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COMMON FIXED POINTS FOR ENRICHED

g-CONTRACTION MAPPINGS

Manahell Alsosui∗ , Naseer Shahzad and Amer Hassan Albargi

The aim of this paper is to introduce the notion of enriched g-contraction

and enriched g-nonexpansive mappings of the second kind and study the ex-

istence and uniqueness of common fixed points of such mappings under weak

commutativity conditions. We apply our results to establish the existence

of common fixed points in the set of best approximations and obtain the

existence and uniqueness of the common solution of the Volterra integral

equations.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory has made significant contributions to the development of
nonlinear analysis. This is because many nonlinear problems can be reformulated
as solving operator equations, which can be further reduced to the problem of find-
ing the fixed points of a single mapping or common fixed points of two or more
mappings. A primary objective in this area is to find the minimal set of conditions
on the mapping and on the space that guarantees the existence of fixed points for
various classes of contractive mappings such as enriched contractive mappings [7].
In addition, fixed point theory provides constructive methods for approximating
fixed points of such mappings and, occasionally, for studying the error estimates or
convergence rates of the iterative methods used. Moreover, fixed point techniques

∗Corresponding author. Manahell Alsosui

2020 Mathematics Subject Classification. 47H10, 54H25.
Keywords and Phrases. R-weakly commuting map, occasionally weakly compatible map, enriched
g-nonexpansive mapping, best approximation

Open Access ©2025 This work is licensed under the Creative Commons Attribution 4.0
International License.

577

https://orcid.org/0009-0001-9103-9159 
 https://orcid.org/0000-0001-7155-5917
 https://orcid.org/0009-0003-6578-7908


578 Manahell Alsosui, Naseer Shahzad and Amer Hassan Albargi

are also widely applied in solving problems in best approximations, image deblur-
ring, graph theory, nonlinear integral and differential equations, etc. For more
details on the topic, we refer the reader to ([1, 3, 24, 13, 9, 19, 26, 28, 29, 30]).

In this paper, we address a limitation in Marchiş’ definition of (b, θ)-enriched
Jungck-contraction mappings [15], we refer to here as (b, θ)-enriched g-contraction
mappings of the first kind. Specifically, the definition could not be applied in study-
ing the convergence of sequences generated by the Jungck–Krasnoselskij iteration
to the unique common fixed point of f and g. To overcome this limitation, we
introduce a new class of (b, θ)-enriched g-contraction mappings of the second kind.
Using this definition, we establish the convergence of the Jungck–Krasnoselskij it-
eration to the unique common fixed point of f and g under weak commutativity
conditions.

Before proceeding further, we recall some essential definitions and symbols
relevant to this study. We use N := {1, 2, 3, . . . } and W := {0, 1, 2, . . . } to denote
the set of natural numbers and non-negative integers, respectively.

Definition 1. [1] Let f and g be self-mappings of a set X :

(i) If z = fu = gu for some u ∈ X , then u is called a coincidence point of f and
g and z is called a point of coincidence of f and g. The set of coincidence
points of f and g is denoted by C(f, g);

(ii) If u = fu = gu, then u ∈ X is a common fixed point of f and g. The set of
common fixed points of f and g is denoted by Fix(f, g).

Remark 1. [17] The following relationships hold:

(i) Fix(f, g) ⊆ C(f, g);

(ii) Fix(f) ∩ C(f, g) = Fix(g) ∩ C(f, g) = Fix(f, g).

In 2013, Lin and Takahashi [14] studied the concept of attractive points of
nonlinear mappings in the Banach space setting.

Definition 2. Let M be a nonempty subset of a normed space X and f : M → X .
The set

A(f) = {z ∈ X : ∥fu− z∥ ≤ ∥u− z∥ , ∀u ∈ M} ,

is called the set of attracitve points of f .

In 2018, Khan [12] gave the concept of common attractive points for two
mappings f and g.

Definition 3. Let M be a nonempty subset of a normed space X and f, g : M → X .
The set

CAP (f, g) = {z ∈ X : max{∥fu− z∥, ∥gu− z∥} ≤ ∥u− z∥, ∀u ∈ M},

is called the set of common attractive points of f and g.
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Note that CAP (f, g) = A(f) when f = g.

Definition 4. [1] Let M be a nonempty subset of a normed space X and f : M →
M. Then

(i) the set M is called q-starshaped if there exists q ∈ M such that ku+(1−k)q ∈
M for all u ∈ M and all k ∈ [0, 1];

(ii) the set M is called convex if ku + (1 − k)v ∈ M for all u, v ∈ M and all
k ∈ [0, 1];

(iii) the set BM(p) = {u ∈ M : ∥u− p∥ = dist(p,M)} is called the set of best M-
approximants to p ∈ X , where dist(p,M) = infz∈M ∥z − p∥. If M is closed
and convex, then BM(p) is also closed and convex;

(iv) the mapping f is called affine if M is convex and

f(ku+ (1− k)v) = kfu+ (1− k)fv,

for all u, v ∈ M and all k ∈ [0, 1].

