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BI-INERTIAL PROJECTIVE VISCOSITY
FORWARD-BACKWARD SPLITTING ALGORITHM

FOR PREDICTING SOUND ABSORPTION
COEFFICIENT OF MATERIALS

Raweerote Suparatulatorn , Nipa Jun-on , Siwat Lawanwadeekul ,
Watcharaporn Yajai , Watcharaporn Cholamjiak∗

This study investigates the variational inclusion problem (VIP) and proposes
improved inertial–relaxation algorithms that offer faster and more stable con-
vergence. We apply these methods to predict the sound absorption coefficient
(SAC) from non-acoustic material properties. Comparative experiments show
that the proposed approach achieves the highest accuracy (86.67–91.43%)
with superior computational efficiency. The results show that advanced op-
timization offers a cost-effective alternative to SAC testing.

1. INTRODUCTION

The ability to predict the sound absorption behavior of materials plays a cru-
cial role in the design and development of materials for noise control across various
industries, including construction, high-rise buildings, automotive engineering, and
the audio industry. The acoustic properties of materials directly influence the effi-
ciency of soundproofing systems and noise reduction strategies, which are essential
for optimizing acoustic environments [13, 14].
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Traditionally, the measurement of a material’s sound absorption properties
follows internationally recognized standards such as ISO 354 [31], which employs
the Reverberation Room Method, and ISO 10534-2:1998 [32], which utilizes the
Impedance Tube Method. These methods provide empirical measurements of the
sound absorption coefficient (SAC; α), a critical parameter indicating how effec-
tively a material absorbs sound energy. While these approaches offer high accu-
racy, they require specialized equipment and controlled environments, making them
time-consuming and costly.

Several researchers have developed mathematical models to predict the sound
absorption coefficient based on material properties. In 1992, J. F. Allard and Y.
Champoux [1] introduced a predictive model utilizing parameters such as porosity
and flow resistivity to estimate the acoustic behavior of porous materials. Similarly,
Trevor J. Cox and Peter D’Antonio [7] refined these models by incorporating addi-
tional parameters, including i) material thickness, which influences low-frequency
absorption; ii) flow resistivity, which determines how air moves through the mate-
rial, and iii) air gap, which affects sound reflection and absorption.

Despite the effectiveness of these approaches, they present several limitations.
First, some parameters, such as flow resistivity, are difficult to measure and require
complex experimental setups. Second, traditional models rely on idealized assump-
tions regarding material homogeneity, which may not hold true due to variations in
material composition and manufacturing processes [1, 7]. As a result, conventional
prediction methods may fail to accurately represent real-world material behavior.

Thus, to address the limitations of traditional methods, recent research has
explored the potential of using non-acoustic parameters, or physical properties of
materials, which are easier to measure and more cost-effective to obtain. These
parameters include density, water absorption, porosity, and pore size distribution,
all of which can be evaluated through standard material testing procedures. If
these physical properties can be correlated with sound absorption characteristics,
they could significantly reduce the complexity and cost of direct acoustic testing.

However, predicting sound absorption from non-acoustic parameters presents
a significant challenge. The relationship between physical properties and acoustic
performance is inherently multivariate and nonlinear, meaning that simple linear
regression models may not be sufficient. Furthermore, manufacturing processes,
additive materials, and microstructural variations contribute to the complexity of
this relationship, making traditional estimation methods inadequate.

Given these challenges, the development of advanced mathematical algo-
rithms is necessary to handle the complexity of non-acoustic data while ensuring
accurate predictions.

Throughout this article, let H denote a real Hilbert space equipped with the
inner product ⟨·, ·⟩ and the associated norm ∥ · ∥. We denote by R and N the sets
of real numbers and nonnegative integers, respectively.

The variational inclusion problem (shortly, VIP) is typically formulated as
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follows:

(1) Find v ∈ H such that 0 ∈ (X + Y )v,

where X : H → H is a single valued mapping and Y : H → 2H is a multivalued
mapping. The set of all solutions to the VIP is denoted by (X + Y )

−1
(0).

The study of solving the VIP has garnered significant attention among re-
searchers in optimization and functional analysis. Numerous researchers have fo-
cused on developing efficient algorithms for addressing this problem. Two meth-
ods that have gained considerable popularity are the forward-backward splitting
method [15, 21] and the Tseng splitting method [28]. Various researchers have
modified and adapted the forward-backward splitting method to solve the VIP
(see [5, 8, 16, 23, 19]). The Tseng splitting method is another approach that
has been refined and applied to solve the VIP (see [4, 20, 24]). Both method-
ologies are extensively referenced in the academic literature on solving the VIP,
owing to their efficiency and flexibility in application to various problem formula-
tions. Researchers have further developed these methods, enhancing convergence
rates, computational error tolerance, and the capacity to accommodate additional
problem constraints. Recently, Kesornprom and Cholamjiak [12] introduced the
following IMRFB for solving the VIP in the case where X = ∇f and Y = ∂g,
where f : H → R is a convex and differentiable function with a Lipschitz con-
tinuous gradient and g : H → (−∞,+∞] is a proper, lower semicontinuous, and
convex function. Moreover, this algorithm has been applied to solve X-ray image
inpainting.

More recently, Peeyada et al. [22] introduced the following TIPMFB, modi-
fied from the forward-backward algorithm and the two-step inertial proximal point
algorithm [11], for solving the VIP in the case where X is η-inverse strongly mono-
tone and Y is a maximal monotone mapping. This algorithm has been proven to
converge weakly under some standard and mild conditions and has been used for
stroke prediction by an extreme learning machine.

