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SHRINKING PROJECTION METHOD WITH
ALLOWABLE RANGES FOR NONLINEAR MAPPINGS
OF FIRMLY NONEXPANSIVE TYPE

Takanori Ibaraks

In this paper, we study a shrinking projection method with allowable ranges
introduced by Takeuchi in 2019. We obtain strong convergence theorems for
finding a fixed point of mappings of types (Q) and (R) in a Banach space.
Using our results, we discuss the zero point problem of maximal monotone
operators.

1. INTRODUCTION

In 2008, Takahashi, Takeuchi, and Kubota [20] introduced an iterative method
for finding a common fixed point of some families of nonlinear mappings in a Hilbert
space. We call such a method the shrinking projection method. In 2009, Kimura
and Takahashi [15] improved the method. Also, in 2012, Kimura [12] considered
the shrinking projection method with nonsummable errors in a geodesic space; see
also [13,14]. This method has been studied in [4-7], and others.

Recently, motivated by Kimura [12-14], Takeuchi [22] presents a shrinking
projection method with allowable ranges. They obtained a strong convergence
theorem for finding a fixed point of a nonlinear mapping in a Banach space.

Theorem 1 ( [22]). Let E be a reflexive, smooth, and strictly convex Banach space
which has the Kadec-Klee property. Let C' be a nonempty closed convexr subset of
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E. Let B: C — E be a mapping of type (P) such that F(B) := {p € C : Bp = p}
is nonempty. Consider an iterative procedure as below: Let xo € E, wy € C, D1 =
{y € C: (Bwy —y, J(wy — Bwy)) > 0} and x1 = Pp,xq. Let A; = C\ (D1 U{w1})
and let y1 € Ay. For each n € N, generate Dyi1, Tni1, Ant1 and yni1 by

Dn+1 = {y €D, : <Byn - Y J(yn - Byn)> > O}, Tpt+1 = PDn_,_lev
Any1={y € Dn [0 — yll < llzo = Zntall, ¥ # Yn}s  Ynt1 € Angr

where Py is the metric projection of E onto a nonempty closed conver subset K of
E. Then, either of following holds:

1. A, # 0 for each n € N; the procedure is not stopped. In this case, {x,} and
{yn} converge strongly to Pr(g)yxo

2. A =0 for some k € N; the procedure is stopped. In this case, yp_1 € F(B)
or wy € F(B) holds.

Note that the original result of the theorem above deals with nonlinear map-
pings related to mappings of type (P) in a Banach space.

On the other hand, the study of firmly nonexpansive mappings is a central
topic in convex analysis since it is closely related to the theory of monotone oper-
ators. This study also has a strong connection to metric fixed point theory. Let C
be a nonempty closed convex subset of a Hilbert space H and let T': C'— H be a
mapping. A mapping T is said to be firmly nonexpansive if

(x =Tx)—(y—Ty), Tz —Ty) >0

for each z,y € C. We know that the mapping of type (P) defined on a smooth
Banach space is a generalization of firmly nonexpansive mappings on a Hilbert
space. We also know two generalizations in a smooth Banach space which are
called mappings of types (Q) and (R).

In this paper, we study a shrinking projection method with allowable ranges
introduced by Takeuchi [22] for mappings of types (Q) and (R) in a smooth Banach
space. We prove strong convergence theorems for finding a fixed point of mappings
of types (Q) and (R) in a Banach space. Using our results, we discuss the zero
point problem of maximal monotone operators.

2. PRELIMINARIES

N and R denote the sets of positive integers and real numbers, respectively.
Let E be a real Banach space with its dual E*. Let {z,,} be a sequence in E. The
strong and the weak convergence of {z,} to a point x € E are denoted by x,, — z
and x, — z, respectively. The normalized duality mapping J : E — E* is defined
by
Jo={y" € B*: ol = (ay") = "I}
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for x € E. A Banach space F is said to have the Kadec-Klee property if a sequence
{zn} of E satisfying x,, — xo and |z,[| — ||zo| converges strongly to zo. We know
the following properties; see, for instance, [19].

e J is monotone, that is, (z — y,2* — y*) > 0 for each (x,z*), (y,y*) € J,

e if F is smooth and strictly convex, then (x —y, Jx — Jy) = 0 if and only if
=Y,

o if F is reflexive, smooth and strictly convex, then J is surjective and the
duality mapping on E* is J !,

e F is reflexive, strictly convex and has the Kadec-Klee property if and only if
E* has a Fréchet differentiable norm.

