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NEW TYPE DEGENERATE SIMSEK NUMBERS AND

RELATED ASPECTS

Lahcen Oussi

In this paper, we introduce a new type degenerate Simsek numbers and their
generating function, which are di�erent from degenerate Simsek number stud-
ied so far. We establish the explicit formula, recurrence relation and other
identities for these numbers. We also derive several interesting expressions
and relations between these numbers and certain other special numbers in
the literature. In addition, several numerical examples and graphical illus-
trations are provided to illustrate the behavior of the introduced numbers.

1. INTRODUCTION AND PRELIMINARIES

Special numbers and polynomials play crucial rule to solve explicitly sev-
eral problems in many scienti�c areas, such as in mathematical physics, biology,
quantum mechanics, discrete mathematics, probability and statistics. The very well
known special numbers are Stirling numbers of the �rst and second kind introduced
by James Stirling in 1730.

Stirling numbers of the second kind S1(n, k) count the number of partitions
of a set of size n into k disjoint, non-empty subsets. They appear as coe�cients in
the following expansion:

xn =

n∑
k=0

S2(n, k)(x)k,
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where

(x)k =

1 if k = 0,

x(x− 1)(x− 2) · · · (x− k + 1) if k ≥ 1,

denotes the falling factorial (cf. [3, 25]). The generating function of S2(n, k) is
given by

(1)
1

k!
(et − 1)k =

∞∑
n=k

S2(n, k)
tn

n!
.

Stirling numbers of the �rst kind, denoted by S1(n, k), are given by the following:

(2) (x)n =

n∑
k=0

S1(n, k)x
k,

with its generating function

(log(1 + t))k

k!
=

∞∑
n=k

S1(n, k)
tn

n!
,

(cf. [3, 25]).

The modi�cations and degenerate versions of these numbers were studied by
several researchers, see for instance [4, 5, 7, 9, 14, 19, 20, 22, 23, 24, 26, 27, 29]
and the references therein.

For a nonzero α ∈ R (or C), the degenerate exponential function exα(t) de�ned
as follows

(3) exα(t) = (1 + αt)
x
α and eα(t) = (1 + αt)

1
α , (see, [2, 10, 11, 15, 16]).

Using the Taylor expansion, the degenerate exponential function can be expressed
as follows:

exα(t) =

∞∑
n=0

(x)n,α
tn

n!
,

where

(x)n,α =

1 if n = 0,

x(x− α)(x− 2α) · · · (x− (n− 1)α) if n ≥ 1,

is called the degenerate falling factorial. It follows that

lim
α→0

exα(t) =
∑ xntn

n!
= ext.
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The degenerate Stirling numbers of the second kind S2,α(n, l) are given as follows
[8, 10, 13, 15]:

(4) (x)n,α =

n∑
l=0

S2,α(n, l)(x)l.

Moreover, as an inversion formula of (4), the degenerate Stirling numbers of the
�st kind S1,α(n, l) are de�ned as follows [8, 10, 15]:

(x)n =

n∑
l=0

S1,α(n, l)(x)l.α.

Note that

lim
α→0

S1,α(n, l) = S1(n, l) and lim
α→0

S2,α(n, l) = S2(n, l).

In addition, a new type degenerate Stirling numbers of the second kind S∗
2 (n, k|α)

were introduced in [7] as

1

k!
(et − 1)k,α =

∞∑
n=k

S∗
2 (n, k|α)

tn

n!
and S∗

2 (n, 0|α) = 0, (n ≥ 0).

They reduced, for α = 0, to Stirling numbers of the second kind (1).

In 2018, Simsek [28] introduced new families of special numbers y1(n, k;λ),
for computing negative order Euler numbers and related numbers and polynomials.
Simsek numbers y1(n, k;λ) are de�ned by the generating function

(5)

(
λet + 1

)k
k!

=

∞∑
n=0

y1(n, k;λ)
tn

n!
.