The viscosity approximation method [18] is an important technique in fixed-
point theory and optimization, particularly when strong convergence to a solution
is desired. In 2018, Gibali and Thong [9] introduced a modification of the Tseng
splitting method based on the viscosity approximation method for solving the VIP
and established the strong convergence of the proposed algorithm under standard
assumptions. Moreover, this algorithm has been applied to solve the problem of
recovering a sparse noisy signal.

2. PRELIMINARIES

In this section, we introduce fundamental definitions and concepts that will
be used throughout the paper, including metric projection, monotone operators,
and self-mappings in Hilbert spaces H.
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Algorithm 1 : Inertial modified relaxed forward-backward-forward method (IM-
RFB)

Initialization: Let a0 = a1 ∈ H, λ1 > 0, θ1 ≥ 0, and µ, ρn ∈ (0, 1).
Iterative Steps: Let S be a nonempty, closed, and convex subset of H. Given
n ≥ 1, calculate an+1 as follows:
Step 1. Compute the inertial step:

wn = an + θn(an − an−1).

Step 2. Compute the forward-backward-forward step:

yn = proxλng(wn − λn∇f(wn)),

zn = (1− ρn)wn + ρn(yn − λn(∇f(yn)−∇f(wn))).

Step 3. Compute the projection step:

an+1 = PS(zn).

Step 4. Compute the stepsize step:

λn+1 =

 min

{
λn,

µ∥yn − wn∥
∥∇f(yn)−∇f(wn)∥

}
if ∇f(yn)−∇f(wn) ̸= 0;

λn otherwise.

Set n = n+ 1 and return to Step 1.

Algorithm 2 : Two inertial projective Mann forward-backward algorithm
(TIPMFB)

Initialization: Let S be a nonempty, closed, and convex subset of H. Let
a−1, a0, a1 ∈ H, αn ∈ (a, b) ⊂ (0, 1], rn ∈ (c, d) ⊂ (0, 2η) θn, δn ∈ (−∞,∞)
satisfy the following conditions:

∞∑
n=1

|θn|∥an − an−1∥ < ∞ and

∞∑
n=1

|δn|∥an−1 − an−2∥ < ∞.

Iterative Steps:
Step 1. Compute

yn = an + θn(an − an−1) + δn(an−1 − an−2).

Step 2. Compute

an+1 = PS((1− αn)an + αn(I + rnY )−1(I − rnX)yn).

Set n = n+ 1 and return to Step 1.



672 R. Suparatulatorn et al.

Definition 2.1. [25] Let S be a nonempty, closed, and convex subset of H. For
every u ∈ H, define the metric projection PS from H onto S by

PS(u) := argmin
v∈S

∥u− v∥.

Definition 2.2. [25] A multivalued mapping Y : H → 2H is defined as follows:

(i) Y is called monotone if, for every pair (p, q), (v, u) ∈ graph(Y ), the following
inequality holds:

⟨q − u, p− v⟩ ≥ 0.

(ii) Y is called maximally monotone if it is monotone and there is no other mono-
tone operator that properly contains it. In other words, Y is maximally
monotone if, for every (p, q) ∈ H ×H, the condition

⟨q − u, p− v⟩ ≥ 0 for all (v, u) ∈ graph(Y )

implies that (p, q) ∈ graph(Y ).

Definition 2.3. [6] A self-mapping X : H → H is defined as follows:

(i) X is called firmly nonexpansive if, for all p, q ∈ H, it satisfies:

∥Xp−Xq∥2 ≤ ∥p− q∥2 − ∥(I −X)p− (I −X)q∥2.

(ii) X is called β-cocoercive if there exists a constant β > 0 such that, for all
p, q ∈ H, the following inequality holds:

⟨Xp−Xq, p− q⟩ ≥ β∥Xp−Xq∥2.

(iii) X is called L-Lipschitz continuous if there exists a constant L > 0 such that,
for all p, q ∈ H, the following inequality holds:

∥Xp−Xq∥ ≤ L∥p− q∥.

(iv) X is called L-contraction if it is L-Lipschitz continuous with 0 < L < 1.

(v) X is called nonexpansive if it is 1-Lipschitz continuous.

Lemma 2.4. [29] Let {sn} be a sequence of non-negative real numbers satisfying

sn+1 ≤ (1− αn)sn + αnβn + γn, n ∈ N,

where {αn}, {βn}, and {γn} satisfy the conditions:

(i) {αn} ⊂ [0, 1],

∞∑
n=1

αn = ∞, or equivalently,

∞∏
n=1

(1− αn) = 0;
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(ii) lim sup
n→∞

βn ≤ 0;

(iii) γn ≥ 0,

∞∑
n=1

γn < ∞.

Then lim
n→∞

sn = 0.

Lemma 2.5. [17] Let (τn) be a sequence of real numbers that does not decrease at
infinity, in the sense that there exists a subsequence (τnj

)j≥0 of (τn) such that

τnj
< τnj+1 for all j ≥ 0.

Also consider the sequence of integers (τ∗(n))n≥n0
defined by

τ∗(n) = max{k ≤ n | τk < τk+1}.

Then (τ∗(n))n≥n0 is a nondecreasing sequence verifying

lim
n→∞

τ∗(n) = ∞,

and, for all n ≥ n0, the following two estimates hold:

ττ∗(n) ≤ ττ∗(n)+1,

τn ≤ ττ∗(n)+1.

3. MAIN RESULTS

We now turn to the theoretical analysis of the algorithm introduced in this
work. To establish its convergence properties, we begin by stating the following
conditions, which form the basis for our subsequent proofs.

(C1) Y : H → 2H is maximal monotone mapping.

(C2) S is nonempty, closed and convex subset of H.