Let C be a nonempty subset of a smooth Banach space E. A mapping
T :C — E is said to be of type (Q) [2,17] if

(Te —Ty,(Jx — JTx) — (Jy — JTy)) >0
for each z,y € C. A mapping T : C — F is said to be of type (R) [2,10] if
(@ =Tz)—(y—Ty),JTx — JTy) = 0

for each x,y € C. We denote by F(T) the set of fixed points of T'. Tt is clear that
if T:C — E is of type (Q) and F(T) is nonempty, then

(1) (Tx —p,Jr—JTz) >0
for each z € C and p € F(T). We also know the following result.

Lemma 2 ( [2]). Let E be a reflexive and strictly convex Banach space having
a Fréchet differentiable norm and the Kadec-Klee property. Let C' be a nonempty
subset of E and let T : C — E be a mapping of type (Q). Then, T is norm to norm
continuous.

The mappings of types (Q) and (R) are strongly related to each other; it is
a kind of duality in the following sense. Let E be a reflexive, smooth and strictly
convex Banach space, let C' be a nonempty subset of £ and let T : C — FE be a
mapping. Define a mapping T as follows:

(2) T*2* .= JTJ 'a*

for each z* € JC. We know that JF(T) = F(T™*); see [3,21]. Further, we have the
following result.

Lemma 3 ( [2]). Let E be a reflexive, smooth, and strictly convex Banach space,
let C' be a nonempty subset of E, and let T : C' — E be a mapping of type (R). Let
T*: JC — E* be a mapping defined by (2). Then T* is of type (Q) in E*.
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Let E be a reflexive and strictly convex Banach space, and let C be a
nonempty closed convex subset of E. It is known that for each z € F, there
exists a unique point z € C such that

z—x| = inf ||y — z|.
Iz~ all = ing lly - o]
Such a point z is denoted by Pcx, and Pg is called the metric projection of E onto
C. Note that the metric projection of £* onto a nonempty closed convex subset

K* of E* is denoted by Pj.. We know the following: let 2 € C' and € E. Then,
z = Pox if and only if (y — z, J(z — x)) > 0 for each y € C.

Lemma 4 ( [9]). Suppose that C is a nonempty closed convex subset of a reflexive
and strictly conver Banach space E and w € E. If F' is a nonempty closed convex
subset of C' such that Pcu € F, then Pru = Pou.

Let E be a smooth Banach space and consider the following function V :
FE x E — R defined by

(3) Vi(z,y) = llz)* = 2(z, Jy) + |yl

for each z,y € E. We know the following properties; see [1,8,11] for more details:
L (2l = lylD* < V(z,y) < (I=ll + [ly[)? for each 2,y € E,

Viz,y) +V(y,x) =2(x —y,Jx — Jy) for each z,y € E,

V(z,y) =V(x,2) +V(z,y) + 2{x — z,Jz — Jy) for each z,y,z € E,

> W N

if £ is additionally assumed to be strictly convex, then V(z,y) = 0 if and
only if x = y.

Let E be a reflexive, smooth, and strictly convex Banach space with its dual
FE* and consider the following function V, : E* x E* — R defined by

Vi(a®,y") = llo”|* = 20", T 71y") + lly*)1?

for each z*,y* € E*. We know that V. (Jz,Jy) = V(y,x) for each z,y € E.

Let E be a reflexive, smooth, and strictly convex Banach space, and let C
be a nonempty closed convex subset of E. It is known that for each = € E, there
exists a unique point z € C such that

v =minV .
(2,7) min (y,z)
Such a point z is denoted by Ilcx, and Il- is called the generalized projection of
E onto C (see [1]). We know the following: let z € C and « € E. Then, z = IIcx
if and only if (y — z,Jz — Jx) > 0 for each y € C.

Lemma 5 ( [9]). Suppose that C is a nonempty closed convex subset of a reflezive,
smooth, and strictly convex Banach space E and uw € E. If F is a nonempty closed
convex subset of C' such that [Icu € F, then Hpu = Iou.
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Note that the generalized projection of E* onto a nonempty closed convex
subset K* of E* is denoted by II}.. Let D be a nonempty subset of E such that
JD is closed and convex, and let IT5,, be the generalized projection of E* onto
JD. The mapping Rp of E onto D defined by

Rp :=J T ,J

is called the sunny generalized nonexpansive retraction; see [8,16] for more details.
3. LEMMAS

In this section, we present some lemmas for obtaining our main results. We
first recall the following lemma in Takeuchi [22].

Lemma 6 ( [22]). Let E be a reflexive and strictly convex Banach space. Let xg € E
and let {D,,} be a sequence of closed convex subsets of E satisfying D,+1 C D,, for
each n € N and Dy := N, D, # 0. Let x1 = Pp,xz. For each n € N, define x,,41,
K, and u, by

Tnt1 = Pp,., w0, Kn={2€Dy:l|xo—z|| <||zo — Zng1ll}, un € K.

