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NEW TYPE DEGENERATE SIMSEK NUMBERS AND
RELATED ASPECTS

Lahcen Ousst

In this paper, we introduce a new type degenerate Simsek numbers and their
generating function, which are different from degenerate Simsek number stud-
ied so far. We establish the explicit formula, recurrence relation and other
identities for these numbers. We also derive several interesting expressions
and relations between these numbers and certain other special numbers in
the literature. In addition, several numerical examples and graphical illus-
trations are provided to illustrate the behavior of the introduced numbers.

1. INTRODUCTION AND PRELIMINARIES

Special numbers and polynomials play crucial rule to solve explicitly sev-
eral problems in many scientific areas, such as in mathematical physics, biology,
quantum mechanics, discrete mathematics, probability and statistics. The very well
known special numbers are Stirling numbers of the first and second kind introduced
by James Stirling in 1730.

Stirling numbers of the second kind Sy (n, k) count the number of partitions
of a set of size n into k disjoint, non-empty subsets. They appear as coefficients in
the following expansion:

2" =" S (n, k) (2)k,
k=0
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where
1 if k=0,

(@) = )
zz—1)(x—=2)---(z—k+1) ifk>1,

denotes the falling factorial (cf. [3, 25]). The generating function of Sy(n, k) is
given by

(1) (e! —1)F Z Sa(n, k: —
Stirling numbers of the first kind, denoted by Si(n, k), are given by the following:
(2) (@)n =) Si(n, k)a*
k=0
with its generating function
1
(Og Z Si(n, k

(cf. [3, 25]).

The modifications and degenerate versions of these numbers were studied by
several researchers, see for instance [4, 5, 7, 9, 14, 19, 20, 22, 23, 24, 26, 27, 29|
and the references therein.

For a nonzero a € R (or C), the degenerate exponential function e (¢) defined
as follows

(3) €(t)=(1+at)s and ea(t) = (1 +at)=, (see, [2, 10, 11, 15, 16]).

«

Using the Taylor expansion, the degenerate exponential function can be expressed

as follows:

i) = S @y,

n=0
where
1 ifn=0,
(@)n,a =
2z —a)(z—2a) - (z—(n—1a) ifn>1,
is called the degenerate falling factorial. It follows that

z"t"

ilirhe (t) = Z n!

xt

=€
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The degenerate Stirling numbers of the second kind Ss ,(n,[) are given as follows
[8, 10, 13, 15]:

(4) (@ =Y Szaln, (@)
1=0

Moreover, as an inversion formula of (4), the degenerate Stirling numbers of the
fist kind 51 o(n,!) are defined as follows [8, 10, 15]:

(@)=Y Sta(n)(@)a-
=0

Note that

lim S o(n,1) = S1(n, 1) and lim Sy o(n,1) = S2(n,1).
a—0 a—0

In addition, a new type degenerate Stirling numbers of the second kind S (n, k|a)
were introduced in [7] as

]‘ t - * tn *

(€= Do = > 85(n, ko) and  S5(n,0la) =0, (n>0).

n=k
They reduced, for o = 0, to Stirling numbers of the second kind (1).
In 2018, Simsek [28] introduced new families of special numbers y; (n, k; \),

for computing negative order Euler numbers and related numbers and polynomials.
Simsek numbers y; (n, k; \) are defined by the generating function

k
)\et +]. St tn
(5) (k"> = gyl(n,k;)\)a.

They can be expressed explicitly by the following identity

(® ninkn) = Ly (5.

J=0

Simsek numbers y;(n, k; A) are related to the many well-known special numbers
in the literature, among them, Bernoulli numbers, Fibonacci numbers, Stirling
numbers of the second kind, Lucas numbers and the central numbers.

Recently, the author introduced in [24] a degenerate version of Simsek num-
bers y1(n, k; A|a)) by means of the generating function

log(1+at) k
(Ae [ —+ 1) s tn
(7 i = Z y1(n, k; )\|a)a,

n=0
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with the explicit formulas

n k
1 .
y1(n, k; Ma) = i Z Z <'I;>jm/\Janmsl(n,m)

m=0 j=0

and

y1(n, ks Ma) = k|z< >/\J "( )

For more details about the numbers y; (n, k; A\|a) and related aspects, we refer the
readers to [24].