(C3) X : H → H is β-cocoercive mapping.

(C4) ϕ : H → H is ϱ-Lipschitz continuous, where ϱ ∈ [0, 1).

(C5) Ψ := S ∩ (X + Y )
−1

(0) is nonempty.

The following algorithm will be employed for Theorem 3.6.

Next, we are ready to prove Theorem 3.6.
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Algorithm 3

Initialization: Select arbitrary elements a−1, a0, a1 ∈ H. Let {αn} ⊂ (0, 1),
{µn} ⊂ (0, 2β), {θn}, {δn} ⊂ (−∞,∞) and set n := 1.
Iterative Steps: Construct {an} by using the following steps:
Step 1. Define

dn = an + θn(an − an−1) + δn(an−1 − an−2).

Step 2. Compute

bn = (I + µnY )−1(I − µnX)dn.

Step 3. Evaluate

an+1 = PS [αnϕ(an) + (1− αn)bn].

If bn = dn = PSdn then stop and dn ∈ Ψ. Otherwise, replace n by n + 1 and
then repeat Step 1.

Theorem 3.6. Let the sequence {an} be generated by Algorithm 3 satisfying the
items (C1)− (C5). Assume that the following conditions are satisfied:

(C6) 0 < lim inf
n→∞

µn ≤ lim sup
n→∞

µn < 2β.

(C7) lim
n→∞

αn = lim
n→∞

θn
αn

∥an − an−1∥ = lim
n→∞

δn
αn

∥an−1 − an−2∥ = 0.

(C8)
∞∑

n=1

αn = ∞.

Then, {an} converges strongly to ã, where ã = PΨ(ϕ(ã)).

Proof. Let a∗ ∈ Ψ. According to [2], we have (I +µnY )−1 is a single-valued firmly
nonexpansive mapping and a∗ = (I+µnY )−1(I−µnX)a∗. SinceX is a β-cocoercive
mapping, we obtain

∥bn − a∗∥2 = ∥(I + µnY )−1(I − µnX)dn − (I + µnY )−1(I − µnX)a∗∥2

≤ ∥dn − a∗ − µn(Xdn −Xa∗)∥2 − ∥dn − bn − µn(Xdn −Xa∗)∥2

= ∥dn − a∗∥2 − 2µn⟨dn − a∗, Xdn −Xa∗⟩+ µn∥Xdn −Xa∗∥2

− ∥dn − bn − µn(Xdn −Xa∗)∥2

≤ ∥dn − a∗∥2 − µn(2β − µn)∥Xdn −Xa∗∥2 − ∥dn − bn − µn(Xdn −Xa∗)∥2.(2)

Based on (C7), we have lim
n→∞

Ξn = lim
n→∞

αnΞn = 0, where Ξn := α−1
n (|θn|∥an − an−1∥+

|δn|∥an−1 − an−2∥). This immediately implies that both {Ξn} and {αnΞn} are bounded.
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Thus, from (2) and {µn} ⊂ (0, 2β), it follows that there exists a B1 > 0 such that

∥bn − a∗∥ ≤ ∥dn − a∗∥ ≤ ∥an − a∗∥+ αnΞn ≤ ∥an − a∗∥+ αnB1.(3)

This inequality, combined with the ϱ-contractivity of ϕ and the nonexpansiveness of PS ,
leads to the following calculation:

∥an+1 − a∗∥ = ∥PS(yn)− PS(a
∗)∥

≤ ∥yn − a∗∥
≤ αn∥ϕ(an)− ϕ(a∗)∥+ αn∥ϕ(a∗)− a∗∥+ (1− αn)∥bn − a∗∥
≤ αnϱ∥an − a∗∥+ αn∥ϕ(a∗)− a∗∥+ (1− αn)(∥an − a∗∥+ αnB1)

≤ (1− α̃n)∥an − a∗∥+ αn(∥ϕ(a∗)− a∗∥+B1)

= (1− α̃n)∥an − a∗∥+ α̃nB2

≤ max {∥an − a∗∥, B2} ,

where yn := αnϕ(an)+(1−αn)bn, α̃n := αn(1−ϱ), and B2 :=
∥ϕ(a∗)− a∗∥+B1

1− ϱ
. Thus,

∥an+1 − a∗∥ ≤ max {∥a1 − a∗∥, B2}. Therefore, {∥an − a∗∥} is bounded. This result,
together with (3) and {αnΞn} is bounded, implies that

∥bn − a∗∥2 ≤ ∥dn − a∗∥2 ≤ [∥an − a∗∥+ αnΞn]
2

= ∥an − a∗∥2 + αnΞn(2∥an − a∗∥+ αnΞn)

≤ ∥an − a∗∥2 + αnΞnB3(4)

for some B3 > 0. Since Ψ is nonempty, closed, and convex, and by applying the Banach
contraction principle, we obtain that there exists a unique ã ∈ Ψ such that ã = PΨ(ϕ(ã)).
According to the characterization of PΨ, the following inequality holds for any b ∈ Ψ:

⟨ϕ(ã)− ã, b− ã⟩ ≤ 0.(5)

By employing (4), we derive

∥an+1 − ã∥2 ≤ ∥yn − ã∥2

≤ ∥αn(ϕ(an)− ϕ(ã)) + (1− αn)(bn − ã)∥2 + 2αn⟨ϕ(ã)− ã, yn − ã⟩

≤ αn ∥ϕ(an)− ϕ(ã)∥2 + (1− αn) ∥bn − ã∥2 + 2αn⟨ϕ(ã)− ã, yn − ã⟩

≤ αnϱ
2 ∥an − ã∥2 + (1− αn)[∥an − ã∥2 + αnΞnB3] + 2αn⟨ϕ(ã)− ã, yn − ã⟩

≤ αnϱ ∥an − ã∥2 + (1− αn)∥an − ã∥2 + αnΞnB3 + 2αn⟨ϕ(ã)− ã, yn − ã⟩

= (1− α̃n)∥an − ã∥2 + α̃n(1− ϱ)−1[ΞnB3 + 2⟨ϕ(ã)− ã, yn − ã⟩].(6)