Then {x,} and {u,} converge weakly to Pp,xo. When E has the Kadec-Klee
property, {x,} and {u,} converge strongly to Pp,xg.

Next, we prove the following two lemmas for a mapping of type (Q). Compare
these lemmas with the results in Takeuchi [22].

Lemma 7. Let C be a nonempty closed convexr subset of a reflexive, smooth, and
strictly convex Banach space E. Let T : C — E be a mapping of type (Q) such that
F(T) # 0, and let D be a nonempty closed convex subset of C' such that F(T) C D.
Let v >0 and let u € C. Let M be a subset of E defined by

M:={z€D:{Tu—z Ju—JTu) > 0}.
Then, M is closed and convez, and F(T) C M.

Proof. Let » > 0 and let v € C. It is clear that M is closed and convex. Set
Mg ={2€ E: (Tu—z,Ju— JTu) > 0}. We show F(T) C Mg. Let p € F(T).
From (1), we have

(Tu —p,Ju— JTu) >0

and hence p € Mg. This implies F(T) C Mg. Since F(T) C D, we have F(T) C
MgnND =M. L]

Lemma 8. Let E be a reflexive and strictly conver Banach space having a Fréchet
differentiable norm and the Kadec-Klee property. Let C' be a nonempty closed con-
vex subset of E and let T : C — E be a mapping of type (Q) such that F(T) # ().
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Let {u,} be a sequence in C and let {D,} be a sequence of subsets of C' generated
by D, = C and

Dyy1 ={2€ D, : (Tu, — z, Ju, — JTu,) > 0}.
for each n € N. Let Dy := NpenDy. Then the following hold:

1. D, is closed and convez, and F(T) C D,, for each n € NU{0}.

2. Suppose that {u,} converges strongly to some ug € Dy, then ug € F(T).

Proof. We first show (1) by induction. It is clear that D; is closed and convex,
and F(T) C D;. Suppose that Dy, is closed and convex, and F(T) C Dy, for some
k € N. Using Lemma 7 as u = u, D = Dy, M = Dj1, we see that Dy is closed
and convex, and F(T) C Dy41. This implies that D,, is closed and convex, and
F(T) c D, for each n € N. Hence, it follows that Dy is closed and convex, and
F(T) C NpenDy, = Dy. Thus, we see that (1) holds.

Next, we show (2). Suppose that {u,} converges strongly to some ug € Dj.
From Lemma 2, we have Tu, — Tug. By the Fréchet differentiability of the
norm, the duality mapping J is norm to norm continuous and hence we also have
Ju, — Jug and JTu,, — JTug. Since ug € Dy C D, 41 for each n € N, we have

(Tuy, — ug, Juy, — JTuy) >0
for each n € N. Tending n — oo, we get

(Tug — ug, Jug — JTug) > 0.
Since J is monotone, we have

(Tug — ug, Jug — JTug) <0

and hence we have (T'ug — ug, Jug — JTup) = 0. From the property of J, we see
that Tug = up. This implies ug € F(T). O

Next, we prove the following two lemmas for generalized projections. Com-
pare these lemmas with the results in Takeuchi [22]; see also [18] for Lemma 9.

Lemma 9. Let E be a reflexive, smooth, and strictly convex Banach space. Let
xog € E, and let Dy be a nonempty closed convex subset of E. Let {x,,} be a sequence
in E satisfying

(4) lim sup V' (2, z9) < V(IIp,xo, o).

n—oo

Suppose every weak cluster point of {x,} is a point of Dy. Then, {x,} converges
weakly to I p,xo. Furthermore, when E has the Kadec-Klee property, {x,} con-
verges strongly to IIp,xo.
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Proof. By (4), {x,} is bounded, that is, {x,} has a weakly convergent subsequence.
Let {z,,} be a subsequence of {x,, } which converges weakly to u € Dy. Since

{xn, } satisfies (4) and || - || is weakly lower semicontinuous, we have
V(u,0) = [ul® = 2{u, Jao) + [lzo]
o 2 2
< timint {7 ~ 2o, Joo) + ol
= liminf V(z,,,z0) < limsup V(z,,,xo)
j—roo j—ro0
< V(HDOJT(), Stl‘o) < V(u, 3?0).
Then,
(5) V(u,20) = V(IIp,x0,T0) = lim V(zy,, o).

j—oo

Since IIpxo is unique, we see u = IIp,xo. This implies that every weakly conver-
gent subsequence of {x,} converges weakly to IIp,zo. Then, {z,} itself converges
weakly to IIp,xo and satisfies (5).