In 1968, Goebel [10] established the following coincidence result.

Theorem 1. Let M be a subset of a metric space (X , d) and f, g : M → M. If
f(M) ⊆ g(M), g(M) is a complete subspace of X and f is a g-contraction, i.e.,
there exists θ ∈ [0, 1) such that

d(fu, fv) ≤ θd(gu, gv), ∀u, v ∈ M,

then f and g have a coincidence point.

In 1976, Jungck [11] obtained the following common fixed point result for
commuting mappings as an extension of the Banach fixed point theorem.

Theorem 2. Let (X , d) be a complete metric space, and let f and g be commuting
self-mappings of X . If f(X ) ⊆ g(X ), f is a g-contraction, and g is continuous,
then f and g have a unique common fixed point.

Jungck defined the following iteration scheme

gun+1 = fun, ∀n ∈ W.

If g = I, where I is the identity mapping, the above iteration reduces to the Picard
iteration, which has inspired some researchers, including the development of the
following Jungck–Krasnoselskij iteration (see [8, 25]).

Definition 5. Let X be a normed space and f, g : X → X such that f(X ) ⊆ g(X )
and u0 ∈ X . The sequence {gun}, given by

gun+1 = (1− λ)gun + λfun, ∀n ∈ W,

for some 0 < λ < 1, is called the Jungck–Krasnoselskij iteration.
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After that, Pant [18] introduced the notion of R-weakly commuting map-
pings.

Definition 6. The self-mappings f and g of a normed space X are R-weakly com-
muting if there exists R > 0 such that ∥fgu− gfu∥ ≤ R ∥fu− gu∥ , ∀u ∈ X .

Note that if R = 1, then f and g are weakly commuting mappings. Moreover,
weakly commuting mappings are R-weakly commuting mappings, and the converse
holds only when R ≤ 1 (see [1, 21]).

Shahzad [23] proved the following result on R-weakly commuting mappings.

Theorem 3. Let M be a closed subset of a metric space X and f, g : M → M
such that f(M) ⊆ g(M). If f is g-contraction and continuous, f(M) is complete,
and f and g are R-weakly commuting mappings, then Fix(f, g) is a singleton.

Subsequently, Al-Thagafi and Shahzad [2] introduced the notion of occasion-
ally weakly compatible mappings.

Definition 7. The self-mappings f and g of a subset M of a metric space X are
occasionally weakly compatible if gfu = fgu for some u ∈ C(f, g).

Observe that the classes of commuting, weakly commuting and R-weakly
commuting self-mappings are subclasses of the class of occasionally weakly com-
patible self-mappings.

Also, Al-Thagafi and Shahzad [2] defined the notion of ultraoccasionally
weakly compatible mappings.

Definition 8. Let M be a q-starshaped subset of a normed space X , f, g : M → M
and fk : M → M where fku := kfu+(1−k)q for every u ∈ M and k ∈ [0, 1]. Then
f and g are called ultraoccasionally weakly compatible if fk and g are occasionally
weakly compatible for every k ∈ [0, 1].

Notice that the class of ultraoccasionally weakly compatible self-mappings is
a proper subset of the class of occasionally weakly compatible self-mappings.

Definition 9. [6] Let f be a self-mapping of a convex subset M of a vector space
X , then, for any λ ∈ (0, 1], the averaged mapping fλ is defined as

fλu = (1− λ)u+ λfu, ∀u ∈ M.

Note that Fix(fλ) = Fix(f).

Recently, Berinde and Păcurar [6] introduced the class of (b, θ)-enriched con-
traction mappings, which contains contraction mappings as a special case.

Definition 10. Let X be a normed space. A mapping f : X → X is a (b, θ)-
enriched contraction if there exist b ∈ [0,∞) and θ ∈ [0, b+ 1) such that

∥b(u− v) + fu− fv∥ ≤ θ∥u− v∥, ∀u, v ∈ X .
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In 2021, Marchiş [15] introduced the class of (b, θ)-enriched Jungck-contraction
mappings, which we call here the class of (b, θ)-enriched g-contraction mappings of
the first kind.