They can be expressed explicitly by the following identity

(6) y1(n, k;λ) =
1

k!

k∑
j=0

(
k

j

)
jnλj .

Simsek numbers y1(n, k;λ) are related to the many well-known special numbers
in the literature, among them, Bernoulli numbers, Fibonacci numbers, Stirling
numbers of the second kind, Lucas numbers and the central numbers.

Recently, the author introduced in [24] a degenerate version of Simsek num-
bers y1(n, k;λ|α) by means of the generating function

(7)

(
λe

log(1+αt)
α + 1

)k
k!

=

∞∑
n=0

y1(n, k;λ|α)
tn

n!
,
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with the explicit formulas

y1(n, k;λ|α) =
1

k!

n∑
m=0

k∑
j=0

(
k

j

)
jmλjαn−mS1(n,m)

and

y1(n, k;λ|α) =
1

k!

k∑
j=0

(
k

j

)
λjαn

( j
α

)
n

.

For more details about the numbers y1(n, k;λ|α) and related aspects, we refer the
readers to [24].

Kucukoglu [17, 18] investigated the q-combinatorial Simsek numbers
y1,q(n, k;λ) and polynomials y1,q(x;n, k;λ) of the �rst kind, respectively, as fol-
lows

y1,q(n, k;λ) =
1

[k]q!

k∑
j=0

q(
j
2)
[
k
j

]
q

[j]nq λ
j

and

y1,q(x;n, k;λ) =
1

[k]q!

k∑
j=0

q(
j
2)
[
k
j

]
q

[x+ j]nq λ
j .

In [30], Kucukoglu et al. de�ned the higher order expansion of the Simsek numbers
and polynomials. Moreover, Kilar [6] introduced degenerate Simsek-type numbers
and polynomials of higher order.

In this paper, we establish a new type degenerate Simsek numbers, which are
di�erent from degenerate Simsek numbers (7).

2. NEW TYPE DEGENERATE SIMSEK NUMBERS AND

RELATED FORMULAS

In this section, we de�ne a new type degenerate Simsek numbers and we
derive some related formulas including generating function, derivative formulas,
recurrence formulas, and integral formulas. Moreover, we establish also a relation
between these numbers and certain special numbers.

We de�ne a new type degenerate Simsek numbers y∗1,α(n, k;λ) by means of
the generating function:

(8) Fk(t;α, λ) :=
(λet + 1)k,α

k!
=

∞∑
n=0

y∗1,α(n, k;λ)
tn

n!
.

It follows that for α = 0, we obtain y∗1,α(n, k;λ) = y1(n, k;λ) Simsek numbers (5).
Moreover, the function Fk(t;α, k) can be expressed as follows

(9) Fk(t;α, λ) =
αk

k!

(
λet + 1

α

)
k

=
αk

k!
B

(k+1)
k

(
λet + 1

α
+ 1

)
,
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where B
(n)
k (x) denotes the Bernoulli polynomials of order n, given by

tnext

(et − 1)n
=

∞∑
k=0

B
(n)
k (x)

tk

k!

and satis�es the recurrence relation

(10) B
(n+1)
k (x) =

(
1− k

n

)
B

(n)
k (x) + k

(x
n
− 1
)
B

(n)
k−1(x),

(cf. [21]).

By using (8), we derive the following functional equation

αk

(
λet

α

)
k

= (λet)k,α =

k∑
ℓ=0

(−1)k−ℓ,α

(
k

ℓ

)
ℓ!Fℓ(t;α, λ).

Combining (8) and (2) with the above equation, yields
(11)

∞∑
n=0

 k∑
j=0

αk−jS1(k, j)λ
jjn

 tn

n!
=

∞∑
n=0

(
k∑

ℓ=0

(−1)k−ℓ,αℓ!

(
k

ℓ

)
y∗1,α(n, ℓ;λ)

)
tn

n!
.