Kucukoglu [17, 18] investigated the g¢-combinatorial Simsek numbers
y1,4(n,k; A) and polynomials y; 4(x;n, k; A) of the first kind, respectively, as fol-

lows
L
Y1,q(n, ks A) = WZQ [} )\]
7=0 q

and
1 g k :
y1.q(z;n, kX)) = —Z [] [+ jlg A
§=0 T4
In [30], Kucukoglu et al. defined the higher order expansion of the Simsek numbers
and polynomials. Moreover, Kilar [6] introduced degenerate Simsek-type numbers
and polynomials of higher order.

In this paper, we establish a new type degenerate Simsek numbers, which are
different from degenerate Simsek numbers (7).

2. NEW TYPE DEGENERATE SIMSEK NUMBERS AND
RELATED FORMULAS

In this section, we define a new type degenerate Simsek numbers and we
derive some related formulas including generating function, derivative formulas,
recurrence formulas, and integral formulas. Moreover, we establish also a relation
between these numbers and certain special numbers.

We define a new type degenerate Simsek numbers yj ,(n, k; A) by means of
the generating function:

(®) Futtian = QO Dba _$20 in

n=0

It follows that for a@ = 0, we obtain yj ,(n, k; A) = y1(n, k; A) Simsek numbers (5).
Moreover, the function Fj(¢; o, k) can be expressed as follows

el +1 70/“ (k1) [ Aet 41
(9) F(tOé)\) ]{,"( o >k—k'Bk T+1 s
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where B,(cn)(x) denotes the Bernoulli polynomials of order n, given by

o0

Z (n)

tn xt

and satisfies the recurrence relation

(10) B (z) = (1 = ﬁ) B (@) +k (© — 1) B, (@),

(cf. [21]).
By using (8), we derive the following functional equation

ak<f)k (e =ij0 kea(g)é'Fg(ta)\)

Combining (8) and (2) with the above equation, yields
(11)

s} k o) k
i i ) B E\ | . tm
> Y ak sk | = EZI (Z(—lm,amg)ylya(n?e, A)) -

n=0 \j=0 £=0

Comparing the coefficients of fl—ﬂ on both sides of (11), we obtain the following

1

relation between the numbers yj ,(n, k;A) and Stirling numbers of the first kind

S1(n, k):
Theorem 2.1.
k k i
k—j . jn * .
SISV = ;<—1>k_e,ue!( })phanafi)

Remark 2.2. It follows that for o = 0, we obtain

k
Mg = Z(—nk—f(’lf)z!yl(n, 29))

£=0

the result given in [28].

Theorem 2.3. The numbers yia(n, k; A) can be expressed explicitly as follows:

k 14
(12) Yl a(n ki) = 1,22() aF S (k, )N j™
=0 j=0

or

(13) ylank)\

?“p—\

k¢ o
D (7)o e asit6)
£=0 j
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Proof. Using (2), we have

(A" + Do &k(ket + 1)
k! R e k

k
1
= > b S (k0 (M + 1)
T 4=0

Hence, by (8), we obtain (12).

k
To prove Eq. (13), we use the fact that (z + ¥)k.a = > (¥)(@)s.0(¥)k—ja-

=0
Then
()\et + 1)k o 1 k k
O D 15 (B,
=0
k
1 kE\ o/t
=52 (1) (), 0rse
=0
< (1 Ik i
— _ A i n R 1
AR (g)a NG Wk—ea51(6,9) | 5
n=0 £=0 j=0
and the result follows. 0

On the other hand, using the fact that Fj(t;a,\) = O‘k—()‘ea“)k and the
identity

k
K\ J k
@)k =Y ( )k a7 B! )J,
; J
7=0
where B ) denotes the Bernoulli numbers of order k, defined by

o0
(om1) =20,
et —1 Bn n!

n=0

(cf. [21]), we obtain the following proposition:

Proposition 2.4. The numbers yi ,(n,k;\) can be expressed in terms of the

Bernoulli numbers By(Lk) of order k as follows:

k 7 .
1 7 -
(14) Yt a(n ks A) /?E ( > B, @w .
j=0 {=0
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Remark 2.5. Substituting o = 0 in Equations (12), (13) and (14), we obtain

k
ol kin) =iy = 1 3 ()i
j=0
Simsek numbers (6).
Example 2.6. Some special cases of the numbers yi , (n, k; \) are given as follows:
4 yia(nvo; A) = 6no,
® Yl o 13A) = dno + A,

al0.k50) = 1 3 Si(ht) (A2)

In the following theorem, we give a relation between the numbers y7 , (n, k; A),
Simsek numbers y;(n, k; A), Stirling numbers of the first kind Sy(n, k) and the
degenerate Stirling numbers of the second kind Ss 4 (n, k).

Theorem 2.7. The numbers yi ,(n,k; \) can be expressed as follows:
LA
yia(na k; )‘) =7 Z Z S2,o¢(ka g)sl(evj)J'yl(nvjv )‘)

Proof. Using (2), (4), (5) and (8), we have

k

— 1
Zoyl,a(nv k; )\)a =% Z So,a(k, 0)(Ne" + 1),

£=0

k|252ak€ Zslej )(Ae! +1)7

=0

k,ZSM (k. 0) 251 d J'Z% n, i A

7=0

Comparing the coefficients of *n—n, on both sides of the above identity, we obtain the
desired result. O

On the other hand, the numbers yj ,(n,k; \) are related to the degenerate
Stirling numbers of the second kind S5 (n, k|a) as follows:

Theorem 2.8.

k
Vi ki A) = ;;( ) IV + DiaSs (n kIS -



110 Lahcen Oussi

Proof. We have

Nl +1),, 1
—g = (A" =1 +A1+1),
1N [k .
:EZ 3 ()\(6 —1)) ()\+1)k 7,0
. 7 ,
1 on (kY
:EZ j A (e _1)j,%()‘+1)k7j7a
=0
k
1 k tm
MZ( )AJ IV A+ Dija Y S (n jl= )7'
§=0 n>0

Using (8) and equating the coefficients in both sides of the above identity finishes
the proof. O

Theorem 2.9. The numbers yi ,(n, k; \) satisfy the following recurrence formula
with respect to k

(15) i alnh+ 150) = Q§j()%aek» (1 Kol )
Proof. From (8), we have
¢ _
(16) Fe(t;o, \) = (Ae +O‘k ka“) Freo1(t;a, N).
Hence,
= . t" A =N, t"
Zyl,a(nvk + 1;)\)5 Pl Z ooy} yl,a(”’k;/\)a
n=0 m=0 n=0
1—ka n
¥ k
k—l—l ;yl,a( ’ 1>\> |
_ Ly )\Zn: * (kN
- k+1n:0 ezoyl,a s vy K

- Rl ki) )

Comparing the coefficients on both sides yields (15). O
Differentiating both sides of (16) with respect to ¢, we obtain

Aet 1 —k
Fl(t;a,\) = ?6 (Fr1(t;, \) + Fl_y(t; X)) + <—|—o¢ka) Fl_(t;aN).
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Then, using (8), the above equation becomes

S vt 1k -3 Z() (Vi aGiok— LN £ yfn(G 4 LE— 1)
n=0 = 7=0
+ M * ( +1 k;—l')\) ﬁ
k yl,an 9 9 n'

Therefore, equating the coefficients of %, yields another recursive formula for the
numbers y7 ,(n, k; A), given in the following theorem.

Theorem 2.10. The numbers yi ,(n, k; \) satisfy the following recurrence formula

yla(n+1k)\ kZ()(yla]7k_17)‘)+y1‘,a<]+17k;_17)‘>>

<1+aka
Jr .

k >yia(n+1ak17>\); fOTk'Zl

and
Y1 o(1n,0; ) = 6 0.

Remark 2.11. Note that, Theorem 2.10 can also be proved using (9), (10), and
the derivative of the Bernoulli polynomials of order k:

d k
SBI (0 =nB (),

(cf. [21]).