Definition 11. Let X be a normed space and f, g : X → X . A mapping f is a (b, θ)-
enriched g-contraction of the first kind if there exist b ∈ [0,∞) and θ ∈ [0, b + 1)
such that

∥b(u− v) + fu− fv∥ ≤ θ∥gu− gv∥, ∀u, v ∈ X .(1)

Remark 2. If b = 0 in (1), then f is a (0, θ)-enriched g-contraction mapping (or
f is a g-contraction mapping).

Theorem 4. [15] Let X be a Banach space and f, g : X → X for which f is a
(b, θ) enriched g-contraction of the first kind. If fλ and g are continuous and weakly
commuting mappings and fλ(X ) ⊆ g(X ), then

(i) Fix(f, g) = {a}, for some a ∈ X ;

(ii) there exists λ ∈ (0, 1] such that the iteration {gun}∞n=0, given by

gun+1 = (1− λ)un + λfun, ∀n ∈ W,

converges strongly to a.

2. ENRICHED g-CONTRACTION MAPPINGS OF THE SECOND
KIND

We introduce the following notion of (b, θ)-enriched g-contraction mappings
of the second kind.

Definition 12. Let M be a subset of a normed space X and f, g : M → M. A
mapping f is called a (b, θ)-enriched g-contraction of the second kind if there exist
b ∈ [0,∞) and θ ∈ [0, b+ 1) such that

∥b(gu− gv) + fu− fv∥ ≤ θ ∥gu− gv∥ , ∀u, v ∈ M.(2)

Example 1. Consider X = [0, 12 ] equipped with the usual norm, and let f, g : X →
X be defined by

fu = 1
2 − u2 and gu = u2, ∀u ∈ X .

Then f is a (b, θ)-enriched g-contraction mapping of the second kind. To verify
this, consider

∥b(gu− gv) + fu− fv∥ ≤ θ∥gu− gv∥, ∀u, v ∈ X ,
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which implies

|b− 1||u2 − v2| ≤ θ|u2 − v2|, ∀u, v ∈ X .

This, for any u ̸= v, leads to |b− 1| ≤ θ. Hence, for any b > 1 and θ ≥ b− 1, the
inequality holds.

We generalize the definition of the averaged mappings as follows:

Definition 13. Let f and g be self-mappings of a convex subset M of a vector
space X and then we define, for any λ ∈ (0, 1], the averaged g-mapping (or averaged
mapping with respect to g) as

fg,λu = (1− λ)gu+ λfu, ∀u, v ∈ M.

Note that Fix(fg,λ, g) = Fix(f, g).

Remark 3. Let us denote λ = 1
b+1 , where λ ∈ (0, 1) in inequality (2). Then we

have ∥∥∥∥( 1λ − 1)gu+ fu− (
1

λ
− 1)gv − fv

∥∥∥∥ ≤ θ ∥gu− gv∥ , ∀u, v ∈ M,

which can be written as

∥fg,λu− fg,λv∥ ≤ c ∥gu− gv∥ , ∀u, v ∈ M,

where c = λθ ∈ [0, 1).

Now, we prove our first main result.

Theorem 5. Let X be a normed space, and let f, g : X → X for which f is a
(b, θ)-enriched g-contraction mapping of the second kind. If f(X ) ⊆ g(X ), g(X )
is complete, and g(X ) is convex (or, in particular, g is affine), then f and g have
a unique coincidence point in X . Moreover, if f and g are occasionally weakly
compatible, then

(i) Fix(f, g) = {a}, for some a ∈ X ;

(ii) there exists λ ∈ (0, 1] such that the Jungck–Krasnoselskij iteration {gun+1},
given by

gun+1 = (1− λ) gun + λfun, ∀n ∈ W,(3)

converges strongly to the unique common fixed point a of f and g, for any
u0 ∈ X ;

(iii) the following error estimate holds

∥gun+i−1 − a∥ ≤ ci

1− c
∥gun − gun−1∥ , ∀n, i ∈ N,(4)

where c = λθ.



Common Fixed Points for Enriched g-Contraction Mappings 583

Proof. Let u, v ∈ X . We consider two cases.

Case 1. Assume that b > 0. In this case, given that f is a (b, θ)-enriched
g-contraction mapping of the second kind, it follows that there exists a constant
b ∈ (0,∞) such that inequality (2) is satisfied for all u, v ∈ X . Fix λ = 1

b+1 ∈ (0, 1).
Thus, inequality (2) is equivalent to

∥fg,λu− fg,λv∥ ≤ c ∥gu− gv∥ , ∀u, v ∈ X ,(5)

where c = λθ and fg,λu = (1− λ)gu+ λfu, ∀u ∈ X . Since θ ∈ (0, b+ 1), it follows
that c ∈ (0, 1) and so fg,λ is a g-contraction mapping.

