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SHRINKING PROJECTION METHOD WITH
ALLOWABLE RANGES FOR NONLINEAR MAPPINGS

OF FIRMLY NONEXPANSIVE TYPE

Takanori Ibaraki

In this paper, we study a shrinking projection method with allowable ranges

introduced by Takeuchi in 2019. We obtain strong convergence theorems for

finding a fixed point of mappings of types (Q) and (R) in a Banach space.

Using our results, we discuss the zero point problem of maximal monotone

operators.

1. INTRODUCTION

In 2008, Takahashi, Takeuchi, and Kubota [20] introduced an iterative method
for finding a common fixed point of some families of nonlinear mappings in a Hilbert
space. We call such a method the shrinking projection method. In 2009, Kimura
and Takahashi [15] improved the method. Also, in 2012, Kimura [12] considered
the shrinking projection method with nonsummable errors in a geodesic space; see
also [13,14]. This method has been studied in [4–7], and others.

Recently, motivated by Kimura [12–14], Takeuchi [22] presents a shrinking
projection method with allowable ranges. They obtained a strong convergence
theorem for finding a fixed point of a nonlinear mapping in a Banach space.

Theorem 1 ( [22]). Let E be a reflexive, smooth, and strictly convex Banach space
which has the Kadec-Klee property. Let C be a nonempty closed convex subset of
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E. Let B : C → E be a mapping of type (P) such that F (B) := {p ∈ C : Bp = p}
is nonempty. Consider an iterative procedure as below: Let x0 ∈ E, w1 ∈ C, D1 =
{y ∈ C : ⟨Bw1 − y, J(w1 −Bw1)⟩ ≥ 0} and x1 = PD1

x0. Let A1 = C \ (D1 ∪{w1})
and let y1 ∈ A1. For each n ∈ N, generate Dn+1, xn+1, An+1 and yn+1 by

Dn+1 = {y ∈ Dn : ⟨Byn − y, J(yn −Byn)⟩ ≥ 0}, xn+1 = PDn+1
x0,

An+1 = {y ∈ Dn : ∥x0 − y∥ ≤ ∥x0 − xn+1∥, y ̸= yn}, yn+1 ∈ An+1

where PK is the metric projection of E onto a nonempty closed convex subset K of
E. Then, either of following holds:

1. An ̸= ∅ for each n ∈ N; the procedure is not stopped. In this case, {xn} and
{yn} converge strongly to PF (B)x0

2. Ak = ∅ for some k ∈ N; the procedure is stopped. In this case, yk−1 ∈ F (B)
or w1 ∈ F (B) holds.

Note that the original result of the theorem above deals with nonlinear map-
pings related to mappings of type (P) in a Banach space.

On the other hand, the study of firmly nonexpansive mappings is a central
topic in convex analysis since it is closely related to the theory of monotone oper-
ators. This study also has a strong connection to metric fixed point theory. Let C
be a nonempty closed convex subset of a Hilbert space H and let T : C → H be a
mapping. A mapping T is said to be firmly nonexpansive if

⟨(x− Tx)− (y − Ty), Tx− Ty⟩ ≥ 0

for each x, y ∈ C. We know that the mapping of type (P) defined on a smooth
Banach space is a generalization of firmly nonexpansive mappings on a Hilbert
space. We also know two generalizations in a smooth Banach space which are
called mappings of types (Q) and (R).

In this paper, we study a shrinking projection method with allowable ranges
introduced by Takeuchi [22] for mappings of types (Q) and (R) in a smooth Banach
space. We prove strong convergence theorems for finding a fixed point of mappings
of types (Q) and (R) in a Banach space. Using our results, we discuss the zero
point problem of maximal monotone operators.

2. PRELIMINARIES

N and R denote the sets of positive integers and real numbers, respectively.
Let E be a real Banach space with its dual E∗. Let {xn} be a sequence in E. The
strong and the weak convergence of {xn} to a point x ∈ E are denoted by xn → x
and xn ⇀ x, respectively. The normalized duality mapping J : E → E∗ is defined
by

Jx = {y∗ ∈ E∗ : ∥x∥2 = ⟨x, y∗⟩ = ∥y∗∥2}
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for x ∈ E. A Banach space E is said to have the Kadec-Klee property if a sequence
{xn} of E satisfying xn ⇀ x0 and ∥xn∥ → ∥x0∥ converges strongly to x0. We know
the following properties; see, for instance, [19].

� J is monotone, that is, ⟨x− y, x∗ − y∗⟩ ≥ 0 for each (x, x∗), (y, y∗) ∈ J ,

� if E is smooth and strictly convex, then ⟨x − y, Jx − Jy⟩ = 0 if and only if
x = y,

� if E is reflexive, smooth and strictly convex, then J is surjective and the
duality mapping on E∗ is J−1,

� E is reflexive, strictly convex and has the Kadec-Klee property if and only if
E∗ has a Fréchet differentiable norm.

Let C be a nonempty subset of a smooth Banach space E. A mapping
T : C → E is said to be of type (Q) [2, 17] if

⟨Tx− Ty, (Jx− JTx)− (Jy − JTy)⟩ ≥ 0

for each x, y ∈ C. A mapping T : C → E is said to be of type (R) [2, 10] if

⟨(x− Tx)− (y − Ty), JTx− JTy⟩ ≥ 0

for each x, y ∈ C. We denote by F (T ) the set of fixed points of T . It is clear that
if T : C → E is of type (Q) and F (T ) is nonempty, then

(1) ⟨Tx− p, Jx− JTx⟩ ≥ 0

for each x ∈ C and p ∈ F (T ). We also know the following result.