Comparing the coe�cients of tn

n1 on both sides of (11), we obtain the following
relation between the numbers y∗1,α(n, k;λ) and Stirling numbers of the �rst kind
S1(n, k):

Theorem 2.1.

k∑
j=0

αk−jS1(k, j)λ
jjn =

k∑
ℓ=0

(−1)k−ℓ,αℓ!

(
k

ℓ

)
y∗1,α(n, ℓ;λ).

Remark 2.2. It follows that for α = 0, we obtain

λkkn =

k∑
ℓ=0

(−1)k−ℓ

(
k

ℓ

)
ℓ!y1(n, ℓ;λ)

the result given in [28].

Theorem 2.3. The numbers y∗1,α(n, k;λ) can be expressed explicitly as follows:

(12) y∗1,α(n, k;λ) =
1

k!

k∑
ℓ=0

ℓ∑
j=0

(
ℓ

j

)
αk−ℓS1(k, ℓ)λ

jjn

or

(13) y∗1,α(n, k;λ) =
1

k!

k∑
ℓ=0

ℓ∑
j=0

(
k

ℓ

)
αℓ−jλjjn(1)k−ℓ,αS1(ℓ, j).
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Proof. Using (2), we have

(λet + 1)k,α
k!

=
αk

k!

(λet + 1

α

)
k

=
1

k!

k∑
ℓ=0

αk−ℓS1(k, ℓ)(λe
t + 1)ℓ

=
1

k!

k∑
ℓ=0

αk−ℓS1(k, ℓ)

ℓ∑
j=0

(
ℓ

j

)
λjejt

=

∞∑
n=0

(
1

k!

k∑
ℓ=0

ℓ∑
j=0

αk−ℓS1(k, ℓ)

(
ℓ

j

)
λjjn

)
tn

n!
.

Hence, by (8), we obtain (12).

To prove Eq. (13), we use the fact that (x + y)k,α =
k∑

j=0

(
k
j

)
(x)j,α(y)k−j,α.

Then (
λet + 1

)
k,α

k!
=

1

k!

k∑
ℓ=0

(
k

ℓ

)
(λet)ℓ,α(1)k−ℓ,α

=
1

k!

k∑
ℓ=0

(
k

ℓ

)
αℓ
(λet

α

)
ℓ
(1)k−ℓ,α

=

∞∑
n=0

 1

k!

k∑
ℓ=0

ℓ∑
j=0

(
k

ℓ

)
αℓ−jλjjn(1)k−ℓ,αS1(ℓ, j)

 tn

n!
,

and the result follows.

On the other hand, using the fact that Fk(t;α, λ) = αk

k!

(
λet+1

α

)
k
and the

identity

(x)k =

k∑
j=0

(
k

j

)
j

k
xjB

(k)
k−j ,

where B
(k)
n denotes the Bernoulli numbers of order k, de�ned by( t

et − 1

)k
=

∞∑
n=0

B(k)
n

tn

n!

(cf. [21]), we obtain the following proposition:

Proposition 2.4. The numbers y∗1,α(n, k;λ) can be expressed in terms of the

Bernoulli numbers B
(k)
n of order k as follows:

(14) y∗1,α(n, k;λ) =
1

k!

k∑
j=0

αk−j

(
k

j

)
j

k
B

(k)
k−j

j∑
ℓ=0

(
j

ℓ

)
λℓℓn.
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Remark 2.5. Substituting α = 0 in Equations (12), (13) and (14), we obtain

y∗1,0(n, k;λ) = y1(n, k;λ) =
1

k!

k∑
j=0

(
k

j

)
jnλj

Simsek numbers (6).

Example 2.6. Some special cases of the numbers y∗1,α(n, k;λ) are given as follows:

� y∗1,α(n, 0;λ) = δn0,

� y∗1,α(n, 1;λ) = δn0 + λ,

� y∗1,α(0, k;λ) =
αk

k!

k∑
ℓ=0

S1(k, ℓ)
(
λ+1
α

)ℓ
.