Let u0 be an arbitrary point in X . Since f(X ) ⊆ g(X ) and g(X ) is convex (or,
in particular, g is affine), it follows that (1− λ)gu0 + λfu0 ∈ g(X ). Consequently,
there exists u1 ∈ X such that gu1 = (1 − λ)gu0 + λfu0. Continuing in the same
way, we can choose a sequence {un} in X such that

gun = fg,λun−1, ∀n ∈ N.

Letting u = un and v = un−1 in (5), we obtain

∥gun+1 − gun∥ = ∥fg,λun − fg,λun−1∥ ≤ c ∥gun − gun−1∥ , ∀n ∈ N.(6)

By induction, we obtain

∥gun+m − gun+m−1∥ ≤ cm ∥gun − gun−1∥ , ∀n,m ∈ N.

For m > i, we get

∥gun+m − gun+i−1∥ ≤ ci(1− cm−i+1)

1− c
∥gun − gun−1∥ , ∀n, i ∈ N,(7)

and so, for i = 1, we get

∥gun+m − gun∥ ≤ c(1− cm)

1− c
∥gun − gun−1∥ , ∀n ∈ N.

Thus,

∥gun+m − gun∥ ≤ c(1− cm)

1− c
∥gun − gun−1∥

≤ ... ≤ cn(1− cm)

1− c
∥gu1 − gu0∥ , ∀n ∈ N,

and since 0 ≤ c < 1, we get

∥gun+m − gun∥ ≤ cn

1− c
∥gu1 − gu0∥, ∀n ∈ N.

Hence, ∥gun+m − gun∥ → 0 as n → ∞, which shows that {gun} is a Cauchy
sequence. Since g(X ) is complete, there exists an a ∈ g(X ) such that gun → a as



584 Manahell Alsosui, Naseer Shahzad and Amer Hassan Albargi

n → ∞. Thus, for some z ∈ X , we have a = gz. Also, we have fg,λun → a as
n→ ∞. Notice that

∥a− fg,λz∥ ≤ ∥a− fg,λun∥+ ∥fg,λun − fg,λz∥
≤ ∥a− fgλun∥+ c ∥gun − gz∥ , ∀n ∈ N.

This implies that ∥a− fg,λz∥ → 0 as n → ∞. Thus, a = fg,λz = gz, i.e., a is a
point of coincidence of fg,λ and g and hence, a is a point of coincidence of f and g.

To show that a is the unique point of coincidence of f and g, assume that
there exists w ∈ X with z ̸= w such that z ∈ C(f, g) = C(fg,λ, g) and w ∈ C(f, g) =
C(fg,λ, g), then, by (5), we get

∥gz − gw∥ = ∥fg,λz − fg,λw∥ ≤ c ∥gz − gw∥ ,

which leads to a contradiction. Thus, gz = gw = a which shows that C(f, g) is
nonempty and a is unique.

Since f and g are occasionally weakly compatible mappings, C(f, g) is nonempty,
and a is unique, there exists v ∈ C(f, g), i.e., fv = gv = fg,λv = a, such that
ga = gfv = fgv = fa. Thus,

∥a− fg,λa∥ = ∥fg,λv − fg,λa∥
≤ c ∥gv − ga∥
= c ∥a− fg,λa∥ ,

which leads to a contradiction. Hence, Fix(f, g) = {a}.
Case 2. Assume that b = 0. In this case, λ = 1, c = θ, and the proof is

similar to Case 1 but instead of fg,λ, we have f = fg,1 and the iteration reduces to
the Jungck iteration gun = fun−1, ∀n ∈ N.

By letting m→ ∞ in (7), the error estimate (4) holds.

Remark 4. Notice that if f and g are occasionally weakly compatible mappings
on a normed space X or on a convex set M and g is affine, then fg,λ and g are
occasionally weakly compatible mappings.

Corollary 1. [6] Let X be a Banach space and f : X → X . If f is a (b, θ)-enriched
contraction mapping, then

(i) Fix(f) = {a}, for some a ∈ X ;

(ii) there exists λ ∈ (0, 1] such that the iterative method {un+1}, given by

un+1 = (1− λ)un + λfun, ∀n ∈ W,

converges strongly to the unique fixed point a, for any u0 ∈ X ;

(iii) the following error estimate holds

∥un+i−1 − a∥ ≤ ci

1− c
∥un−1 − un∥ , ∀n, i ∈ N,

where c = λθ.
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Theorem 6. Let M be a convex subset of a normed space X and f, g : M → M.
Assume that f is a (b, θ)-enriched g-contraction mapping of the second kind and
one of the following conditions holds:

1. There exists λ = 1
b+1 ∈ (0, 1] such that fg,λ(M) ⊆ g(M) and fg,λ(M) is

complete;

2. f(M) ⊆ g(M), g(M) is complete and g(M) is convex (or, in particular, g
is affine),

then f and g have a unique coincidence point in M. Moreover, if f and g are
occasionally weakly compatible, then

(i) Fix(f, g) = {a}, for some a ∈ X ;

(ii) there exists λ ∈ (0, 1] such that the Jungck–Krasnoselskij iteration {gun+1},
given by (3), converges strongly to the unique common fixed point a of f and
g, for any u0 ∈ M;

(iii) the error estimate (4) holds, where c = λθ.

Proof. Let u, v ∈ M. We consider two cases.

Case 1. Assume that b > 0. In this case, given that f is a (b, θ)-enriched
g-contraction mapping of the second kind, it follows that there exists a constant
b ∈ (0,∞) such that inequality (2) is satisfied for all u, v ∈ M. Fix λ = 1

b+1 ∈ (0, 1).
Thus, inequality (2) is equivalent to

∥fg,λu− fg,λv∥ ≤ c∥gu− gv∥, ∀u, v ∈ M,

where c = λθ and fg,λu = (1− λ)gu+ λfu, ∀u ∈ M. Since θ ∈ (0, b+1), it follows
that c ∈ (0, 1) and so fg,λ is a g-contraction mapping.

1. Let u0 be an arbitrary point in M. As fg,λ(M) ⊆ fg,λ(M) ⊆ g(M), we can
choose u1 ∈ M such that gu1 = fg,λu0. Inductively, choose a sequence {un}
in M such that

gun = fg,λun−1, ∀n ∈ N.

Following the same process as in Theorem 5, we deduce that

∥gun+m − gun∥ → 0,

as n → ∞, which shows that {gun} is a Cauchy sequence. Consequently,
{fg,λun} is a Cauchy sequence. Since fg,λ(M) is complete, then, as n→ ∞,

fg,λun → a ∈ fg,λ(M) ⊆ g(M) ⊆ M.
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Hence, gun → a as n→ ∞, where a = gz for some z ∈ M. Since

∥a− fg,λz∥ ≤ ∥a− fg,λun∥+ ∥fg,λun − fg,λz∥
≤ ∥a− fgλun∥+ c ∥gun − gz∥ , ∀n ∈ N,

we have ∥a− fg,λz∥ → 0 as n → ∞. Thus, a = fg,λz = gz, i.e., a is a point
of coincidence of fg,λ and g and hence, a is a point of coincidence of f and g.
Therefore, by using the same process as Theorem 5, we get Fix(f, g) = {a}.

2. The proof is similar to that of Theorem 5 with some minor modifications.

Case 2. Assume that b = 0. In this case, λ = 1, c = θ, and the proof is
similar to Case 1 but instead of fg,λ, we have f = fg,1 and the iteration reduces to
the Jungck iteration gun = fun−1, ∀n ∈ N.

By letting m→ ∞ in (7), the error estimate (4) holds.

Corollary 2. Let M be a convex subset of a normed space X and f, g : M → M.
Assume that f is a (b, θ)-enriched g-contraction mapping of the second kind and
one of the following conditions holds:

1. There exists λ = 1
b+1 ∈ (0, 1] such that fg,λ(M) ⊆ g(M) and fg,λ(M) is

complete;

2. f(M) ⊆ g(M), g(M) is complete, and g(M) is convex (or, in particular, g
is affine).

Then f and g have a unique coincidence point in M. Moreover, if f and g are
R-weakly commuting mappings, then

(i) Fix(f, g) = {a}, for some a ∈ X ;

(ii) there exists λ ∈ (0, 1] such that the Jungck–Krasnoselskij iteration {gun+1},
given by (3), converges strongly to the unique common fixed point a of f and
g, for any u0 ∈ M;

(iii) the error estimate (4) holds, where c = λθ.

3. ENRICHED g-NONEXPANSIVE MAPPINGS OF THE SECOND
KIND

Berinde ([4, 5]) introduced the following notion of enriched nonexpansive
mappings.

Definition 14. Let M be a nonempty subset of a normed space X and f : M → M.
A mapping f is called a b-enriched nonexpansive if there exists b ∈ [0,∞) such that

∥b(u− v) + fu− fv∥ ≤ (b+ 1) ∥u− v∥ , ∀u, v ∈ M.
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We introduce the following notion of b-enriched g-nonexpansive mappings of
the second kind.