Lemma 2 ( [2]). Let E be a reflexive and strictly convex Banach space having
a Fréchet differentiable norm and the Kadec-Klee property. Let C be a nonempty
subset of E and let T : C → E be a mapping of type (Q). Then, T is norm to norm
continuous.

The mappings of types (Q) and (R) are strongly related to each other; it is
a kind of duality in the following sense. Let E be a reflexive, smooth and strictly
convex Banach space, let C be a nonempty subset of E and let T : C → E be a
mapping. Define a mapping T ∗ as follows:

(2) T ∗x∗ := JTJ−1x∗

for each x∗ ∈ JC. We know that JF (T ) = F (T ∗); see [3,21]. Further, we have the
following result.

Lemma 3 ( [2]). Let E be a reflexive, smooth, and strictly convex Banach space,
let C be a nonempty subset of E, and let T : C → E be a mapping of type (R). Let
T ∗ : JC → E∗ be a mapping defined by (2). Then T ∗ is of type (Q) in E∗.
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Let E be a reflexive and strictly convex Banach space, and let C be a
nonempty closed convex subset of E. It is known that for each x ∈ E, there
exists a unique point z ∈ C such that

∥z − x∥ = inf
y∈C

∥y − x∥.

Such a point z is denoted by PCx, and PC is called the metric projection of E onto
C. Note that the metric projection of E∗ onto a nonempty closed convex subset
K∗ of E∗ is denoted by P ∗

K∗ . We know the following: let z ∈ C and x ∈ E. Then,
z = PCx if and only if ⟨y − z, J(z − x)⟩ ≥ 0 for each y ∈ C.

Lemma 4 ( [9]). Suppose that C is a nonempty closed convex subset of a reflexive
and strictly convex Banach space E and u ∈ E. If F is a nonempty closed convex
subset of C such that PCu ∈ F , then PFu = PCu.

Let E be a smooth Banach space and consider the following function V :
E × E → R defined by

(3) V (x, y) = ∥x∥2 − 2⟨x, Jy⟩+ ∥y∥2

for each x, y ∈ E. We know the following properties; see [1, 8, 11] for more details:

1. (∥x∥ − ∥y∥)2 ≤ V (x, y) ≤ (∥x∥+ ∥y∥)2 for each x, y ∈ E,

2. V (x, y) + V (y, x) = 2⟨x− y, Jx− Jy⟩ for each x, y ∈ E,

3. V (x, y) = V (x, z) + V (z, y) + 2⟨x− z, Jz − Jy⟩ for each x, y, z ∈ E,

4. if E is additionally assumed to be strictly convex, then V (x, y) = 0 if and
only if x = y.

Let E be a reflexive, smooth, and strictly convex Banach space with its dual
E∗, and consider the following function V∗ : E∗ × E∗ → R defined by

V∗(x
∗, y∗) = ∥x∗∥2 − 2⟨x∗, J−1y∗⟩+ ∥y∗∥2

for each x∗, y∗ ∈ E∗. We know that V∗(Jx, Jy) = V (y, x) for each x, y ∈ E.

Let E be a reflexive, smooth, and strictly convex Banach space, and let C
be a nonempty closed convex subset of E. It is known that for each x ∈ E, there
exists a unique point z ∈ C such that

V (z, x) = min
y∈C

V (y, x).

Such a point z is denoted by ΠCx, and ΠC is called the generalized projection of
E onto C (see [1]). We know the following: let z ∈ C and x ∈ E. Then, z = ΠCx
if and only if ⟨y − z, Jz − Jx⟩ ≥ 0 for each y ∈ C.

Lemma 5 ( [9]). Suppose that C is a nonempty closed convex subset of a reflexive,
smooth, and strictly convex Banach space E and u ∈ E. If F is a nonempty closed
convex subset of C such that ΠCu ∈ F , then ΠFu = ΠCu.
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Note that the generalized projection of E∗ onto a nonempty closed convex
subset K∗ of E∗ is denoted by Π∗

K∗ . Let D be a nonempty subset of E such that
JD is closed and convex, and let Π∗

JD be the generalized projection of E∗ onto
JD. The mapping RD of E onto D defined by

RD := J−1Π∗
JDJ

is called the sunny generalized nonexpansive retraction; see [8,16] for more details.

3. LEMMAS

In this section, we present some lemmas for obtaining our main results. We
first recall the following lemma in Takeuchi [22].

Lemma 6 ( [22]). Let E be a reflexive and strictly convex Banach space. Let x0 ∈ E
and let {Dn} be a sequence of closed convex subsets of E satisfying Dn+1 ⊂ Dn for
each n ∈ N and D0 := ∩nDn ̸= ∅. Let x1 = PD1

x0. For each n ∈ N, define xn+1,
Kn and un by

xn+1 = PDn+1
x0, Kn = {z ∈ Dn : ∥x0 − z∥ ≤ ∥x0 − xn+1∥}, un ∈ Kn.

Then {xn} and {un} converge weakly to PD0
x0. When E has the Kadec-Klee

property, {xn} and {un} converge strongly to PD0
x0.

Next, we prove the following two lemmas for a mapping of type (Q). Compare
these lemmas with the results in Takeuchi [22].

