d(x2,, f(27))
%)

We deduce d(z*, f(z*)) = 0 and hence z* € Fiz(f). Now, from (5), we obtain

(L "
d(zp, Tnyp) = . 17k) d(zg,z1), YneN, peN*.

For p — 400 and n = 0 it results:

1-k

(6) (o, 7%) X T

d(o, f(0)).

(b) Is similar with (a) we will obtain that the sequence (y,)nen given by (b)
is E-convergent to y* € Fiz(g) and the following retraction displacement condition
holds

7 :Qkkd(yo, 9(v0))-

(7) d(yo, y") =
(¢) We justify Fiz(f) = Fiz(g). Let * € Fix(f). From (4), it results

d(a”, g(2")) = d(f(z7), g(z7)) = kd(2", g(2"))

and then z* € Fiz(g).
Let now z*,y* € Fiz(f) N Fiz(g). Using (4), we obtain

d(z*,y") = d(f(z7), g(y")) = kld(z", f(z")) + d(y™, 9(y"))].
Thus d(z*,y*) = 0, which implies z* = y*.
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(d) We consider z € X. Then
d(f?(w), f(2)) = d(f*(x), 9(z")) + d(f(x), 9(z"))

< K[d(f(x), f*(2)) + d(z*, g(a"))] + k[d(z, f(2)) + d(z", g(z"))]

= k[d(f*(x), f(z)) + d(z, f(x))].
Thus,

k

(8) d(f*(@), f(2)) =

= —d(z (@)

and we deduce that f is graphic contraction. Similarly, we obtain that g is a graphic
contraction too.

(e) We justify that f is quasi-contraction. We have
d(f(x),z*) = d(f(z),g(z")) = kd(z, f(z))
= kld(z, ") + d(z", f(2))],

which implies

k
d(f(z),z*) < md(x,x*), for all z € X.
From (4) we obtain that g is also quasi-contraction.
(f) the conclusion follows by (6) and (7).

(g) and (h) follow by Theorem 2.9. O

Remark 2.11. For related results in cone metric spaces see [2, 3, 4, 5]. For
other related results and developments see [10], [13]. For the multivalued case see
[9].
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