For the latter part of this lemma, suppose that E has the Kadec-Klee prop-
erty. From the definition of V| we have

(6) lznll* = V (20, 20) + 22, Jz0) = [|0]|?

for each n € N. From (5), (6), and x,, — IIp, o, letting n — co, we obtain that
llznl|> = | p,xo]|? and hence

lzall = Vlizall? = VIp,ol® = [ Tpyzol-

Since E has the Kadec-Klee property, by the argument as above, we immediately
see that {z,} converges strongly to IIp,zo. O

Remark 10. Of course, we can replace (4) by the following:
(7) V(2n,20) < V(¥ny1,70) < V(IIp,To,To)
for each n € N.

Lemma 11. Let E be a reflexive, smooth, and strictly convexr Banach space. Let
xo € E and let {D,} be a sequence of closed convex subsets of E satisfying Dpi1 C
D,, for eachn € N and Dy := N, D, #0. Let x1 = IIp,x9. For eachn € N, define
Tpt1, Ln, and u, by

Tpnt1 = Pp,. w0, Ln={2€ D, :V(z,20) < V(2pq1,20)}, un € Ly.

Then {zn} and {un} converge weakly to IIp,xo. Furthermore, when E has the
Kadec-Klee property, {x,} and {u,} converge strongly to IIp,xo.



566 Takanori Ibaraki

Proof. Since ) # Dy C D41 C D, for each n € N and by the properties of the
generalized projection, we know that {z,} satisfies (7). Then, {z,,} has a weakly
convergent subsequence. Also, every subsequence of {z,} satisfies (7). Let {x,,}
be a subsequence of {x,} which converges weakly to u € E. For each m € N, since
{arnj }anm C D,, and D,, is weakly closed, u € D,, is immediate. So, u € Dgy. We
confirmed that every weakly convergent subsequence of {z,} converges weakly to
a point of Dy.

By L, # 0 (%n,Tny1 € Ly), such {u,} exists. We easily see that, for each
n €N,

V(tn,x0) < V(xnt1,20) < V(Uung1,%0) < V(Tpie,20) < V(IIp,xo,20).

Then, {u,} also satisfies (7). Note uy, € L C Dy C D,, for k > m. So, every
weakly convergent subsequence of {u,} converges weakly to a point of Dy. From
these, by Lemma 9, we immediately have the desired results. O

4. SHRINKING PROJECTION METHOD WITH ALLOWABLE
RANGES BY USING THE METRIC PROJECTION

In this section, we study the shrinking projection method with allowable
ranges by using the metric projection. We first prove a strong convergence theorem

for a mapping of type (Q).

Theorem 12. Let E be a reflerive and strictly conver Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let C be a nonempty
closed convex subset of E and let T : C — E be a mapping of type (Q) such that
F(T) # 0. Consider an iterative procedure as below: Let xg € E, D1 = A; = C,
x1 = Pp,xo, and uy € Ay. For each n € N, generate Dyt1, Tnt1, Ant1, and upy1
by

D7L+1 = {Z S D'n . <Tun -z, Jun - ']Tun> > 0}7 Tn+1 = PDn+1$07
An+1 = {y €Dy : ||330 - y” < ||CL‘0 - mn+1||7y # un}’> Un+1 € An+1-

Then, either of the following holds:

1. A, # 0 for each n € N; the procedure is not stopped. In this case, {x,} and
{un} converge strongly to Ppr)xo.

2. Ar, = 0 for some k € N\ {1}; the procedure is stopped. In this case, ug_1 €
F(T) holds.

Proof. From D; = Ay = C, Dy and A; are nonempty. Let u; € Aj(= C). Then
we generate Dy. From Lemma 7, D5 is nonempty, closed, and convex, and also
generates T2 and As. Az may be empty. In the case of Ay # 0, we can find us € As
and generate Ds. From Lemma 7, D3 is nonempty, closed, and convex, and also
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generates x3 and As. Az may be empty. In the case of A3 # (), we can find us € Az
and continue this process. So, the procedure is stopped when we meet k € N\ {1}
satisfying Ay = 0.

In the case of (1), we can generate sequences {D,}, {z,}, {An}, and {u,}
inductively. By our generating method, from Lemma 8 (1), {D,} is a sequence of
closed convex subsets of C satisfying D,, 11 C D,, for each n € N and (§ # F(T) C
Dy :=NpenDy,. For each n € N, let K, be as in Lemma 6, that is,

K, ={z €Dy : [lzo — 2|l < o — 2t }.

Then, ty,11 € Apy1 C K, for each n € N. By Lemma 6, {z,,} and {u,} converge
strongly to Pp,xo. Since {u,} converges strongly to Pp,zg € Dy, by Lemma 8 (2),
we see Pp,xzo € F(T). From Lemma 4, we get Pp,xo = Pp(r)zo, which completes
the proof of (1).