Lemma 7. Let C be a nonempty closed convex subset of a reflexive, smooth, and
strictly convex Banach space E. Let T : C → E be a mapping of type (Q) such that
F (T ) ̸= ∅, and let D be a nonempty closed convex subset of C such that F (T ) ⊂ D.
Let r > 0 and let u ∈ C. Let M be a subset of E defined by

M := {z ∈ D : ⟨Tu− z, Ju− JTu⟩ ≥ 0}.

Then, M is closed and convex, and F (T ) ⊂ M .

Proof. Let r > 0 and let u ∈ C. It is clear that M is closed and convex. Set
ME = {z ∈ E : ⟨Tu − z, Ju − JTu⟩ ≥ 0}. We show F (T ) ⊂ ME . Let p ∈ F (T ).
From (1), we have

⟨Tu− p, Ju− JTu⟩ ≥ 0

and hence p ∈ ME . This implies F (T ) ⊂ ME . Since F (T ) ⊂ D, we have F (T ) ⊂
ME ∩D = M .

Lemma 8. Let E be a reflexive and strictly convex Banach space having a Fréchet
differentiable norm and the Kadec-Klee property. Let C be a nonempty closed con-
vex subset of E and let T : C → E be a mapping of type (Q) such that F (T ) ̸= ∅.
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Let {un} be a sequence in C and let {Dn} be a sequence of subsets of C generated
by D1 = C and

Dn+1 = {z ∈ Dn : ⟨Tun − z, Jun − JTun⟩ ≥ 0}.

for each n ∈ N. Let D0 := ∩n∈NDn. Then the following hold:

1. Dn is closed and convex, and F (T ) ⊂ Dn for each n ∈ N ∪ {0}.

2. Suppose that {un} converges strongly to some u0 ∈ D0, then u0 ∈ F (T ).

Proof. We first show (1) by induction. It is clear that D1 is closed and convex,
and F (T ) ⊂ D1. Suppose that Dk is closed and convex, and F (T ) ⊂ Dk for some
k ∈ N. Using Lemma 7 as u = uk, D = Dk, M = Dk+1, we see that Dk+1 is closed
and convex, and F (T ) ⊂ Dk+1. This implies that Dn is closed and convex, and
F (T ) ⊂ Dn for each n ∈ N. Hence, it follows that D0 is closed and convex, and
F (T ) ⊂ ∩n∈NDn = D0. Thus, we see that (1) holds.

Next, we show (2). Suppose that {un} converges strongly to some u0 ∈ D0.
From Lemma 2, we have Tun → Tu0. By the Fréchet differentiability of the
norm, the duality mapping J is norm to norm continuous and hence we also have
Jun → Ju0 and JTun → JTu0. Since u0 ∈ D0 ⊂ Dn+1 for each n ∈ N, we have

⟨Tun − u0, Jun − JTun⟩ ≥ 0

for each n ∈ N. Tending n → ∞, we get

⟨Tu0 − u0, Ju0 − JTu0⟩ ≥ 0.

Since J is monotone, we have

⟨Tu0 − u0, Ju0 − JTu0⟩ ≤ 0

and hence we have ⟨Tu0 − u0, Ju0 − JTu0⟩ = 0. From the property of J , we see
that Tu0 = u0. This implies u0 ∈ F (T ).

Next, we prove the following two lemmas for generalized projections. Com-
pare these lemmas with the results in Takeuchi [22]; see also [18] for Lemma 9.

Lemma 9. Let E be a reflexive, smooth, and strictly convex Banach space. Let
x0 ∈ E, and let D0 be a nonempty closed convex subset of E. Let {xn} be a sequence
in E satisfying

lim sup
n→∞

V (xn, x0) ≤ V (ΠD0x0, x0).(4)

Suppose every weak cluster point of {xn} is a point of D0. Then, {xn} converges
weakly to ΠD0

x0. Furthermore, when E has the Kadec-Klee property, {xn} con-
verges strongly to ΠD0x0.
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Proof. By (4), {xn} is bounded, that is, {xn} has a weakly convergent subsequence.

Let {xnj
} be a subsequence of {xn} which converges weakly to u ∈ D0. Since

{xnj
} satisfies (4) and ∥ · ∥ is weakly lower semicontinuous, we have

V (u, x0) = ∥u∥2 − 2⟨u, Jx0⟩+ ∥x0∥2

≤ lim inf
j→∞

{
∥xnj∥2 − 2⟨xnj , Jx0⟩+ ∥x0∥2

}
= lim inf

j→∞
V (xnj

, x0) ≤ lim sup
j→∞

V (xnj
, x0)

≤ V (ΠD0x0, x0) ≤ V (u, x0).

Then,

(5) V (u, x0) = V (ΠD0
x0, x0) = lim

j→∞
V (xnj

, x0).

Since ΠDx0 is unique, we see u = ΠD0x0. This implies that every weakly conver-
gent subsequence of {xn} converges weakly to ΠD0

x0. Then, {xn} itself converges
weakly to ΠD0

x0 and satisfies (5).

For the latter part of this lemma, suppose that E has the Kadec-Klee prop-
erty. From the definition of V , we have

(6) ∥xn∥2 = V (xn, x0) + 2⟨xn, Jx0⟩ − ∥x0∥2

for each n ∈ N. From (5), (6), and xn ⇀ ΠD0x0, letting n → ∞, we obtain that
∥xn∥2 → ∥ΠD0x0∥2 and hence

∥xn∥ =
√

∥xn∥2 →
√

∥ΠD0
x0∥2 = ∥ΠD0

x0∥.