Definition 15. Let M be a subset of a normed space X and f, g : M → M. A
mapping f is called a b-enriched g-nonexpansive of the second kind if there exists
b ∈ [0,∞) such that

∥b(gu− gv) + fu− fv∥ ≤ (b+ 1)∥gu− gv∥, ∀u, v ∈ M.(8)

Definition 16. [27] Let M be a subset of a Banach space X . A mapping f : M →
X is called hemicompact if each bounded sequence {un} ⊆ M has a convergent
subsequence whenever ∥un − fun∥ → 0 as n→ ∞.

Definition 17. [20] Let M be a subset of a Banach space X . A mapping f : M →
X is called demicompact if each bounded sequence {un} ⊆ M has a convergent
subsequence whenever {un − fun} is convergent.

Remark 5. Every demicompact operator is a hemicompact operator but the con-
verse is not true in general, as shown in [27].

Theorem 7. Let M be a convex subset of a normed space X , f, g : M → M,
f(M) ⊆ g(M), and g(M) complete. Assume that q ∈ Fix(g), g(M) is convex (or,
in particular, g is affine), f(M) is bounded, f is a hemicompact and b-enriched
g-nonexpansive mapping of the second kind, and f and g are continuous and ultra-
occasionally weakly compatible, then Fix(f, g) is nonempty.

Proof. Choose a fixed sequence {kn} ⊆ (0, 1) such that kn → 1 as n → ∞. For all
n ∈ N and kn(b+ 1) < 1 for some b ∈ [0,∞), define fn by fnu = (1− kn)q+ knfu,
for all u ∈ M.

Since g is a self-mapping of M, M is convex, g(M) is convex, q ∈ Fix(g),
and f(M) ⊆ g(M), it follows that each fn maps M into itself and fn(M) ⊆ g(M)
for all n. Moreover,

∥knb(gu− gv) + fnu− fnv∥ = kn∥b(gu− gv) + fu− fv∥
≤ kn(b+ 1)∥gu− gv∥, ∀u, v ∈ M.

Thus, fn is an enriched g-contraction mapping of the second kind on M. Since
f and g are ultraoccasionally weakly compatible, then fn and g are occasionally
weakly compatible for all n. Hence, by Theorem 6, for all n, there exists un ∈ M
such that un ∈ Fix(fn, g). Since f(M) is bounded and

∥un − fun∥ = ∥(g − f)un∥ ≤ (1− kn)(∥q∥+ ∥fun∥),(9)

for all n, then ∥un − fun∥ → 0 as n → ∞. Since {un} is bounded and f is
hemicompact, it follows that there exists a subsequence {unm

} of {un} in M such
that unm → a for some a ∈ M as m → ∞. Since funm = 1

knm
unm + (1 − 1

knm
)q,

then funm
→ a as m → ∞. By the continuity of f , we have fa = a. Also, by the

continuity of g, we have unm = gunm → ga and hence a ∈ Fix(f, g).
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Corollary 3. Let M be a convex subset of a normed space X , f, g : M → M,
f(M) ⊆ g(M), and g(M) complete. Assume that q ∈ Fix(g), g(M) is convex
(or, in particular, g is affine), f(M) is bounded and f is a demicompact and b-
enriched g-nonexpansive mapping of the second kind, and f and g are continuous
and ultraoccasionally weakly compatible, then Fix(f, g) is nonempty.

4. APPLICATIONS

4.1 Best approximations for convex sets

In 1998, Shahzad [22] initiated the study of best approximations for noncommut-
ing mappings. Since then, several important results have been obtained. In the
following theorem, we apply Theorem 7 to obtain a best approximation result for
ultraoccasionally weakly compatible mappings.

Theorem 8. Let X be a normed space, f, g : X → X with p ∈ X and M ⊆ X with
p ∈ CAP (f, g), f(∂M∩M) ⊆ M, and q ∈ Fix(g). Assume that BM(p) ⊆ X is
convex, g(BM(p)) = BM(p), g(BM(p)) is complete, f(BM(p)) is bounded, f and
g are continuous and ultraoccasionally weakly compatible mappings on BM(p) and
f is a hemicompact and b-enriched g-nonexpansive mapping of the second kind on
BM(p), then Fix(f, g) ∩BM(p) is nonempty.

Proof. Let u ∈ BM(p). Then

∥(1− k)u+ kp− p∥ = (1− k) ∥u− p∥ = (1− k) dist(p,M) < dist(p,M), ∀k ∈ (0, 1).

Thus, {(1− k)u+ kp : k ∈ (0, 1)}∩M = ∅ and so u ∈ ∂M∩M. As f(∂M∩M) ⊆
M, we obtain fu ∈ M. Since u ∈ BM(p) and p ∈ CAP (f, g), it follows that

max{∥fu− p∥, ∥gu− p∥} ≤ ∥u− p∥ = dist(p,M).