We define the generating function ¢}, (w|a, A) of the numbers y7 ,(n, k; \) as
follows:

or (x]a, N) Zylank)\

Furthermore, we derive formulas related to the generating function ¢ (z|a, A), in-
cluding the exponential generating function, a recurrence formula, an integral for-
mula, a derivative formula and a relation with some well-know numbers.

Theorem 2.12. For a non-negative integer n, we have the following exponential
generating function of ¢X (x|a, \):

(17) Zas |aA =)t (a)

Proof. we have
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o0 n

P ACIPY *, Z(Zyla" ki A )

n=0 n=0

-y (Zyi‘,a(n, k25t

k=0 n=0

k
— Z t T
= . O(/\@ + l)k,a %l

= ea’ (@)

)

where in the third equation we used (8) and in the last equation we used (3). [

The following result, describe a relation between the generating functions
¢y, (z|a, A) and ¢, (10, A) of the numbers y , (n, k; A) and Simsek numbers y1 (n, k; A),
respectively.

Theorem 2.13. The generating function ¢ (x|a, A) can be expressed as follows:
. o [log(1 + ax) b log(1 + ax)
o(olan) =30 () gy ki) = (B,
k=0
where ¢ (x]|0, \) is the generating function of Simsek numbers yi(n, k; \).

Proof. According to Theorem 2.12, we have

" ¢
qu (x]a, A) —| = el H(g)

Aet41

=1+azx) =

Aebt1 z
= log(14-ax)

Kk (Aet 4+ 1)F
_Zak log(1 + ax)) %

(18) 7zz<log1+ax)yl(nk>\)

n=0 k=0
Hence, the result follows by comparing the coefficients on both sides of (18). [

Theorem 2.14. Forn > 0, the generating function ¢ (x, a|\) satisfies the follow-
ing recursive formula:

b1 (x|, A) = glog(l + ax) Z (Z) o) (x|a, N).

£=0
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Proof. Taking the derivative with respect to ¢ in both sides of (17), we obtain

(19) LS rte e = 3 dralo )
n=0 )

n=0

and

& (1 @) = Settog + aned @)

dt
A o~ tZ
:alog(lJrax ;Fgoqb x|a)\
(20) —Alo (14 ax) ii " @ (z]a, )\)
- @ g n=0 ¢= ¢ !
Equating the coeflicients of tn—T: in (20) and (19) gives the desired result. O

We express the generating function ¢ (x|a, A) in terms of the degenerate first
kind Apostol-Euler numbers Er(lk)(/\|a) of order k, defined in [24], as follows:

2 k [e%s) m
(21) (m> =Y EPNa)—
/\61 g(laJr ) +1 nZ:() n!

Theorem 2.15. For a non-negative integer n, we have

Z(m>E(” (N0) -5, (a0, ) = 7 6 (el ).

= 1+ ax

Proof. Multiplying both sides of (17) by ﬁ, we obtain

2 — d tr 2 ‘

22 gk i Ae’+1 .
(22) T 2 e N = e
The right-hand side of (22) can be written as

2 tn

2 ; A)—
(23) I 2 Al

Using (21), the left-hand side of (22) can be expressed as

W S i e

(24) ZZ(m> EyY <A|o> <x|a,x>§!,

n=0m=0

and the result follows from (23) and (24). O
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Using Theorem 2.12 and the fact that

d Aef+1 )\6 + 1 )\e +1
dl‘ (ea (.’,U)) 1+O{x Oé ( )7
we obtain
—d tn 1 ot
Y- on(ela )= = s (14 A (@)
n=0 '

:1+1 ( + Ae') g(b (x]a, N) [>

_ HlmZ( (], ) +>\Z< )@ (2|, A))tf

which, by equating the coefficients of L; +1 on both sides, gives the following derivative
formula for the generating function ¢* (x|, N).

Theorem 2.16. For n > 0, we have

d 1 ”
4 el n) = 1 (qs:;ma,m 23 (7) ¢z<x|a,x>>.