Since E has the Kadec-Klee property, by the argument as above, we immediately
see that {xn} converges strongly to ΠD0

x0.

Remark 10. Of course, we can replace (4) by the following:

(7) V (xn, x0) ≤ V (xn+1, x0) ≤ V (ΠD0x0, x0)

for each n ∈ N.

Lemma 11. Let E be a reflexive, smooth, and strictly convex Banach space. Let
x0 ∈ E and let {Dn} be a sequence of closed convex subsets of E satisfying Dn+1 ⊂
Dn for each n ∈ N and D0 := ∩nDn ̸= ∅. Let x1 = ΠD1

x0. For each n ∈ N, define
xn+1, Ln, and un by

xn+1 = PDn+1
x0, Ln = {z ∈ Dn : V (z, x0) ≤ V (xn+1, x0)}, un ∈ Ln.

Then {xn} and {un} converge weakly to ΠD0
x0. Furthermore, when E has the

Kadec-Klee property, {xn} and {un} converge strongly to ΠD0x0.
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Proof. Since ∅ ̸= D0 ⊂ Dn+1 ⊂ Dn for each n ∈ N and by the properties of the
generalized projection, we know that {xn} satisfies (7). Then, {xn} has a weakly
convergent subsequence. Also, every subsequence of {xn} satisfies (7). Let {xnj

}
be a subsequence of {xn} which converges weakly to u ∈ E. For each m ∈ N, since
{xnj

}nj≥m ⊂ Dm and Dm is weakly closed, u ∈ Dm is immediate. So, u ∈ D0. We
confirmed that every weakly convergent subsequence of {xn} converges weakly to
a point of D0.

By Ln ̸= ∅ (xn, xn+1 ∈ Ln), such {un} exists. We easily see that, for each
n ∈ N,

V (un, x0) ≤ V (xn+1, x0) ≤ V (un+1, x0) ≤ V (xn+2, x0) ≤ V (ΠD0
x0, x0).

Then, {un} also satisfies (7). Note uk ∈ Lk ⊂ Dk ⊂ Dm for k ≥ m. So, every
weakly convergent subsequence of {un} converges weakly to a point of D0. From
these, by Lemma 9, we immediately have the desired results.

4. SHRINKING PROJECTION METHOD WITH ALLOWABLE
RANGES BY USING THE METRIC PROJECTION

In this section, we study the shrinking projection method with allowable
ranges by using the metric projection. We first prove a strong convergence theorem
for a mapping of type (Q).

Theorem 12. Let E be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let C be a nonempty
closed convex subset of E and let T : C → E be a mapping of type (Q) such that
F (T ) ̸= ∅. Consider an iterative procedure as below: Let x0 ∈ E, D1 = A1 = C,
x1 = PD1x0, and u1 ∈ A1. For each n ∈ N, generate Dn+1, xn+1, An+1, and un+1

by

Dn+1 = {z ∈ Dn : ⟨Tun − z, Jun − JTun⟩ ≥ 0}, xn+1 = PDn+1
x0,

An+1 = {y ∈ Dn : ∥x0 − y∥ ≤ ∥x0 − xn+1∥, y ̸= un}, un+1 ∈ An+1.

Then, either of the following holds:

1. An ̸= ∅ for each n ∈ N; the procedure is not stopped. In this case, {xn} and
{un} converge strongly to PF (T )x0.

2. Ak = ∅ for some k ∈ N \ {1}; the procedure is stopped. In this case, uk−1 ∈
F (T ) holds.

Proof. From D1 = A1 = C, D1 and A1 are nonempty. Let u1 ∈ A1(= C). Then
we generate D2. From Lemma 7, D2 is nonempty, closed, and convex, and also
generates x2 and A2. A2 may be empty. In the case of A2 ̸= ∅, we can find u2 ∈ A2

and generate D3. From Lemma 7, D3 is nonempty, closed, and convex, and also
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generates x3 and A3. A3 may be empty. In the case of A3 ̸= ∅, we can find u3 ∈ A3

and continue this process. So, the procedure is stopped when we meet k ∈ N \ {1}
satisfying Ak = ∅.

In the case of (1), we can generate sequences {Dn}, {xn}, {An}, and {un}
inductively. By our generating method, from Lemma 8 (1), {Dn} is a sequence of
closed convex subsets of C satisfying Dn+1 ⊂ Dn for each n ∈ N and ∅ ̸= F (T ) ⊂
D0 := ∩n∈NDn. For each n ∈ N, let Kn be as in Lemma 6, that is,

Kn = {z ∈ Dn : ∥x0 − z∥ ≤ ∥x0 − xn+1∥}.

Then, un+1 ∈ An+1 ⊂ Kn for each n ∈ N. By Lemma 6, {xn} and {un} converge
strongly to PD0

x0. Since {un} converges strongly to PD0
x0 ∈ D0, by Lemma 8 (2),

we see PD0
x0 ∈ F (T ). From Lemma 4, we get PD0

x0 = PF (T )x0, which completes
the proof of (1).

We show (2). Suppose that we generated uk−1, Dk, xk and Ak = ∅ for
some k ∈ N \ {1}. Then, Dk and Dk−1 are nonempty closed and convex. Since
Kk−1 = {z ∈ Dk−1 : ∥x0−z∥ ≤ ∥x0−xk∥}, we see xk−1, xk ∈ Kk−1 and Kk−1 ̸= ∅.
By Kk−1\{uk−1} = Ak = ∅, we see that uk−1 ∈ Kk−1 and Kk−1 is a singleton.
From these, uk−1 = xk−1 = xk holds. Thus, by uk−1 = xk ∈ Dk, we see

0 ≤ ⟨Tuk−1 − uk−1, Juk−1 − JTuk−1⟩.