Combining (2) with (4), we deduce

∥an+1 − ã∥2 ≤ αn ∥ϕ(an)− ã∥2 + (1− αn) ∥bn − ã∥2

≤ αn ∥ϕ(an)− ã∥2 + ∥bn − ã∥2

≤ ∥dn − ã∥2 + αn ∥ϕ(an)− ã∥2

− µn(2β − µn)∥Xdn −Xã∥2 − ∥dn − bn − µn(Xdn −Xã)∥2

≤ ∥an − ã∥2 + αn(ΞnB3 + ∥ϕ(an)− ã∥2)

− µn(2β − µn)∥Xdn −Xã∥2 − ∥dn − bn − µn(Xdn −Xã)∥2(7)
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Following the recent inequality, where {Ξn} and {∥ϕ(an)− ã∥2} are bounded, we find that
there exists a B4 > 0 such that

µn(2β − µn)∥Xdn −Xã∥2 + ∥dn − bn − µn(Xdn −Xã)∥2(8)

≤ ∥an − ã∥2 − ∥an+1 − ã∥2 + αnB4.

Case 1. Consider an N ∈ N such that ∥an+1 − ã∥2 ≤ ∥an − ã∥2 holds for every n ≥ N .
This demonstrates that lim

n→∞
∥an − ã∥2 exists. Referring to (C6) and (C7) in combination

with (8), we determine that

lim
n→∞

∥Xdn −Xã∥ = lim
n→∞

∥dn − bn − µn(Xdn −Xã)∥ = 0.

This leads directly to the conclusion that

lim
n→∞

∥dn − bn∥ = 0.(9)

With the recent result and lim
n→∞

αnΞn = 0, it can be deduced that

∥bn − an∥ ≤ ∥bn − dn∥+ ∥dn − an∥
≤ ∥bn − dn∥+ αnΞn → 0 as n → ∞.(10)

As {∥ϕ(an)− an∥} is bounded, we have

∥yn − an∥ ≤ αn∥ϕ(an)− an∥+ (1− αn)∥bn − an∥
≤ αnB5 + ∥bn − an∥

for some B5 > 0. Taking the limit and utilizing (10) in conjunction with (C7), we conclude
that

lim
n→∞

∥yn − an∥ = 0.(11)

Since {an} is bounded, there is a point y∗ ∈ H such that ank ⇀ y∗ as k → ∞ for
some subsequence {ank} of {an}. This implies by (10) that bnk ⇀ y∗ as k → ∞. From
an+1 ∈ S and S is closed, we get that y∗ ∈ S. From [30], if X is a β-cocoercive mapping,
then X is 1

β
-Lipschitz continuous and monotone. This result, combined with Y being a

maximal monotone mapping as noted in [3], implies that X + Y is a maximal monotone
mapping. Next, we show that y∗ ∈ (X + Y )−1 (0). Let (v, u) ∈ graph (X + Y ), that is,
u−Xv ∈ Y v. It implies by the definition of bn that 1

µnk
(dnk − bnk − µnkXdnk ) ∈ Y bnk .

By the monotonicity of Y , we have〈
v − bnk , u−Xv − 1

µnk

(dnk − bnk − µnkXdnk )

〉
≥ 0.

Thus, by the monotonicity of X, we get

⟨v − bnk , u⟩ ≥
〈
v − bnk , Xv +

1

µnk

(dnk − bnk − µnkXdnk )

〉
= ⟨v − bnk , Xv −Xbnk ⟩+ ⟨v − bnk , Xbnk −Xdnk ⟩+

1

µnk

⟨v − bnk , dnk − bnk ⟩

≥ ⟨v − bnk , Xbnk −Xdnk ⟩+
1

µnk

⟨v − bnk , dnk − bnk ⟩ .
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Using (9) and the fact that X is Lipschitz continuous, we conclude that lim
k→∞

∥Xbnk −
Xdnk∥ = 0. Furthermore, since lim inf

k→∞
µnk > 0, we have

⟨v − y∗, u⟩ = lim
k→∞

⟨v − bnk , u⟩ ≥ 0,

which, combined with the maximal monotonicity ofX+Y , implies that y∗ ∈ (X+Y )−1(0).
Hence, y∗ ∈ Ψ. By (5), we have

lim sup
n→∞

⟨ϕ(ã)− ã, an − ã⟩ = lim
k→∞

⟨ϕ(ã)− ã, ank − ã⟩ = ⟨ϕ(ã)− ã, y∗ − ã⟩ ≤ 0.

Using (11), we obtain

lim sup
n→∞

⟨ϕ(ã)− ã, yn − ã⟩ ≤ lim sup
n→∞

⟨ϕ(ã)− ã, yn − an⟩+ lim sup
n→∞

⟨ϕ(ã)− ã, an − ã⟩ ≤ 0.

Applying this to (6) with Lemma 2.4, we can conclude that lim
n→∞

∥an − ã∥ = 0.