By virtue of Theorem 2.12, we have

— [ tn T et
> [ o = [ & ay
n=0"0 w 0

T
1 +ay )\e +1(y)‘|

Aet +1 €a
—; >\e+1 _
- )\et+1((1+w) () 1)

1+O“ZE (0) 3 i (e a|/\
'z 0

1 o0

—3 > ET(LU(MO)E
n=0

Z[1+ax 1)

Z( g Z(z)E (067 (2, 01)
~ L
2P

n=0
<A|o>> L

Comparing the coefficient on both sides yields the following integral formula for
the generating function ¢} (x|, \):

0
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Theorem 2.17. Forn > 1, one has

/ 67 (yla, Ay = ~ +‘m 3y (1>E<1 (\0)é7 (z]er, \) — 7E(1)()\|0)

=0

The following result from [1, 12] will be used in the proof of the next theorem.
Let f(z) =Y 0" g anz™ and g(z) = > pe biz® be power series convergent on some
open disk centered at the origin. Then

(25) >0 eyt ) ()t
k=0 ’ n=0

Theorem 2.18. Forn > 0, one has

> wiamm g =3 (1) 32 3 sutmb (1) w0

m=0 =0 M/ o k=o

X yia(]a kv A)¢n_j(l'|0(, >‘)

Proof. Consider the function g(z) = e¢'*1(z). Then

dNE A+ e st
(26) I = () A0 = G ),

Using (8), (25) and (26), we obtain

n

* . * t
% Y o, ks N6 (e, A)) o
Comparing the coefficients of % on both sides yields the desired result. 0

2.1 Numerical Results and Graphical Illustrations

In this subsection, similarly to the recent computational implementations
given by Kucukoglu [18] for g-combinatorial Simsek numbers and polynomials, we
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present numerical illustrations and graphical plots to highlight the behavior of the
generalized numbers y7 ,(n, k; \) with respect to the parameters n, k, a, and .
All computations are based on the explicit formula (12), adopting the convention
0° = 1. We first present explicit numerical values of yi ,(n, k; A) in tabular form
for small values of n and k. Table 1 lists the values for fixed A = 1 and free «, while
Table 2 provides the corresponding values for fixed o« = 1 and free A, in both cases
for 0 < n,k <4.

Table 1: Values of y7 ,(n, k;1) for 0 <n,k < 4.

n\k 0 1 2 3 4
2 3 2
0 1 2 o+ 9 2c +360¢+4 3a +11a6+120z+4
1 0 1 a+4 o> +6a+6 3042202 436a0+16
2 3 12
9 0 1 a+6 a®+9a+12 3a®+33a% 4720440
2 3 12
3 0 1 a+10 a?4+150427 3a®+5502 416204112
2 3 12
4 0 1 a+18 a? 4270466 3049902 43964340
2 3
Table 2: Values of y7 ;(n, k; A) for 0 <n, k < 4.
n \ k 0 1 2 3 4
AZ43X42 A346A2 411046 A 41023 4+350245004-24
0 1 A+1 2 6 24
1 0 A 22243 3A3F12X02 4110 2244152343522 425
2 6 12
9 0 A AX243) IX3 424202 4+11) 8AY 44573 +£70A% 425
2 6 12
3 0 A 8AZ43) 27N 44802 +11) 3201413523 +14002 425X
2 6 12
4 0 A 162243 8IA3 9672411 12820* +40573 428002425\
2 6 12

These tables clearly illustrate the polynomial dependence of y; ,(n, k;\) on
the free parameter. For fixed A = 1, Table 1 shows that the entries are polynomials
in a whose degrees increase with k, reflecting the role of the degeneracy parameter
in deforming the classical structure. Similarly, Table 2 demonstrates that, for fixed

a = 1, the values are polynomial expressions in A with coefficients depending on n
and k.

Moreover, the boundary cases £ = 0 and k£ = 1 are consistent with the
theoretical properties of the numbers, namely y7 ,(n,0; A) = 6,0 and 37 ,(n,1;A) =
dno + A
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For completeness, we also include in Table 3 the numerical values of the
numbers y7 ,(n, k; A) for the representative choice (o, A) = (1,1) and 0 < n, k < 4.
This table provides a direct numerical verification of the polynomial expressions
given in Tables 1 and 2, and confirms the values displayed in the corresponding
graphical plots in Figures 1 and 2 .