Since J is monotone, we also see

0 ≥ ⟨Tuk−1 − uk−1, Juk−1 − JTuk−1⟩.

and hence we have ⟨uk−1 − Tuk−1, Juk−1 − JTuk−1⟩ = 0. From the property of J ,
we see that uk−1 = Tuk−1 and hence uk−1 ∈ F (T ). This completes the proof.

Next, we prove a strong convergence theorem for a mapping type (R).

Theorem 13. Let E be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let C be a nonempty
subset of E such that JC is closed and convex, and let T : C → E be a mapping of
type (R) such that F (T ) ̸= ∅. Consider an iterative procedure as below: Let x0 ∈ E,
D1 = A1 = C, x1 = J−1P ∗

JD1
Jx0, and u1 ∈ A1. For each n ∈ N, generate Dn+1,

xn+1, An+1, and un+1 by

Dn+1 = {z ∈ Dn : ⟨un − Tun, JTun − Jz⟩ ≥ 0}, xn+1 = J−1P ∗
JDn+1

Jx0,

An+1 = {y ∈ Dn : ∥Jx0 − Jy∥ ≤ ∥Jx0 − Jxn+1∥, y ̸= un}, un+1 ∈ An+1.

Then, either of the following holds:

1. An ̸= ∅ for each n ∈ N; the procedure is not stopped. In this case, {xn} and
{un} converge strongly to J−1P ∗

JF (T )Jx0.

2. Ak = ∅ for some k ∈ N \ {1}; the procedure is stopped. In this case, uk−1 ∈
F (T ) holds.
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Proof. In this setting, we know that E∗ is reflexive, strictly convex, and has a
Fréchet differentiable norm and the Kadec-Klee property.

Set T ∗ := JTJ−1. From Lemma 3, we see that T ∗ is a mapping of type (Q)
and JF (T ) = F (T ∗). Put u∗

n := Jun, x
∗
n := Jxn, D

∗
n := JDn and D∗

n := JDn for
each n ∈ N. Then, we have

D∗
n+1 = {z∗ ∈ D∗

n : ⟨J−1u∗
n − J−1T ∗u∗

n, T
∗u∗

n − z∗⟩ ≥ 0},
x∗
n+1 = P ∗

D∗
n+1

Jx0,

A∗
n+1 = {y∗ ∈ D∗

n : ∥Jx0 − y∗∥ ≤ ∥Jx0 − x∗
n+1∥, y∗ ̸= u∗

n},
u∗
n+1 ∈ A∗

n+1

for each n ∈ N. Then {u∗
n}, {x∗

n}, {D∗
n} and {A∗

n} satisfy the conditions of Theorem
12 on E∗.

In the case of (1), if An ̸= ∅ for each n ∈ N, then A∗
n ̸= ∅. From Theorem

12 (1), we obtain that {x∗
n} and {u∗

n} converge strongly to P ∗
F (T∗)Jx0. Since E is

uniformly convex, E∗ is uniformly smooth and hence the duality mapping J−1 on
E∗ is norm to norm continuous. Therefore, we see that

un = J−1u∗
n → J−1P ∗

JF (T )Jx0 and xn = J−1x∗
n → J−1P ∗

JF (T )Jx0.

Next, in the case of (2), if Ak = ∅ for some k ∈ N\{1}, then A∗
k = ∅. From Theorem

12 (2), we have Juk−1 = u∗
k−1 ∈ F (T ∗) = JF (T ). This implies uk−1 ∈ F (T ).

5. SHRINKING PROJECTION METHOD WITH ALLOWABLE
RANGES BY USING THE GENERALIZED PROJECTION

In this section, we study the shrinking projection method with allowable
ranges by using the generalized projection. We first prove a strong convergence
theorem for a mapping of type (Q).

Theorem 14. Let E be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let C be a nonempty
closed convex subset of E and let T : C → E be a mapping of type (Q) such that
F (T ) ̸= ∅. Consider an iterative procedure as below: Let x0 ∈ E, D1 = A1 = C,
x1 = ΠD1

x0, and u1 ∈ A1. For each n ∈ N, generate Dn+1, xn+1, An+1, and un+1

by

Dn+1 = {z ∈ Dn : ⟨Tun − z, Jun − JTun⟩ ≥ 0}, xn+1 = ΠCn+1
x0,

An+1 = {y ∈ Dn : V (y, x0) ≤ V (xn+1, x0), y ̸= un}, un+1 ∈ An+1.

Then, either of the following holds:

1. An ̸= ∅ for each n ∈ N; the procedure is not stopped. In this case, {xn} and
{un} converge strongly to ΠF (T )x0.
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2. Ak = ∅ for some k ∈ N \ {1}; the procedure is stopped. In this case, uk−1 ∈
F (T ) holds.

Proof. From D1 = A1 = C, D1 and A1 are nonempty. Let u1 ∈ A1(= C). Then
we generate D2. From Lemma 7, D2 is nonempty, closed, and convex, and also
generates x2 and A2. A2 may be empty. In the case of A2 ̸= ∅, we can find u2 ∈ A2

and generate D3. From Lemma 7, D3 is nonempty, closed, and convex, and also
generates x3 and A3. A3 may be empty. In the case of A3 ̸= ∅, we can find u3 ∈ A3

and continue this process. So, the procedure is stopped when we meet k ∈ N \ {1}
satisfying Ak = ∅.