Case 2. Consider a subsequence {∥anq − ã∥2} of {∥an − ã∥2} such that ∥anq − ã∥2 <
∥anq+1 − ã∥2 for all q ∈ N. Define the sequence {τ(n)}n≥n0 by τ(n) := max{m ≤ n |
∥am − ã∥2 < ∥am+1 − ã∥2}. According to Lemma 2.5, {τ(n)}n≥n0 is a nondecreasing
sequence with lim

n→∞
τ(n) = ∞. Additionally, for all n ≥ n0, the following estimates hold:

∥aτ(n) − ã∥2 ≤ ∥aτ(n)+1 − ã∥2 and ∥an − ã∥2 ≤ ∥aτ(n)+1 − ã∥2. Using similar arguments
as in Case 1, we find that

lim sup
n→∞

⟨ϕ(ã)− ã, yτ(n) − ã⟩ ≤ 0.

From (6) and ∥aτ(n) − ã∥2 ≤ ∥aτ(n)+1 − ã∥2, we obtain

∥aτ(n)+1 − ã∥2 ≤ (1− α̃τ(n))∥aτ(n)+1 − ã∥2

+ α̃τ(n)(1− ϱ)−1[Ξτ(n)B3 + 2⟨ϕ(ã)− ã, yτ(n) − ã⟩],

which simplifies to

∥aτ(n)+1 − ã∥2 ≤ (1− ϱ)−1[Ξτ(n)B3 + 2⟨ϕ(ã)− ã, yτ(n) − ã⟩].

Thus, lim sup
n→∞

∥aτ(n)+1 − ã∥2 ≤ 0, implying lim
n→∞

∥aτ(n)+1 − ã∥2 = 0. Since ∥an − ã∥2 ≤

∥aτ(n)+1− ã∥2, it follows that lim
n→∞

∥an− ã∥ = 0. Therefore, combining results from Case

1 and Case 2, we conclude that {an} converges strongly to ã as n → ∞.

4. APPLICATION TO DATA CLASSIFICATION PROBLEM

The dataset used in this study was obtained from experimental measure-
ments conducted on clay brick samples with varying physical and compositional
properties. Each sample was prepared by systematically altering parameters such
as firing temperature, additive content, and particle size distribution. The material
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properties—including bulk density, water absorption, and apparent porosity—were
measured according to standardized procedures in materials science and engineer-
ing. Sound absorption coefficients (SAC) were determined using impedance tube
tests across a range of frequencies (250–2000 Hz), in accordance with ISO 10534-2.

For the numerical experiment, the dataset consists of 208 samples and in-
cludes seven input attributes: firing temperature, percentage of additive, additive
size, bulk density, percentage of water absorption, apparent porosity, and sound fre-
quency. These features were selected as non-acoustic physical properties assumed
to influence the prediction of the sound absorption coefficient (α). The SAC values
were categorized into five ranges: A (over 0.08), B (0.06–0.079), C (0.04–0.059), D
(0.02–0.039), and E (0–0.019), representing varying levels of acoustic performance.

A summary of the attribute definitions and class categories is provided in
Table 1.

Table 1: Features of the attributes for sound absorption coefficient prediction

Attribute name Description Range
Firing temperature Specific temperature at which clay bricks

are heated during the firing process (◦C)
950 - 1100

Percentage of additive Percentage of supplementary material
incorporated into the clay mixture (%wt)

5 - 30

Additive size Distribution or range of particle sizes
within the additive material (mm.)

0 - 2

Bulk density Mass of a material relative to its volume, including
the spaces between individual particles (g/cm3)

0.84 - 1.84

Water absorbtion Material’s ability to absorb and retain water
when exposed to moisture or submerged in liquid (%)

6.14 - 44.85

Apparent porosity Proportion of void spaces or pores within a material,
expressed as a percentage of the total volume (%)

10.24 - 43.75

Frequency Number of times per second that
a sound pressure wave repeats itself (Hz.)

250 - 2000

SAC (α) A measure of how much sound energy is absorbed
by a material when sound waves strike its surface

A (over 0.08)
B (0.06-0.079)
C (0.04-0.059)
D (0.02-0.039)
E (0-0.019)

Extreme Learning Machine (ELM)

We employ the Extreme Learning Machine (ELM) method proposed by Huang et
al. [10], a fast and efficient learning algorithm for single-hidden layer feedforward
neural networks (SLFNs). ELM is particularly suitable for regression tasks such as
SAC prediction due to its rapid training and strong generalization capabilities.

Given a training dataset

S := {(sn, rn) : sn ∈ RK , rn ∈ RM , n = 1, 2, . . . , P},
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where each sn is a non-acoustic input feature vector and rn is the corresponding
SAC target value, the network approximates the mapping through the following
output function of the SLFN with D hidden nodes:

Qn =

D∑
k=1

Ek V (cksn + dk),

where V is the activation function, ck and dk are the input weight matrix and bias
vector of the k-th hidden node, respectively, and Ek denotes the output weight to
be optimized.

To solve for the optimal output weights, the hidden layer output matrix L is
constructed as:

L =

V (c1s1 + d1) · · · V (cDs1 + dD)
...

. . .
...

V (c1sP + d1) · · · V (cDsP + dD)

 .

In our application, ELM plays a key role in predicting the sound absorption
coefficient (SAC) of materials by learning a nonlinear mapping from easily mea-
surable physical properties to SAC values. This approach provides a practical and
computationally efficient alternative to conventional experimental methods.

To solve ELM is to find optimal output weight E = [ET
1 , ..., E

T
D]T such that

LE = T , where T = [rT1 , ..., r
T
P ]

T is the training data. In some cases, finding
E = L†T , where L† is the Moore-Penrose generalized inverse of L. We can solve
LE = T by the following the least squares problem

(12) min
E∈RD

{1
2
∥LE − T∥22 + λ∥E∥1},

when λ is a regularization parameter. This problem is well recognized as the least
absolute shrinkage and selection operator (LASSO) [27].