In particular,

∥fu− p∥ ≤ ∥u− p∥ = dist(p,M).

Hence, fu ∈ BM(p). Therefore, f(BM(p)) ⊆ g(BM(p)). Applying Theorem 7 to
f and g on BM(p), we conclude that BM(p) ∩ Fix(f, g) is nonempty.

The following example demonstrates that the condition ‘p ∈ CAP (f, g)’ is
not a necessary condition in Theorem 8.

Example 2. Consider X = R equipped with the usual norm. For all u ∈ X , define
self-mappings f and g on X by
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f(u) = u2

2 and g(u) = 4u,

with q = 0 ∈ Fix(g).

Consider M = [0, 2]. For p = −1
4 ∈ X , we have p /∈ CAP (f, g), since for

u = 2 ∈ M, we have

max{|fu− p|, |gu− p|} = max{9
4
,
33

4
} > |u− p| = 9

4
.

Notice that the set BM(p) = {0} is convex. These conditions, along with the other
hypotheses of Theorem 8, are satisfied. However, we observe that

BM(p) ∩ Fix(f, g) = {0}.

Example 3. Consider X = R2 equipped with the norm

∥(u1, u2)∥ = max{|u1|, |u2|}, (u1, u2) ∈ X .

For each (u1, u2) ∈ X , define self-mappings f and g on X by

f(u1, u2) =


(

1
u1
, 0
)
, if (u1, u2) ∈ X , u1 ̸= 0

(0, 0), if u1 = 0,

and

g(u1, u2) = (u1, 0), ∀(u1, u2) ∈ X ,

with q = (1, 0) ∈ Fix(g).

Consider M =
[
1
2 , 2

]
× [0, 2]. For p = (1,−1) ∈ X , p ∈ CAP (f, g). Further-

more, we have f(∂M∩M) ⊆ M. Also, the set

BM(p) = {(α, 0) : 1
2
≤ α ≤ 2},

is convex, g(BM(p)) = BM(p), g(BM(p)) is complete, and g is continuous on
BM(p). Since f(BM(p)) =

{(
1
α , 0

)
: 1
2 ≤ α ≤ 2

}
, then f(BM(p)) is bounded. Also,

f is continuous and hemicompact on BM(p). Additionally, f and g are ultraocca-
sionally weakly compatible on BM(p). To see this, we have

fk(u1, u2) = kf(u1, u2) + (1− k)(1, 0) =

(
k
1

u1
+ 1− k, 0

)
,

for every (u1, u2) ∈ BM(p) and k ∈ [0, 1]. Thus, C(fk, g) = {(1, 0)} and since
gfk(1, 0) = fkg(1, 0) = (1, 0), we have fk and g are occasionally weakly compatible
mappings on BM(p). Hence, f and g are ultraoccasionally weakly compatible on
BM(p).
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Notice that f is an enriched g-nonexpansive mapping on BM(p) of the second
kind. To verify this, consider condition (8). This implies

∥b(g(u1, u2)− g(v1, v2)) + f(u1, u2)− f(v1, v2)∥ = |(u1 − v1)(b−
1

u1v1
)|,

for all (u1, u2), (v1, v2) ∈ BM(p). Since, for any b ≥ 3
2 ,

∣∣∣b− 1
u1v1

∣∣∣ ≤ b + 1 holds,

we conclude that

∥b(g(u1, u2)− g(v1, v2)) + f(u1, u2)− f(v1, v2)∥ ≤ (b+ 1) |u1 − v1|
= (b+ 1) ∥g(u1, u2)− g(v1, v2)∥ ,

for all (u1, u2), (v1, v2) ∈ BM(p). Therefore, the hypotheses of Theorem 8 are
satisfied and so BM(p) ∩ Fix(f, g) = {(1, 0)}.

4.2 Volterra integral equations of the second kind

Consider C([0, a],R), the space of all real continuous functions on [0, a], equipped
with the Bielecki’s norm

∥ψ∥β = max
t∈[0,a]

{e−βt |ψ(t)|}, ψ ∈ C([0, a],R), β > 0.

Lemma 1. [16] If β > 0 is a constant, then (C([0, a],R), ∥.∥β) is a Banach space.