We show (2). Suppose that we generated ug_1, Dy, z and Ay = @ for
some k € N\ {1}. Then, Dy and Dy_; are nonempty closed and convex. Since
Kp1={2€ Dy_1:|lmo—2|| < ||xo—zk||}, We see 1,2 € K1 and Kj_1 # 0.
By Kp_1\{ug_1} = Ar = 0, we see that up_1 € Kr_1 and K;_; is a singleton.
From these, ux_1 = xx_1 = xx holds. Thus, by ux_1 = xx € Dy, we see

0 < (Tup—1 — up—1, Jup—1 — JTup_1).
Since .J is monotone, we also see
0> (Tup—1 — up—1, Jup—1 — JTup_1).

and hence we have (ug_1 — Tug—1, Jup_1 — JTuk—_1) = 0. From the property of J,
we see that ug_1 = Tup—1 and hence ug_1 € F(T). This completes the proof. [

Next, we prove a strong convergence theorem for a mapping type (R).

Theorem 13. Let E be a reflexive and strictly conver Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let C be a nonempty
subset of E such that JC' is closed and convez, and let T : C' — E be a mapping of
type (R) such that F(T) # 0. Consider an iterative procedure as below: Let xg € E,
Di=A=C, x1 = J‘leDleo, and uy € Ay. For each n € N, generate Dy, 1,
Tn+1, An-i—l; and Un+1 by

Dy ={z € Dy : (un — Tup, JTuy — Jz) >0}, @py1 =J 'Pip . Juo,
Apy1 = {y €Dy, : HJxO - Jy” < HJxO - an+1Hay # un}a Unt1 € Apyr.
Then, either of the following holds:

1. A, # 0 for each n € N; the procedure is not stopped. In this case, {x,} and
{un} converge strongly to J_leF(T) Jxg.

2. Ar, = 0 for some k € N\ {1}; the procedure is stopped. In this case, ux_1 €
F(T) holds.
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Proof. In this setting, we know that E* is reflexive, strictly convex, and has a
Fréchet differentiable norm and the Kadec-Klee property.

Set T* := JTJ~!. From Lemma 3, we see that T* is a mapping of type (Q)
and JF(T) = F(T*). Put u} := Juy, x), := Ja,, D} .= JD,, and D} := JD,, for
each n € N. Then, we have

Dy = (=" € Dy (Il — T T, T, — 2°) > 03,
Try = PE);HJan

Anr =1y € Dy : [ Jzo — y*|| < [ Jxo — 2l y™ # up s
Upiy € Ajig

for each m € N. Then {u’}, {z}}, {D}} and { A%} satisfy the conditions of Theorem
12 on E*.

In the case of (1), if A, # 0 for each n € N, then A} # 0. From Theorem
12 (1), we obtain that {«},} and {uy} converge strongly to Py ., Jxo. Since E is
uniformly convex, E* is uniformly smooth and hence the duality mapping J~! on
E* is norm to norm continuous. Therefore, we see that

up = J  uy = T Py Jrg and @y = J 7Ny, = J T Prpepy Jao.

Next, in the case of (2), if Ay = 0 for some k € N\ {1}, then A} = (. From Theorem
12 (2), we have Jug_1 = uj_, € F(T*) = JF(T). This implies uy_1 € F(T). O

5. SHRINKING PROJECTION METHOD WITH ALLOWABLE
RANGES BY USING THE GENERALIZED PROJECTION

In this section, we study the shrinking projection method with allowable
ranges by using the generalized projection. We first prove a strong convergence
theorem for a mapping of type (Q).

Theorem 14. Let E be a reflexive and strictly convexr Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let C be a nonempty
closed convex subset of E and let T : C — E be a mapping of type (Q) such that
F(T) # 0. Consider an iterative procedure as below: Let xg € E, D1 = A1 = C,
x1 = IIp,xo, and uy € Ay. For eachn € N, generate Dy 11, Tnt1, Ant1, and tp41
by

D1 ={2€ Dy : (Tup — 2, Jup, — JTuyp) >0}, wpy1 = ¢, o,
Apy1= {y €Dy, : V(y,xg) < V(.%'n+1,x0)7y #* un}a Upy1 € Apg1.

Then, either of the following holds:

1. A, # 0 for each n € N; the procedure is not stopped. In this case, {x,} and
{un} converge strongly to Ilpryxo.
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2. Ar, = 0 for some k € N\ {1}; the procedure is stopped. In this case, ug_1 €
F(T) holds.