In the following theorem, we give a relation between the numbers y∗1,α(n, k;λ),
Simsek numbers y1(n, k;λ), Stirling numbers of the �rst kind S1(n, k) and the
degenerate Stirling numbers of the second kind S2.α(n, k).

Theorem 2.7. The numbers y∗1,α(n, k;λ) can be expressed as follows:

y∗1,α(n, k;λ) =
1

k!

k∑
ℓ=0

ℓ∑
j=0

S2,α(k, ℓ)S1(ℓ, j)j!y1(n, j;λ).

Proof. Using (2), (4), (5) and (8), we have

∞∑
n=0

y∗1,α(n, k;λ)
tn

n!
=

1

k!

k∑
ℓ=0

S2,α(k, ℓ)(λe
t + 1)ℓ

=
1

k!

k∑
ℓ=0

S2,α(k, ℓ)

ℓ∑
j=0

S1(ℓ, j)(λe
t + 1)j

=
1

k!

k∑
ℓ=0

S2,α(k, ℓ)

ℓ∑
j=0

S1(ℓ, j)j!

∞∑
n=0

y1(n, j;λ)
tn

n!
.

Comparing the coe�cients of tn

n! on both sides of the above identity, we obtain the
desired result.

On the other hand, the numbers y∗1,α(n, k;λ) are related to the degenerate
Stirling numbers of the second kind S∗

2 (n, k|α) as follows:

Theorem 2.8.

y∗1,α(n, k;λ) =
1

k!

k∑
j=0

(
k

j

)
j!λj(λ+ 1)k−j,αS

∗
2

(
n, k|α

λ

)
.
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Proof. We have

(λet + 1)k,α
k!

=
1

k!

(
λ(et − 1) + λ+ 1

)
k,α

=
1

k!

k∑
j=0

(
k

j

)(
λ(et − 1)

)
j,α

(λ+ 1)k−j,α

=
1

k!

k∑
j=0

(
k

j

)
λj(et − 1)j,αλ (λ+ 1)k−j,α

=
1

k!

k∑
j=0

(
k

j

)
λjj!λj(λ+ 1)k−j,α

∑
n≥0

S∗
2

(
n, j|α

λ

) tn

n!

Using (8) and equating the coe�cients in both sides of the above identity �nishes
the proof.

Theorem 2.9. The numbers y∗1,α(n, k;λ) satisfy the following recurrence formula
with respect to k

(15) y∗1,α(n, k + 1;λ) =
1

k + 1

(
λ

n∑
ℓ=0

(
n

ℓ

)
y∗1,α(ℓ, k;λ) + (1− kα)y∗1,α(n, k;λ)

)
.

Proof. From (8), we have

(16) Fk(t;α, λ) =

(
λet + α− kα+ 1

k

)
Fk−1(t;α, λ).

Hence,

∞∑
n=0

y∗1,α(n, k + 1;λ)
tn

n!
=

λ

k + 1

∞∑
m=0

tm

m!

∞∑
n=0

y∗1,α(n, k;λ)
tn

n!

+
1− kα

k + 1

∞∑
n=0

y∗1,α(n, k;λ)
tn

n!

=
1

k + 1

∞∑
n=0

(
λ

n∑
ℓ=0

y∗1,α(ℓ, k;λ)

(
n

ℓ

)
+ (1− kα)y∗1,α(n, k;λ)

)
tn

n!
.

Comparing the coe�cients on both sides yields (15).

Di�erentiating both sides of (16) with respect to t, we obtain

F ′
k(t;α, λ) =

λet

k

(
Fk−1(t;α, λ) + F ′

k−1(t;α.λ)
)
+

(
1 + α− kα

k

)
F ′
k−1(t;α.λ).
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Then, using (8), the above equation becomes

∞∑
n=0

y∗1,α(n+ 1, k;λ)
tn

n!
=

∞∑
n=0

[
λ

k

n∑
j=0

(
n

j

)(
y∗1,α(j, k − 1;λ) + y∗1,α(j + 1, k − 1;λ)

)
+

(
1 + α− kα

k

)
y∗1,α(n+ 1, k − 1;λ)

]
tn

n!
.