By applying the least squares regularization, we construct four models as fol-
lows:

1. The least squares model — (M1)

(13) min
E∈RD

1

2
∥LE − T∥22.

To utilize our proposed algorithm, we define

XE = ∇
(
1

2
∥LE − T∥22

)
= L⊤(LE − T ), Y = 0.

2. The regularized least squares model — (M2)

(14) min
E∈RD

{
1

2
∥LE − T∥22 + λ∥E∥1

}
,
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where λ > 0.
We define

XE = L⊤(LE − T ), Y = λ · ∂∥E∥1,
where ∂∥E∥1 denotes the subgradient of the ℓ1 norm.

3. The least squares model on constraint set L2 — (M3)

(15) min
E∈S

1

2
∥LE − T∥22,

where S = {E ∈ RD : ∥E∥22 ≤ r}.
To adapt this model to our algorithm, we set

XE = L⊤(LE − T ).

4. The regularized least squares model on constraint set L2 — (M4)

(16) min
E∈S

{
1

2
∥LE − T∥22 + λ∥E∥1

}
,

where S = {E ∈ RD : ∥E∥22 ≤ r} and λ > 0.
We define

XE = L⊤(LE − T ), Y E = λ · ∂∥E∥1.

In this research, we utilize the multi-class cross-entropy loss function (H(y, p)),
where W is the number of classes, yk is the true label for class k, pk is the predicted
probability for class k, and the formula as follows:

H(y, p) = −
W∑
k=1

yk · log(pk).

To consider the performance of algorithm, we have four measures to estimate
[26] are denoted as follows:

(17) Precision(Pre) =
TP

TP + FP
× 100%.

(18) Recall(Rec) =
TP

TP + FN
× 100%.

(19) Accuracy(Acc) =
TP + TN

TP + FP + TN + FN
× 100%,

where TP is True Positive, TN is True Negative, FP is False Positives, and FN is
False Negatives. Likewise, N and P are the Negative, and Positive population of
Malignant and Benign cases, respectively. We defines F-Measure is the harmonic
mean value between recall and precision as follows:

(20) F1-Score = 2

(
Precision× Recall

Precision + Recall

)
× 100%.
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We set the activation function as sigmoid, hidden nodes D = 180, λ = 10−7

and N is the iteration number. For Algorithm 1, 2, and 3,

αn =

{
αn, if n > N,
0.5, otherwise

where αn = n
2n2+1 .

For Algorithm 1,

θn =

{
1
n3 , if n > N,

θ, otherwise.

where θ = 0.8 and µ1 = 0.9999
max(eigenvalue(ATA)

.

For Algorithm 2, and 3,

θn =

{ 1
∥an−an−1∥n3 , if an ̸= an−1 and n > N,

θ, otherwise,

and

δn =

{ 1
∥an−1−an−2∥n3 , if an−1 ̸= an−2 and n > N,

δ, otherwise,

where θ = 0.8, δ = 0.5, and µn = 0.9999
max(eigenvalue(ATA)

.

We split the datasets into five test boxes. We have 80% of training datasets
and 20% of testing datasets. In Table 1 - 5, we compare our algorithm with the
literature method. For the different r, Test box 1: r = 3, Test box 2: r = 50, Test
box 3: r = 410, Test box 4: r =

√
2, and Test box 5: r = 270.

Table 1: The numerical results of the datasets of each algorithm in Test box 1
Test box 1 Iter Acc (%) Pre (%) Rec (%) F1 (%) Time
Algorithm 1 M1 290 77.14 87.50 85.70 86.59 0.5591
Algorithm 1 M2 290 77.14 87.50 85.70 86.59 0.5605
Algorithm 1 M3 290 77.14 87.50 85.70 86.59 0.5625
Algorithm 1 M4 290 77.14 87.50 85.70 86.59 0.5651
Algorithm 2 M1 290 71.43 NaN 80.00 NaN 0.0830
Algorithm 2 M2 290 71.43 NaN 80.00 NaN 0.0842
Algorithm 2 M3 290 71.43 NaN 80.00 NaN 0.0868
Algorithm 2 M4 290 71.43 NaN 80.00 NaN 0.0869
Algorithm 3 M1 47 86.67 92.20 91.45 91.82 0.0231
Algorithm 3 M2 47 86.67 92.20 91.45 91.82 0.0360
Algorithm 3 M3 31 86.67 92.20 91.45 91.82 0.0198
Algorithm 3 M4 31 86.67 92.20 91.45 91.82 0.0136

Table 1 shows that Algorithm 3 M4 is the best overall. It achieves the highest ac-
curacy (86.67%), precision (92.20%), recall (91.45%), and F1-score (91.82%) while
having the fastest computation time with 31th iteration.
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Figure 1: On the left is the training and validation accuracy of Algorithm 1 and on the right is
the training and validation loss of Algorithm 1.

Figure 2: On the left is the training and validation accuracy of Algorithm 2 and on the right is
the training and validation loss of Algorithm 2.

Figure 3: On the left is the training and validation accuracy of Algorithm 3 and on the right is
the training and validation loss of Algorithm 3.

Figures 1-3 highlight training and validation results for three algorithms. Algo-
rithm 1 and Algorithm 2 show stable but lower accuracy. Algorithm 3 outperforms
both with higher accuracy, better alignment between training and validation, and
effective loss reduction despite some fluctuations.