In the case of (1), we can generate sequences {Dn}, {xn}, {An}, and {un}
inductively. By our generating method, from Lemma 8 (1), {Dn} is a sequence of
closed convex subsets of C satisfying Dn+1 ⊂ Dn for each n ∈ N and ∅ ̸= F (T ) ⊂
D0 := ∩n∈NDn. For each n ∈ N, let Ln be as in Lemma 11 , that is,

Ln = {z ∈ Dn : V (z, x0) ≤ V (xn+1, x0)}.

Then, un+1 ∈ An+1 ⊂ Ln for each n ∈ N. By Lemma 11 , {xn} and {un} converge
strongly to ΠD0

x0. Since {un} converges strongly to ΠD0
x0 ∈ D0, by Lemma 8

(2), we see ΠD0
x0 ∈ F (T ). From Lemma 5, we get ΠD0

x0 = ΠF (T )x0, which
completes the proof of (1).

We show (2). Suppose that we generated uk−1, Dk, xk and Ak = ∅ for
some k ∈ N \ {1}. Then, Dk and Dk−1 are nonempty, closed, and convex. Since
Lk−1 = {z ∈ Dk−1 : V (z, x0) ≤ V (xk, x0)}, we see xk−1, xk ∈ Lk−1 and Lk−1 ̸= ∅.
By Lk−1\{uk−1} = Ak = ∅, we see that uk−1 ∈ Lk−1 and Lk−1 is a singleton.
From these, uk−1 = xk−1 = xk holds. Thus, by uk−1 = xk ∈ Dk, we see

0 ≤ ⟨Tuk−1 − uk−1, Juk−1 − JTuk−1⟩.

Since J is monotone, we also see

0 ≥ ⟨Tuk−1 − uk−1, Juk−1 − JTuk−1⟩.

and hence we have ⟨uk−1 − Tuk−1, Juk−1 − JTuk−1⟩ = 0. From the property of J ,
we see that uk−1 = Tuk−1 and hence uk−1 ∈ F (T ). This completes the proof.

Next, we prove a strong convergence theorem for a mapping of type (R).

Theorem 15. Let E be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let C be a nonempty
subset of E such that JC is closed and convex, and let T : C → E be a mapping of
type (R) such that F (T ) ̸= ∅. Consider an iterative procedure as below: Let x0 ∈ E,
D1 = A1 = C, x1 = RD1

x0, and u1 ∈ A1. For each n ∈ N, generate Dn+1, xn+1,
An+1, and un+1 by

Dn+1 = {z ∈ Dn : ⟨un − Tun, JTun − Jz⟩ ≥ 0}, xn+1 = RDn+1x0,

An+1 = {y ∈ Dn : V (x0, y) ≤ V (x0, xn+1), y ̸= un}, un+1 ∈ An+1.

Then, either of the following holds:
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1. An ̸= ∅ for each n ∈ N; the procedure is not stopped. In this case, {xn} and
{un} converge strongly to RF (T )x0.

2. Ak = ∅ for some k ∈ N \ {1}; the procedure is stopped. In this case, uk−1 ∈
F (T ) holds.

Proof. In this setting, we know that E∗ is reflexive, strictly convex, and has a
Fréchet differentiable norm and the Kadec-Klee property.

Set T ∗ := JTJ−1. From Lemma 3, we see that T ∗ is a mapping of type (Q)
and JF (T ) = F (T ∗). Put u∗

n := Jun, x
∗
n := Jxn, D

∗
n := JDn and D∗

n := JDn for
each n ∈ N. Then, we have

D∗
n+1 = {z∗ ∈ D∗

n : ⟨J−1u∗
n − J−1T ∗u∗

n, T
∗u∗

n − z∗⟩ ≥ 0},
x∗
n+1 = Π∗

D∗
n+1

Jx0,

A∗
n+1 = {y∗ ∈ D∗

n : V∗(y
∗, Jx0) ≤ V∗(x

∗
n+1, Jx0), y

∗ ̸= u∗
n},

u∗
n+1 ∈ A∗

n+1

for each n ∈ N. Then {u∗
n}, {x∗

n}, {D∗
n} and {A∗

n} satisfy the conditions of Theorem
14 on E∗.

In the case of (1), if An ̸= ∅ for each n ∈ N, then A∗
n ̸= ∅. From Theorem

14 (1), we obtain that {x∗
n} and {u∗

n} converge strongly to Π∗
F (T∗)Jx0. Since E is

uniformly convex, E∗ is uniformly smooth and hence the duality mapping J−1 on
E∗ is norm to norm continuous. Therefore, we see that

un = J−1u∗
n → J−1Π∗

JF (T )Jx0 = RF (T )x0,

xn = J−1x∗
n → J−1Π∗

JF (T )Jx0 = RF (T )x0.

Next, in the case of (2), if Ak = ∅ for some k ∈ N\{1}, then A∗
k = ∅. From Theorem

14 (2), we have Juk−1 = u∗
k−1 ∈ F (T ∗) = JF (T ). This implies uk−1 ∈ F (T ).