Proof. From Dy = Ay = C, Dy and A; are nonempty. Let u; € Aj(= C). Then
we generate Do. From Lemma 7, D5 is nonempty, closed, and convex, and also
generates T and As. Az may be empty. In the case of Ay # ), we can find us € As
and generate Ds. From Lemma 7, D3 is nonempty, closed, and convex, and also
generates x3 and Az. Az may be empty. In the case of A3 # (), we can find uz € A3
and continue this process. So, the procedure is stopped when we meet k € N\ {1}
satisfying Ay = 0.

In the case of (1), we can generate sequences {D,}, {z,}, {A,}, and {u,}
inductively. By our generating method, from Lemma 8 (1), {D,} is a sequence of
closed convex subsets of C satisfying Dy,+1 C D, for each n € N and () # F(T) C
Dy := NpenD,,. For each n € N| let L, be as in Lemma 11 , that is,

L,={2€ D, :V(z,z0) <V(xnt+1,%0)}

Then, u,+1 € Apy1 C Ly, for each n € N. By Lemma 11 , {z,} and {u,} converge
strongly to ITp,xo. Since {u,} converges strongly to IIp,zo € Dy, by Lemma 8
(2), we see IIp,xo € F(T). From Lemma 5, we get IIp,zo = IIpryxo, which
completes the proof of (1).

We show (2). Suppose that we generated ug_1, Di, zp and Ay = 0 for
some k € N\ {1}. Then, Dy and Dj_; are nonempty, closed, and convex. Since
Lp1={2€ Dy_1:V(2,20) < V(xg,20)}, we see xy_1,x € Lr_q1 and Li_1 # 0.
By Lip_1\{ur—1} = Ar = 0, we see that up_; € Ly and Lg_; is a singleton.
From these, ug_1 = zx_1 = x holds. Thus, by ug_1 = xp € Dy, we see

0 < (Tup—1 — up—1, Jup—1 — JTup_1).
Since .J is monotone, we also see
0> (Tup—1 — up—1, Jup—1 — JTup_1).

and hence we have (ug_1 — Tug—1, Jup_1 — JTuk—_1) = 0. From the property of J,
we see that ug_1 = Tup—1 and hence ug_1 € F(T). This completes the proof. [

Next, we prove a strong convergence theorem for a mapping of type (R).

Theorem 15. Let E be a reflexive and strictly convexr Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let C be a nonempty
subset of E such that JC is closed and convex, and let T : C' — E be a mapping of
type (R) such that F(T) # 0. Consider an iterative procedure as below: Let xg € E,
D, =A,=C, x1 = Rp,x9, and u1 € Ay. For each n € N, generate Dyy1, Tni1,
Ant1, and upy1 by

Dypi1={2€ Dy : (up — Tup, JTu, — Jz) >0}, p41 = Rp,.,, %o,
Apt1=1{y € Dn : V(z0,y) <V (20, Znt1),Y # Un}, Unt1 € Ant1.
Then, either of the following holds:
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1. A, # 0 for each n € N; the procedure is not stopped. In this case, {x,} and
{un} converge strongly to Rp(ryxo.

2. A =0 for some k € N\ {1}; the procedure is stopped. In this case, ug_1 €
F(T) holds.

Proof. In this setting, we know that E* is reflexive, strictly convex, and has a
Fréchet differentiable norm and the Kadec-Klee property.

Set T* := JTJ~!. From Lemma 3, we see that T* is a mapping of type (Q)
and JF(T) = F(T*). Put u} := Juy, x), := Ja,, D} = JD,, and D} := JD,, for
each n € N. Then, we have

n

Di  ={z* €D} (J  ul — J T ul, T u}, — z*) > 0},

Tpir = HB;HJCEO’

A;-‘,—l = {y* € D:L : V*(y*v Jl‘o) < V*(x;i—i-lv Jl‘o),y* 7& U’ZL

Up gy € ALy
for each m € N. Then {u}}, {z}}, {D}} and { A} } satisfy the conditions of Theorem
14 on E*.

In the case of (1), if A,, # 0 for each n € N, then A% # (. From Theorem

14 (1), we obtain that {z}} and {u}} converge strongly to 1T}, .y Jxg. Since E s
uniformly convex, E* is uniformly smooth and hence the duality mapping J ! on
E* is norm to norm continuous. Therefore, we see that

U = J k= JﬁlH;F(T)JZO = Rp(1yTo,
T =J 2, — JﬁlH;F(T)JxO = Rp(mzo.