Table 2: The numerical results of the datasets of each algorithm in Test box 2
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Test box 2 Iter Acc (%) Pre (%) Rec (%) F1 (%) Time
Algorithm 1 M1 237 78.10 86.24 85.38 85.81 0.4577
Algorithm 1 M2 237 78.10 86.24 85.38 85.81 0.4583
Algorithm 1 M3 237 78.10 86.24 85.38 85.81 0.4662
Algorithm 1 M4 237 78.10 86.24 85.38 85.81 0.4620
Algorithm 2 M1 237 72.38 85.95 80.69 83.24 0.0699
Algorithm 2 M2 237 72.38 85.95 80.69 83.24 0.0700
Algorithm 2 M3 237 72.38 85.95 80.69 83.24 0.0714
Algorithm 2 M4 237 72.38 85.95 80.69 83.24 0.0728
Algorithm 3 M1 43 86.67 92.55 91.40 91.97 0.0235
Algorithm 3 M2 43 86.67 92.55 91.40 91.97 0.0272
Algorithm 3 M3 31 89.52 94.01 93.13 93.57 0.0178
Algorithm 3 M4 31 89.52 94.01 93.13 93.57 0.0146

Table 2 shows that Algorithm 3 M4 is the best overall. It achieves the highest ac-
curacy (89.52%), precision (94.01%), recall (93.13%), and F1-score (93.57%) while
having the fastest computation time with 31th iteration.

Figure 4: On the left is the training and validation accuracy of Algorithm 1 and on the right is
the training and validation loss of Algorithm 1.

Figure 5: On the left is the training and validation accuracy of Algorithm 2 and on the right is
the training and validation loss of Algorithm 2.
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Figure 6: On the left is the training and validation accuracy of Algorithm 3 and on the right is
the training and validation loss of Algorithm 3.

Figures 4-6 represent Algorithm 1, and Algorithm 2 displays steady improvements
in accuracy but lags behind Algorithm 3 in terms of overall performance. Algo-
rithm 3 achieves superior accuracy and demonstrates better alignment between
training and validation data, indicating stronger generalization. The loss reduction
for Algorithm 3 is more pronounced, suggesting higher efficiency and convergence
speed.

Table 3: The numerical results of the datasets of each algorithm in Test box 3
Test box 3 Iter Acc (%) Pre (%) Rec (%) F1 (%) Time
Algorithm 1 M1 33 90.48 94.50 93.64 94.07 0.0677
Algorithm 1 M2 33 90.48 94.50 93.64 94.07 0.0685
Algorithm 1 M3 33 90.48 94.50 93.64 94.07 0.0678
Algorithm 1 M4 33 90.48 94.50 93.64 94.07 0.0681
Algorithm 2 M1 33 81.90 90.95 87.42 89.15 0.0996
Algorithm 2 M2 33 81.90 90.95 87.42 89.15 0.0167
Algorithm 2 M3 33 81.90 90.95 87.42 89.15 0.0170
Algorithm 2 M4 33 81.90 90.95 87.42 89.15 0.0128
Algorithm 3 M1 15 91.43 95.19 94.20 94.69 0.0086
Algorithm 3 M2 15 91.43 95.19 94.20 94.69 0.0095
Algorithm 3 M3 15 91.43 95.19 94.20 94.69 0.0066
Algorithm 3 M4 15 91.43 95.19 94.20 94.69 0.0081

Table 3 shows that Algorithm 3 M3 is the best overall. It achieves the highest ac-
curacy (91.43%), precision (95.19%), recall (94.20%), and F1-score (94.69%) while
having the fastest computation time with 15th iteration.
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Figure 7: On the left is the training and validation accuracy of Algorithm 1 and on the right is
the training and validation loss of Algorithm 1.

Figure 8: On the left is the training and validation accuracy of Algorithm 2 and on the right is
the training and validation loss of Algorithm 2.

Figure 9: On the left is the training and validation accuracy of Algorithm 3 and on the right is
the training and validation loss of Algorithm 3.

The training and validation accuracy and loss trends for Figures 7-9 further empha-
size the advantages of Algorithm 3 over the other two. While Algorithm 1 and Al-
gorithm 2 show slower convergence and some instability in validation performance,
Algorithm 3 maintains consistent accuracy improvements with minimal fluctua-
tions. This stability highlights Algorithm 3’s robustness across varying datasets,
particularly in complex classification tasks.
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Table 4: The numerical results of the datasets of each algorithm in Test box 4
Test box 4 Iter Acc (%) Pre (%) Rec (%) F1 (%) Time
Algorithm 1 M1 18 74.63 85.13 82.74 83.92 0.0403
Algorithm 1 M2 18 74.63 85.13 82.74 83.92 0.0391
Algorithm 1 M3 255 74.63 85.56 84.59 85.07 0.5025
Algorithm 1 M4 255 74.63 85.56 84.59 85.07 0.5031
Algorithm 2 M1 18 74.63 85.13 82.74 83.92 0.0129
Algorithm 2 M2 18 74.63 85.13 82.74 83.92 0.0095
Algorithm 2 M3 255 74.63 85.13 82.74 83.92 0.0784
Algorithm 2 M4 255 74.63 85.13 82.74 83.92 0.0786
Algorithm 3 M1 18 74.63 86.03 83.76 84.88 0.1057
Algorithm 3 M2 18 74.63 86.03 83.76 84.88 0.0105
Algorithm 3 M3 255 87.32 92.64 91.73 92.18 0.0776
Algorithm 3 M4 255 87.32 92.64 91.73 92.18 0.0785

Table 4 shows that Algorithm 3 M3 is the best overall. It achieves the highest
accuracy (87.32%), precision (92.64%), recall (91.73%), and F1-score (92.18%) with
255th iteration.