In this subsection, we study the existence and uniqueness of a common solu-
tion to the following Volterra integral equations of the second kind,

ψ(t) =

∫ t

0

A1(t, s, ψ(s))ds+ h(t), t ∈ [0, a],(10)

ψ(t) =

∫ t

0

A2(t, s, ψ(s))ds+ h(t), t ∈ [0, a],

where a > 0, A1, A2 ∈ C([0, a]× [0, a]× I,R), (I ⊂ R) are bounded on the domain,
h ∈ C([0, a],R), and ψ ∈ C([0, a],R) is the unknown function, ψ(t) ∈ I. For more
details, see [3].

Theorem 9. Let the operators f and g on C([0, a],R) be defined by

(fψ)(t) =

∫ t

0

A1(t, s, ψ(s))ds+ h(t), t ∈ [0, a],

(gψ)(t) =

∫ t

0

A2(t, s, ψ(s))ds+ h(t), t ∈ [0, a],

where a > 0, h ∈ C([0, a],R), and ψ ∈ C([0, a],R), ψ(t) ∈ I ⊂ R. Assume that
A1, A2 ∈ C([0, a] × [0, a] × I,R) are bounded on the domain, and the following
conditions hold:
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(i) The functions A1 and A2 satisfy

|A1(t, s, ψ1(t))−A1(t, s, ψ2(t))| ≤ βe−β |(gψ1)(t)− (gψ2)(t)| ,

|A1(t, s, (gψ)(t))−A2(t, s, (fψ)(t))| ≤ βe−β |(gψ)(t)− (fψ)(t)| ,

where β > 0;

(ii) g(C([0, a],R)) = C([0, a],R);

(iii) A2 is affine with respect to the third variable.

Then the Volterra integral equations (10) have a unique common solution, say ψ∗ ∈
C([0, a],R). Moreover, the iteration {gψn+1} of a sequence of functions, given by

(gψn+1)(t) =

∫ t

0

A1(t, s, ψn(s))ds+ h(t), n ≥ 0,(11)

converges strongly to the unique common solution of the Volterra integral equations,
for any ψ0 ∈ C([0, a],R).

Proof. Let ψ1, ψ2 ∈ C([0, a],R). The operator f is a g-contraction. To see this, we
have

|(fψ1)(t)− (fψ2)(t)| ≤
∫ t

0

|A1(t, s, ψ1(s))−A1(t, s, ψ2(s))|ds

≤
∫ t

0

βe−β |(gψ1)(s)− (gψ2)(s)| ds

≤ βe−β∥gψ1 − gψ2∥β
∫ t

0

eβsds

≤ e−β∥gψ1 − gψ2∥βeβt,

where t ∈ [0, a] and β > 0. Thus,

|(fψ1)(t)− (fψ2)(t)|e−βt ≤ e−β∥gψ1 − gψ2∥β ,

where t ∈ [0, a] and β > 0. Hence,

∥fψ1 − fψ2∥β ≤ e−β ∥gψ1 − gψ2∥β ,

where β > 0. Since θ = e−β < 1, the operator f is a g-contraction. Also, since A2

is affine in the third coordinate, it follows that

(g((1− α)ψ1 + αψ2))(t) = (1− α)

∫ t

0

A2(t, s, ψ1(s))ds+ (1− α)h(t)

+ α

∫ t

0

A2(t, s, ψ2(s))ds+ αh(t)

= (1− α)(gψ1)(t) + α(gψ2)(t),
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for all α ∈ [0, 1] and t ∈ [0, a]. Thus, g is affine.

Now, let ψ ∈ C([0, a],R), then we have

|(fgψ)(t)− (gfψ)(t)| ≤
∫ t

0

|A1(t, s, (gψ)(s))−A2(t, s, (fψ)(s))|ds

≤
∫ t

0

βe−β |(gψ)(s)− (fψ)(s)| ds

≤ βe−β ∥gψ − fψ∥β
∫ t

0

eβsds

≤ e−β ∥gψ − fψ∥β e
βt,

where t ∈ [0, a] and β > 0. Thus,

|(fgψ)(t)− (gfψ)(t)|e−βt ≤ e−β ∥gψ − fψ∥β ≤ ∥gψ − fψ∥β ,

where t ∈ [0, a] and β > 0. Hence,

∥fgψ − gfψ∥β ≤ ∥gψ − fψ∥β ,

where β > 0. Therefore, the operators f and g are weakly commuting and hence,
they are also occasionally weakly compatible. Furthermore, we have

f(C([0, a],R)) ⊆ C([0, a],R) = g(C([0, a],R)).

Thus, by Theorem 5, f and g have a unique common fixed point in C([0, a],R),
which is the unique common solution of the Volterra integral equations (10). More-
over, the iteration {gψn+1} of a sequence of functions, given by (11), converges
strongly to the unique common solution of the Volterra integral equations, for any
ψ0 ∈ C([0, a],R).
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