Next, in the case of (2), if Ay = ) for some k € N\ {1}, then A} = (. From Theorem
14 (2), we have Jugp_1 = uj_, € F(T*) = JF(T). This implies uy_1 € F(T). O

6. DEDUCED RESULTS

In the case where E is a Hilbert space, the mappings of types (Q) and (R)
are firmly nonexpansive. We also know that the generalized projection and the
sunny generalized nonexpansive retraction are the metric projection in the sense
of a Hilbert space; see [1,8] for more details: Let C be a nonempty closed convex
subset of a Hilbert space H. It is known that for each x € H there exists a unique
point z € C such that

— || = inf ||y — z|.
Iz ==l = inf lly -

Such a point z is denoted by Pcx and Pg is called the metric projection of H onto
C. Therefore, as a direct consequence of Theorems 12, 13, 14 and 15, we obtain
the following result.
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Theorem 16. Let H be a Hilbert space. Let C be a nonempty closed convex subset
of E and let T : C — H be a firmly nonexpansive mapping such that F(T) # 0.
Consider an iterative procedure as below: Let xo € H, Dy = A; = C, 1 = Pp, 2o,
and uy € Ay. For each n € N, generate Dy 1, Tpt1, Ant1, and Upy1 by

Dny1 ={z€ Dy : (Tup — 2,un — Tup) >0}, w41 = P, ., %o,
Apt1={y € D : lwo —yll < w0 — Znta |,y # un},  tns1 € Anya.

Then, either of the following holds:

1. A, # 0 for each n € N; the procedure is not stopped. In this case, {x,} and
{un} converge strongly to Pr(ryxo.

2. Ar, = 0 for some k € N\ {1}; the procedure is stopped. In this case, ug_1 €
F(T) holds.

We next consider the problem of finding a zero of a maximal monotone op-
erator. Let E be a reflexive, smooth, and strictly convex Banach space. Then an
operator A C Ex E* with domain D(A) = {z € E : Az # (}} is said to be monotone
if (x —y,a* —y*) >0 for all (z,2*),(y,y*) € A. A point u € F satisfying 0 € Au
is called a zero of A, and the set of such points is denoted by A~'0. A monotone
operator A C E x E* is said to be maximal if A = A’ whenever A’ C E x E* is
a monotone operator such that A C A’. Let A C E x E* and B C E* x E be
maximal monotone operators. Then, it is known that for all A > 0

R(J+MA)=E* and R(I+A\BJ)=E.
The following two single-valued mappings are well-defined for all A > 0:

Qr=(J+XA)"'J: E— D(A),
Ry={I+\BJ)™': E— D(BJ).

These mappings are called the resolvents of types (Q) and (R), respectively. It is
known that F(Qy) = A710 and F(R)) = (BJ)~10. We also know that Q, and Ry
are mappings of types (Q) and (R), respectively; see [2,4,6,8] and others.

Therefore, as a direct consequence of Theorems 12 and 14, we obtain the
following results.

Theorem 17. Let E be a reflexive and strictly conver Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let A C E x E* be a
mazimal monotone operator such that A~'0 # (0 and let X > 0. Consider an
iterative procedure as below: Let xo € E, Dy = Ay = F, 1 = Pp,x0, and uj € A;j.
For each n € N, generate Dyt1, Tni1, Ant1, and up41 by

Dy ={z € Dy : (Qrup — 2, Juy — JQrup) > 0}, xpypq = Po,, ., %o,
A1 ={y € Dyt |lzo —yll < llwo — Tnsall, ¥ # un}y  Uni1 € Apya.

Then, either of the following holds:
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1. A, # 0 for each n € N; the procedure is not stopped. In this case, {x,} and
{un} converge strongly to Py-19xg.

2. A =0 for some k € N\ {1}; the procedure is stopped. In this case, ug_1 €
A0 holds.

Theorem 18. Let E be a reflexive and strictly conver Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let A C E x E* be a
mazimal monotone operator such that A~'0 # (0 and let X > 0. Consider an
iterative procedure as below: Let xo € E, D1 = A; = FE, 1 = IIp,xo and uy € A;.
For each n € N, generate Dy 11, Tni1, Ant1 and up41 by

Dn—i—l = {Z eD,: <Q)\un -z, Jup — JQ)\un> > 0}7 Tn+1 = HCn+1x07
An+1 = {y € Dn : V(yawo) < V($n+1, Z‘O), ) 7& Un}, Up+1 € An-i-l-

Then, either of the following holds:

1. A, # 0 for each n € N; the procedure is not stopped. In this case, {x,} and
{un} converge strongly to IT 4-1gxq.

2. A =0 for some k € N\ {1}; the procedure is stopped. In this case, ug_1 €
A0 holds.

Similarly, the following results are a direct consequence of Theorems 13 and
15.