Figure 10: On the left is the training and validation accuracy of Algorithm 1 and on the right
is the training and validation loss of Algorithm 1.

Figure 11: On the left is the training and validation accuracy of Algorithm 2 and on the right
is the training and validation loss of Algorithm 2.
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Figure 12: On the left is the training and validation accuracy of Algorithm 3 and on the right
is the training and validation loss of Algorithm 3.

Figures 10-12, Algorithm 1 continues to underperform, struggling with higher vali-
dation loss, while Algorithm 2 slightly improves. Algorithm 3 consistently achieves
the highest training and validation accuracy and shows a steady decline in loss,
reinforcing its suitability for more demanding tasks.

Table 5: The numerical results of the datasets of each algorithm in Test box 5
Test box 5 Iter Acc (%) Pre (%) Rec (%) F1 (%) Time
Algorithm 1 M1 104 70.73 84.98 80.60 82.73 0.2059
Algorithm 1 M2 104 70.73 84.98 80.60 82.73 0.2084
Algorithm 1 M3 104 70.73 84.98 80.60 82.73 0.2078
Algorithm 1 M4 104 70.73 84.98 80.60 82.73 0.2045
Algorithm 2 M1 104 69.76 NaN 80.00 NaN 0.0374
Algorithm 2 M2 104 69.76 NaN 80.00 NaN 0.0412
Algorithm 2 M3 104 69.76 NaN 80.00 NaN 0.0335
Algorithm 2 M4 104 69.76 NaN 80.00 NaN 0.0804
Algorithm 3 M1 46 73.66 84.38 83.13 83.75 0.0210
Algorithm 3 M2 46 73.66 84.38 83.13 83.75 0.0155
Algorithm 3 M3 75 80.49 90.24 86.92 88.55 0.0286
Algorithm 3 M4 75 80.49 90.24 86.92 88.55 0.0291

Table 5 shows that Algorithm 3 M3 is the best overall. It achieves the highest
accuracy (80.49%), precision (90.24%), recall (86.92%), and F1-score (88.55%) with
75th iteration.
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Figure 13: On the left is the training and validation accuracy of Algorithm 1 and on the right
is the training and validation loss of Algorithm 1.

Figure 14: On the left is the training and validation accuracy of Algorithm 2 and on the right
is the training and validation loss of Algorithm 2.

Figure 15: On the left is the training and validation accuracy of Algorithm 3 and on the right
is the training and validation loss of Algorithm 3.

Figures 13-15 show that Algorithm 3’s accuracy trends stay significantly above
those of Algorithm 1 and Algorithm 2. The validation loss for Algorithm 3 drops
uniformly, indicating minimal overfitting. On the contrary, Algorithm 1 and Al-
gorithm 2 display less uniformity in performance, with noticeable gaps between
training and validation metrics.

Remark 4.7. The fluctuations in validation loss and accuracy for Algorithm 3
(Figures 3, 6, 9, 12, and 15) stem from its dynamic structure, which incorporates in-
ertial and adaptive components. This design—proposed by the authors—enhances
convergence speed and overall performance, as supported by the highest accuracy
and F1 score in Table 1.
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Figure 16: On the left is the ROC curve of Algorithm 3 in Test box 1 and on the right is the
ROC curve of Algorithm 3 in Test box 2

Figure 17: On the left is the ROC curve of Algorithm 3 in Test box 3 and on the right is the
ROC curve of Algorithm 3 in Test box 4

Figure 18: The ROC curve of Algorithm 3 in Test box 5

From Figures 16-18, Test box 3 is the best for Algorithm 3, as its ROC curve shows
the highest AUC, indicating superior classification performance. The ROC curve
is crucial as it visualizes the trade-off between sensitivity and specificity across
different thresholds, helping evaluate and optimize model performance. Test box 3
achieves the best balance, minimizes false positives, and ensures stable and reliable
predictions, making it the most suitable choice for data classification tasks.
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5. CONCLUSION

This study investigated a novel approach for predicting the sound absorption
coefficient (SAC; α) of materials using non-acoustic parameters, alongside the devel-
opment and application of advanced mathematical algorithms. Traditional methods
for SAC measurement, such as the reverberation room method and impedance tube
method, require specialized equipment and controlled environments, making them
time-intensive and costly. By leveraging easily measurable physical properties such
as density, water absorption, porosity, and additive characteristics, we developed a
predictive framework that offers a cost-effective alternative.

To enhance prediction accuracy, we implemented various mathematical mod-
els and machine learning algorithms, comparing their performance based on accu-
racy, precision, recall, and F1-score. The results demonstrated that Algorithm 3
M4 consistently achieved superior performance, offering the highest classification
accuracy while maintaining minimal computational complexity. These findings re-
inforce the feasibility of using non-acoustic parameters for SAC estimation, paving
the way for more accessible acoustic material evaluation techniques.

From a mathematical perspective, this study contributed to the variational
inclusion problem (VIP) by applying and analyzing forward-backward and Tseng’s
splitting methods. Our proposed algorithms were designed to improve compu-
tational efficiency, convergence rates, and numerical stability in solving complex
inclusion problems. Our numerical experiments validated the effectiveness of these
approaches, particularly highlighting the robust performance of the Two Inertial
Projective Mann Forward-Backward Algorithm (TIPMFB) and the Inertial Modi-
fied Relaxed Forward-Backward (IMRFB) method.

Overall, the integration of mathematical optimization techniques with data-
driven SAC prediction models demonstrates a promising interdisciplinary approach.
Future research could extend these findings by incorporating deep learning models,
expanding the dataset with a broader range of material compositions, and refining
the variational inclusion framework for further optimization in both mathematical
and engineering applications.
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