Therefore, equating the coe�cients of tn

n! , yields another recursive formula for the
numbers y∗1,α(n, k;λ), given in the following theorem.

Theorem 2.10. The numbers y∗1,α(n, k;λ) satisfy the following recurrence formula

y∗1,α(n+ 1, k;λ) =
λ

k

n∑
j=0

(
n

j

)(
y∗1,α(j, k − 1;λ) + y∗1,α(j + 1, k − 1;λ)

)

+

(
1 + α− kα

k

)
y∗1,α(n+ 1, k − 1;λ), for k ≥ 1

and

y∗1,α(n, 0;λ) = δn,0.

Remark 2.11. Note that, Theorem 2.10 can also be proved using (9), (10), and
the derivative of the Bernoulli polynomials of order k:

d

dt
B(k)

n (t) = nB
(k)
n−1(t),

(cf. [21]).

We de�ne the generating function ϕ∗
n(x|α, λ) of the numbers y∗1,α(n, k;λ) as

follows:

ϕ∗
n(x|α, λ) :=

∞∑
k=0

y∗1,α(n, k;λ)x
k.

Furthermore, we derive formulas related to the generating function ϕ∗
n(x|α, λ), in-

cluding the exponential generating function, a recurrence formula, an integral for-
mula, a derivative formula and a relation with some well-know numbers.

Theorem 2.12. For a non-negative integer n, we have the following exponential
generating function of ϕ∗

n(x|α, λ):

(17)

∞∑
n=0

ϕ∗
n(x|α, λ)

tn

n!
= eλe

t+1
α (x)

Proof. we have
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∞∑
n=0

ϕ∗
n(x|α, λ)

tn

n!
=

∞∑
n=0

( ∞∑
k=0

y∗1,α(n, k;λ)x
k
) tn
n!

=

∞∑
k=0

( ∞∑
n=0

y∗1,α(n, k;λ)
tn

n!

)
xk

=

∞∑
k=0

(λet + 1)k,α
xk

k!

= eλe
t+1

α (x),

where in the third equation we used (8) and in the last equation we used (3).

The following result, describe a relation between the generating functions
ϕ∗
n(x|α, λ) and ϕ∗

n(x|0, λ) of the numbers y∗1,α(n, k;λ) and Simsek numbers y1(n, k;λ),
respectively.

Theorem 2.13. The generating function ϕ∗
n(x|α, λ) can be expressed as follows:

ϕ∗
n(x|α, λ) =

∞∑
k=0

(
log(1 + αx)

α

)k

y1(n, k;λ) = ϕ∗
n

(
log(1 + αx)

α
|0, λ

)
,

where ϕ∗
n(x|0, λ) is the generating function of Simsek numbers y1(n, k;λ).

Proof. According to Theorem 2.12, we have

∞∑
n=0

ϕ∗
n(x|α, λ)

tn

n!
= eλe

t+1
α (x)

= (1 + αx)
λet+1

α

= e
λet+1

α log(1+αx)

=

∞∑
k=0

1

αk

(
log(1 + αx)

)k (λet + 1)k

k!

=

∞∑
n=0

∞∑
k=0

( log(1 + αx)

α

)k
y1(n, k;λ)

tn

n!
.(18)

Hence, the result follows by comparing the coe�cients on both sides of (18).