Theorem 19. Let E be a reflerive and strictly conver Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let B C E* X E be a
mazximal monotone operator such that B~'0 # 0 and let A > 0. Consider an
iterative procedure as below: Let xo € E, D = Ay = E, x1 = J_leDlJaco, and
uy € Ay. For each n € N, generate Dy 11, Tnt1, Ant1, and tupq1 by

Dypi1={z € Dy : {(up, — Rattn, JR\up, — J2) > 0}, pi1 = J_lPJ*DnHJxO,
Apy1= {y € Dy : ||Jl‘0 - Jy” < ”JxO - J$n+1||7y # un}, Unt1 € Apy1.
Then, either of the following holds:

1. A, # 0 for each n € N; the procedure is not stopped. In this case, {x,} and
{un} converge strongly to Jfng_lojxo.

2. Ar, = 0 for some k € N\ {1}; the procedure is stopped. In this case, ug_1 €
(BJ)~'0 holds.

Theorem 20. Let E be a reflerive and strictly conver Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let B C E* X E be a
mazximal monotone operator such that B~'0 # 0 and let A > 0. Consider an
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iterative procedure as below: Let xo € E, D1 = Ay = E, 1 = Rp,x0, and uy € A;.
For each n € N, generate Dy 41, Tpi1, Apt1, and tyiq by

Dy ={z € Dy : (up — Ryun, JRA\uy — J2z) >0}, 2py1 = Rp, ., To,
Apt1={y € Dy : V(20,y) < V(20 Tnt1),Y # Un},  Unt1 € Any1.
Then, either of the following holds:

1. A, # 0 for each n € N; the procedure is not stopped. In this case, {x,} and
{un} converge strongly to R(g)-10%0-

2. A =0 for some k € N\ {1}; the procedure is stopped. In this case, ug_1 €
(BJ)~t0 holds.
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7. ADDITIONAL EXPLANATIONS

In this section, we provide a remark to support the main issue. We first
consider whether at some step the procedure will be continued or stopped. In
Theorem 12, we consider the case where ug_1, Dk, Tk, Tp_1, and Ay are generated
for some k € N\ {1}. Let {K,} be as in Lemma 6, that is,

Kn={y € Dn: |lzo —yll < [0 = Zns1l}

for each n € N. Note that A4, = K,,—1 \ {un—1} for each n € N\ {1}. Since
Tp_1 € Ki_1, we have Kj,_1 # () and hence we can find a candidate wy, for uy in
Kj._1. If this wy can be chosen as an element different from wuy_1, then this implies
A = Ki—1 \ {ux—1} # 0. That is, the procedure is continued as up = wg. If this
wy, can only be chosen as uy_1, then this implies Kj_1 = {ux_1} and hence we see
Ay = 0. That is, the procedure is stopped.

Next, we consider the setting where A, is replaced by K, for each n € N in
Theorem 12. In this setting, there are no instances where the procedure is stopped.
In fact, suppose that Ay = 0 for some k € N\ {1}. In the proof of Theorem 12, we
see that ugy_1 = z_1 =z € F(T) and

Ky = {wp_1}.
We can find up = zp_1 € Ki_1. Therefore, the procedure is continued. Put
vg := xg—1. Then we generate Dyy1. Since ux = vo € F(T), we have
(Tuy — 2z, Jug, — JTug) = (vo — 2z, Jvg — Jvg) = (vg — 2,0) =0
for each z € Dy. Therefore, we have D1 = Dy and hence zi1 = . We also
generate K. It is easy to see that vg = xp_1 = 71, € K and hence K # (. Since
241 = x) and the uniqueness of x;, = Pp, zo, we have
Ky = {yeDy:llzo —yll < llwo — zhsall}
= {y € Dp:llwo—yll < llwo — zll} = {zx} = {vo}.
Therefore, we can find ug+1 = vy € K. If we repeat this argument, we obtain that
D, = Dy, K,,—1 = {w}, and z,, = u,, = v
for n > k. From the above argument, if A, is replaced by K,, for each n € N in

Theorem 12, we obtain the following result.

Theorem 21. Let E be a reflexive and strictly conver Banach space having a

Fréchet differentiable norm and the Kadec-Klee property. Let C be a nonempty

closed convex subset of E and let T : C — E be a mapping of type (Q) such

that F(T) # (. Consider an iterative procedure as below: Let xo € E, D1 = C,

x1 = Pp,xo, and uy € C. For each n € N, generate Dy11, Tni1, Kn, and un41 by
Dypy1 ={2€ Dy : (Tup — 2, Jup, — JTuy,) >0}, py1 = Pp, ., To,
Kn={y € Dy :[lzo —yll <llzo — Zns1ll};  uns1 € K.

Then, {x,} and {u,} converge strongly to Pg(ryg.
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From the argument presented above, Theorem 12 explicitly states whether a

fixed point is reached in a finite number of steps. However, as in Theorem 21, it
can be modified to disregard the stopping condition at finite steps. We adopted
the status of Theorem 12 to show the details of the behavior of {u,}. The same
arguments above can be made for Theorems 13, 14, and 15.
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