6. DEDUCED RESULTS

In the case where E is a Hilbert space, the mappings of types (Q) and (R)
are firmly nonexpansive. We also know that the generalized projection and the
sunny generalized nonexpansive retraction are the metric projection in the sense
of a Hilbert space; see [1, 8] for more details: Let C be a nonempty closed convex
subset of a Hilbert space H. It is known that for each x ∈ H there exists a unique
point z ∈ C such that

∥z − x∥ = inf
y∈C

∥y − x∥.

Such a point z is denoted by PCx and PC is called the metric projection of H onto
C. Therefore, as a direct consequence of Theorems 12, 13, 14 and 15, we obtain
the following result.



Shrinking projection method with allowable ranges 571

Theorem 16. Let H be a Hilbert space. Let C be a nonempty closed convex subset
of E and let T : C → H be a firmly nonexpansive mapping such that F (T ) ̸= ∅.
Consider an iterative procedure as below: Let x0 ∈ H, D1 = A1 = C, x1 = PD1

x0,
and u1 ∈ A1. For each n ∈ N, generate Dn+1, xn+1, An+1, and un+1 by

Dn+1 = {z ∈ Dn : ⟨Tun − z, un − Tun⟩ ≥ 0}, xn+1 = PCn+1
x0,

An+1 = {y ∈ Dn : ∥x0 − y∥ ≤ ∥x0 − xn+1∥, y ̸= un}, un+1 ∈ An+1.

Then, either of the following holds:

1. An ̸= ∅ for each n ∈ N; the procedure is not stopped. In this case, {xn} and
{un} converge strongly to PF (T )x0.

2. Ak = ∅ for some k ∈ N \ {1}; the procedure is stopped. In this case, uk−1 ∈
F (T ) holds.

We next consider the problem of finding a zero of a maximal monotone op-
erator. Let E be a reflexive, smooth, and strictly convex Banach space. Then an
operator A ⊂ E×E∗ with domain D(A) = {z ∈ E : Az ̸= ∅} is said to be monotone
if ⟨x− y, x∗ − y∗⟩ ≥ 0 for all (x, x∗), (y, y∗) ∈ A. A point u ∈ E satisfying 0 ∈ Au
is called a zero of A, and the set of such points is denoted by A−10. A monotone
operator A ⊂ E × E∗ is said to be maximal if A = A′ whenever A′ ⊂ E × E∗ is
a monotone operator such that A ⊂ A′. Let A ⊂ E × E∗ and B ⊂ E∗ × E be
maximal monotone operators. Then, it is known that for all λ > 0

R(J + λA) = E∗ and R(I + λBJ) = E.

The following two single-valued mappings are well-defined for all λ > 0:

Qλ = (J + λA)−1J : E → D(A),

Rλ = (I + λBJ)−1 : E → D(BJ).

These mappings are called the resolvents of types (Q) and (R), respectively. It is
known that F (Qλ) = A−10 and F (Rλ) = (BJ)−10. We also know that Qλ and Rλ

are mappings of types (Q) and (R), respectively; see [2, 4, 6, 8] and others.

Therefore, as a direct consequence of Theorems 12 and 14, we obtain the
following results.

Theorem 17. Let E be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let A ⊂ E × E∗ be a
maximal monotone operator such that A−10 ̸= ∅ and let λ > 0. Consider an
iterative procedure as below: Let x0 ∈ E, D1 = A1 = E, x1 = PD1x0, and u1 ∈ A1.
For each n ∈ N, generate Dn+1, xn+1, An+1, and un+1 by

Dn+1 = {z ∈ Dn : ⟨Qλun − z, Jun − JQλun⟩ ≥ 0}, xn+1 = PCn+1
x0,

An+1 = {y ∈ Dn : ∥x0 − y∥ ≤ ∥x0 − xn+1∥, y ̸= un}, un+1 ∈ An+1.

Then, either of the following holds:
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1. An ̸= ∅ for each n ∈ N; the procedure is not stopped. In this case, {xn} and
{un} converge strongly to PA−10x0.

2. Ak = ∅ for some k ∈ N \ {1}; the procedure is stopped. In this case, uk−1 ∈
A−10 holds.

Theorem 18. Let E be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let A ⊂ E × E∗ be a
maximal monotone operator such that A−10 ̸= ∅ and let λ > 0. Consider an
iterative procedure as below: Let x0 ∈ E, D1 = A1 = E, x1 = ΠD1

x0 and u1 ∈ A1.
For each n ∈ N, generate Dn+1, xn+1, An+1 and un+1 by

Dn+1 = {z ∈ Dn : ⟨Qλun − z, Jun − JQλun⟩ ≥ 0}, xn+1 = ΠCn+1
x0,

An+1 = {y ∈ Dn : V (y, x0) ≤ V (xn+1, x0), y ̸= un}, un+1 ∈ An+1.

Then, either of the following holds:

1. An ̸= ∅ for each n ∈ N; the procedure is not stopped. In this case, {xn} and
{un} converge strongly to ΠA−10x0.

2. Ak = ∅ for some k ∈ N \ {1}; the procedure is stopped. In this case, uk−1 ∈
A−10 holds.

Similarly, the following results are a direct consequence of Theorems 13 and
15.