Theorem 2.14. For n ≥ 0, the generating function ϕ∗
n(x, α|λ) satis�es the follow-

ing recursive formula:

ϕ∗
n+1(x|α, λ) =

λ

α
log(1 + αx)

n∑
ℓ=0

(
n

ℓ

)
ϕ∗
ℓ (x|α, λ).
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Proof. Taking the derivative with respect to t in both sides of (17), we obtain

(19)
d

dt

∞∑
n=0

ϕ∗
n(x|α, λ)

tn

n!
=

∞∑
n=0

ϕ∗
n+1(x|α, λ)

tn

n!
,

and

d

dt

(
eλe

t+1
α (x)

)
=

λ

α
et log(1 + αx)eλe

t+1
α (x)

=
λ

α
log(1 + αx)

∞∑
j=0

tj

j!

∞∑
ℓ=0

ϕ∗
ℓ (x|α, λ)

tℓ

ℓ!

=
λ

α
log(1 + αx)

∞∑
n=0

n∑
ℓ=0

(
n

ℓ

)
ϕ∗
ℓ (x|α, λ)

tn

n!
.(20)

Equating the coe�cients of tn

n! in (20) and (19) gives the desired result.

We express the generating function ϕ∗
n(x|α, λ) in terms of the degenerate �rst

kind Apostol-Euler numbers E
(k)
n (λ|α) of order k, de�ned in [24], as follows:

(21)

(
2

λe
log(1+αt)

α + 1

)k

=

∞∑
n=0

E(k)
n (λ|α) t

n

n!
.

Theorem 2.15. For a non-negative integer n, we have

n∑
m=0

(
n

m

)
E

(1)
n−m(λ|0) d

dx
ϕ∗
m(x|α, λ) = 2

1 + αx
ϕ∗
n(x|α, λ).

Proof. Multiplying both sides of (17) by 2
1+λet , we obtain

(22)
2

1 + λet

∞∑
n=0

d

dx
ϕ∗
n(x|α, λ)

tn

n!
=

2

1 + αx
eλe

t+1
α (x).

The right-hand side of (22) can be written as

(23)
2

1 + αx

∞∑
n=0

ϕ∗
n(x|α, λ)

tn

n!
.

Using (21), the left-hand side of (22) can be expressed as

2

1 + λet

∞∑
n=0

d

dx
ϕ∗
n(x|α, λ)

tn

n!
=

∞∑
j=0

E
(1)
j (λ|0) t

j

j!

∞∑
m=0

d

dx
ϕ∗
m(x|α, λ) t

m

m!

=

∞∑
n=0

n∑
m=0

(
n

m

)
E

(1)
n−m(λ|0) d

dx
ϕ∗
m(x|α, λ) t

n

n!
,(24)

and the result follows from (23) and (24).
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Using Theorem 2.12 and the fact that

d

dx

(
eλe

t+1
α (x)

)
=

λet + 1

1 + αx
eλe

t+1
α (x),

we obtain

∞∑
n=0

d

dx
ϕ∗
n(x|α, λ)

tn

n!
=

1

1 + αx

(
(1 + λet)eλe

t+1
α (x)

)
=

1

1 + αx

(
(1 + λet)

∞∑
ℓ=0

ϕ∗
ℓ (x|α, λ)

tℓ

ℓ!

)
=

1

1 + αx

∞∑
n=0

(
ϕ∗
n(x|α, λ) + λ

n∑
ℓ=0

(
n

ℓ

)
ϕ∗
ℓ (x|α, λ)

)
tn

n!
,

which, by equating the coe�cients of tn

n! on both sides, gives the following derivative
formula for the generating function ϕ∗

n(x|α, λ).

Theorem 2.16. For n ≥ 0, we have

d

dx
ϕ∗
n(x|α, λ) =

1

1 + αx

(
ϕ∗
n(x|α, λ) + λ

n∑
ℓ=0

(
n

ℓ

)
ϕ∗
ℓ (x|α, λ)

)
.