Table 3: Numerical values of y7 ;(n, k;1) for 0 <n, k < 4.

n\k 0 1 2 3 4
0 1 2 3 4 5
2 o 1§ 2 ¥
N

In addition to the numerical illustrations, We also examine the variation of
Y1i.o(n, k; A) as a function of the order n for a fixed combinatorial parameter k.

Figure 1 illustrates the case k = 3. Panels (a) and (c) show the values for
fixed @« = 1 and o = 2, respectively, with A € {1,2,3,4}, while panels (b) and
(d) illustrate the influence of the degeneracy parameter o € {1,1,2,3} for fixed
A =1 and XA = 2, respectively. In both cases, the values increase rapidly with n,
and larger values of A or « lead to a pronounced growth rate, indicating a strong
dependence on these parameters.

(a) Fixedk=3,a=1 (b) Fixedk=3,A=1
—— A=1
80001 o 5 _,
- A=3
—~ 60001 —8— A=4
=
“
£, 4000
=
2000
o
(c) Fixedk=3,a=2
o A1 1500
8000 —®— A=2 1250
—— A=3
= eo00{ & A=4 S 1000
L) o
! S 750
™ 4000 3
B X500
2000 250
o 0

Figure 1: Numerical comparison of the degenerate Simsek numbers yj ,(n,3; ).
Panels (a) and (c) illustrate the dependence on A for fixed «, while panels (b) and
(d) show the effect of varying « for fixed .
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To complement this analysis, we next fix the order n = 3 and study the
dependence on the parameter k.

Figure 2 presents a four-panel comparison. Panels (a) and (c) correspond to
fixed @ = 1 and « = 2, respectively, with A € {1,2,3,4}. Panels (b) and (d) show
the effect of varying o over {%, 1,2,3} for fixed A = 1 and A = 2, respectively. In
contrast to the growth in n, the dependence on k is more moderate and exhibits a
structured polynomial-type behavior. The influence of the degeneracy parameter
« becomes more visible as k increases, especially for larger values of .

(a) Fixedn=3,a=1 (b) Fixedn=3,A=1
—— A= =1
100004 57 1000 ~®7 ¥=2
— A= —— a=1
8000 ::3 800 —8— a=2
= A= a —o— a=3
6000 < 600
@ o
g e
& 4000 o 400
2000 200
0 * 0
(c) Fixedn=3,a=2 (d) Fixedn=3,A=2
000
30000 Jo" T 7 e e
250004~ A=2 60001 o o_7
—— A=3
A 5000 | —@— a=2
= 200001 —8= A= x o~ a=3
3 < 4000
@ 15000 o
fu} =5 3000
X By
10000 2000
5000 1000
0 0 e

°
-
~
w
IS
“
e
°
-
N
w
IS
“
o

Panels (a) and (c) illustrate the dependence on A for fixed a, while panels and
(d) show the effect of varying « for fixed A.

Figure 2: Numerical comparison of the degenerate Simsek numbers y7 (3, k; ).
(b)

Overall, these numerical and graphical experiments confirm the analytical
structure of y7 ,(n, k; A) and clearly illustrate the distinct roles played by the pa-
rameters n, k, o, and A. In particular, the parameter A primarily controls the
growth rate, whereas a governs the deformation effect, which becomes more pro-
nounced for larger values of k and n.

3. CONCLUSION

In the present work, we have introduced a new type of degenerate Simsek
numbers yj ,(n, k; A) along with their generating function, defined using the de-
generate falling function. These numbers are distinct from the degenerate Sim-
sek number studied previously. We analyzed several of their properties, including
derivative formula, recurrence relation, and integral formula. In addition, we de-
scribed the relationships between these numbers and certain well-known special
numbers, such as the Stirling numbers of the first and second kind, the degenerate
first kind Apostol-Euler numbers, the degenerate Stirling numbers of the second
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kind, the Bernoulli numbers, and the classical Simsek numbers. To complement
the theoretical developments, we included numerical results and graphical illustra-
tions to demonstrate the behavior of the introduced numbers for various parameter
choices. Consequently, the results of this paper have potential applications in dif-
ferent areas of mathematics, particularly in topics related to discrete mathematics.
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