Theorem 19. Let E be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let B ⊂ E∗ × E be a
maximal monotone operator such that B−10 ̸= ∅ and let λ > 0. Consider an
iterative procedure as below: Let x0 ∈ E, D1 = A1 = E, x1 = J−1P ∗

JD1
Jx0, and

u1 ∈ A1. For each n ∈ N, generate Dn+1, xn+1, An+1, and un+1 by

Dn+1 = {z ∈ Dn : ⟨un −Rλun, JRλun − Jz⟩ ≥ 0}, xn+1 = J−1P ∗
JDn+1

Jx0,

An+1 = {y ∈ Dn : ∥Jx0 − Jy∥ ≤ ∥Jx0 − Jxn+1∥, y ̸= un}, un+1 ∈ An+1.

Then, either of the following holds:

1. An ̸= ∅ for each n ∈ N; the procedure is not stopped. In this case, {xn} and
{un} converge strongly to J−1P ∗

B−10Jx0.

2. Ak = ∅ for some k ∈ N \ {1}; the procedure is stopped. In this case, uk−1 ∈
(BJ)−10 holds.

Theorem 20. Let E be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let B ⊂ E∗ × E be a
maximal monotone operator such that B−10 ̸= ∅ and let λ > 0. Consider an
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iterative procedure as below: Let x0 ∈ E, D1 = A1 = E, x1 = RD1x0, and u1 ∈ A1.
For each n ∈ N, generate Dn+1, xn+1, An+1, and un+1 by

Dn+1 = {z ∈ Dn : ⟨un −Rλun, JRλun − Jz⟩ ≥ 0}, xn+1 = RDn+1x0,

An+1 = {y ∈ Dn : V (x0, y) ≤ V (x0, xn+1), y ̸= un}, un+1 ∈ An+1.

Then, either of the following holds:

1. An ̸= ∅ for each n ∈ N; the procedure is not stopped. In this case, {xn} and
{un} converge strongly to R(BJ)−10x0.

2. Ak = ∅ for some k ∈ N \ {1}; the procedure is stopped. In this case, uk−1 ∈
(BJ)−10 holds.
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7. ADDITIONAL EXPLANATIONS

In this section, we provide a remark to support the main issue. We first
consider whether at some step the procedure will be continued or stopped. In
Theorem 12, we consider the case where uk−1, Dk, xk, xk−1, and Ak are generated
for some k ∈ N \ {1}. Let {Kn} be as in Lemma 6, that is,

Kn = {y ∈ Dn : ∥x0 − y∥ ≤ ∥x0 − xn+1∥}

for each n ∈ N. Note that An = Kn−1 \ {un−1} for each n ∈ N \ {1}. Since
xk−1 ∈ Kk−1, we have Kk−1 ̸= ∅ and hence we can find a candidate wk for uk in
Kk−1. If this wk can be chosen as an element different from uk−1, then this implies
Ak = Kk−1 \ {uk−1} ̸= ∅. That is, the procedure is continued as uk = wk. If this
wk can only be chosen as uk−1, then this implies Kk−1 = {uk−1} and hence we see
Ak = ∅. That is, the procedure is stopped.

Next, we consider the setting where An+1 is replaced by Kn for each n ∈ N in
Theorem 12. In this setting, there are no instances where the procedure is stopped.
In fact, suppose that Ak = ∅ for some k ∈ N \ {1}. In the proof of Theorem 12, we
see that uk−1 = xk−1 = xk ∈ F (T ) and

Kk−1 = {xk−1}.

We can find uk = xk−1 ∈ Kk−1. Therefore, the procedure is continued. Put
v0 := xk−1. Then we generate Dk+1. Since uk = v0 ∈ F (T ), we have

⟨Tuk − z, Juk − JTuk⟩ = ⟨v0 − z, Jv0 − Jv0⟩ = ⟨v0 − z, 0⟩ = 0

for each z ∈ Dk. Therefore, we have Dk+1 = Dk and hence xk+1 = xk. We also
generate Kk. It is easy to see that v0 = xk−1 = xk ∈ Kk and hence Kk ̸= ∅. Since
xk+1 = xk and the uniqueness of xk = PDk

x0, we have

Kk = {y ∈ Dk : ∥x0 − y∥ ≤ ∥x0 − xk+1∥}
= {y ∈ Dk : ∥x0 − y∥ ≤ ∥x0 − xk∥} = {xk} = {v0}.

Therefore, we can find uk+1 = v0 ∈ Kk. If we repeat this argument, we obtain that

Dn = Dk, Kn−1 = {v0}, and xn = un = v0

for n ≥ k. From the above argument, if An+1 is replaced by Kn for each n ∈ N in
Theorem 12, we obtain the following result.

Theorem 21. Let E be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let C be a nonempty
closed convex subset of E and let T : C → E be a mapping of type (Q) such
that F (T ) ̸= ∅. Consider an iterative procedure as below: Let x0 ∈ E, D1 = C,
x1 = PD1x0, and u1 ∈ C. For each n ∈ N, generate Dn+1, xn+1, Kn, and un+1 by

Dn+1 = {z ∈ Dn : ⟨Tun − z, Jun − JTun⟩ ≥ 0}, xn+1 = PDn+1x0,

Kn = {y ∈ Dn : ∥x0 − y∥ ≤ ∥x0 − xn+1∥}, un+1 ∈ Kn.

Then, {xn} and {un} converge strongly to PF (T )x0.
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From the argument presented above, Theorem 12 explicitly states whether a
fixed point is reached in a finite number of steps. However, as in Theorem 21, it
can be modified to disregard the stopping condition at finite steps. We adopted
the status of Theorem 12 to show the details of the behavior of {un}. The same
arguments above can be made for Theorems 13, 14, and 15.
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