By virtue of Theorem 2.12, we have

∞∑
n=0

∫ x

0

ϕ∗
n(y|α, λ)dy

tn

n!
=

∫ x

0

eλe
t+1

α (y)dy

=

[
1 + αy

λet + 1
eλe

t+1
α (y)

]x
0

=
1

λet + 1

(
(1 + αx)eλe

t+1
α (x)− 1

)
=

1 + αx

2

∞∑
n=0

E(1)
n (λ|0) t

n

n!

∞∑
l=0

ϕ∗
l (x, α|λ)

tl

l!

− 1

2

∞∑
n=0

E(1)
n (λ|0) t

n

n!

=

∞∑
n=0

(
1 + αx

2

n∑
l=0

(
n

l

)
E

(1)
n−l(λ|0)ϕ

∗
l (x, α|λ)

− 1

2
E(1)

n (λ|0)

)
tn

n!
.

Comparing the coe�cient on both sides yields the following integral formula for
the generating function ϕ∗

n(x|α, λ):
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Theorem 2.17. For n ≥ 1, one has∫ x

0

ϕ∗
n(y|α, λ)dy =

1 + αx

2

n∑
l=0

(
n

l

)
E

(1)
n−l(λ|0)ϕ

∗
l (x|α, λ)−

1

2
E(1)

n (λ|0).

The following result from [1, 12] will be used in the proof of the next theorem.
Let f(x) =

∑∞
n=0 anx

n and g(x) =
∑∞

k=0 bkx
k be power series convergent on some

open disk centered at the origin. Then

(25)

∞∑
k=0

g(k)(0)

k!
f(k)xk =

∞∑
n=0

f (n)(0)

n!

n∑
k=0

S2(n, k)g
(k)(x)xk.

Theorem 2.18. For n ≥ 0, one has

∞∑
m=0

y∗1,α(n,m;λ)f(m)xm =

n∑
j=0

(
n

j

) ∞∑
m=0

m∑
k=0

S2(m, k)
( x

1 + αx

)k
k!
f (m)(0)

m!

× y∗1,α(j, k;λ)ϕ
∗
n−j(x|α, λ).

Proof. Consider the function g(x) = eλe
t+1

α (x). Then

(26) g(k)(x) =
( d

dx

)k
eλe

t+1
α (x) =

(λet + 1)k,α
(1 + αx)k,α

eλe
t+1

α (x).

Using (8), (25) and (26), we obtain

∞∑
m=0

(λet + 1)m,α

m!
f(m)xm =

∞∑
m=0

f (m)(0)

m!

m∑
k=0

S2(m, k)xk (λe
t + 1)k,α

(1 + αx)k
eλe

t+1
α (x)

= eλe
t+1

α (x)

∞∑
m=0

f (m)(0)

m!

m∑
k=0

S2(m, k)
( x

1 + αx

)k
k!

∞∑
j=0

y∗1,α(j, k;λ)
tj

j!

=

∞∑
l=0

ϕ∗
l (x|α, λ)

tl

l!

∞∑
m=0

f (m)(0)

m!

m∑
k=0

S2(m, k)
( x

1 + αx

)k
k!

∞∑
j=0

y∗1,α(j, k;λ)
tj

j!

=

∞∑
n=0

( n∑
j=0

(
n

j

) ∞∑
m=0

m∑
k=0

S2(m, k)
( x

1 + αx

)k
k!

f (m)(0)

m!

× y∗1,α(j, k;λ)ϕ
∗
n−j(x|α, λ)

)
tn

n!
.

Comparing the coe�cients of tn

n! on both sides yields the desired result.

2.1 Numerical Results and Graphical Illustrations

In this subsection, similarly to the recent computational implementations
given by Kucukoglu [18] for q-combinatorial Simsek numbers and polynomials, we
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present numerical illustrations and graphical plots to highlight the behavior of the
generalized numbers y∗1,α(n, k;λ) with respect to the parameters n, k, α, and λ.
All computations are based on the explicit formula (12), adopting the convention
00 = 1. We �rst present explicit numerical values of y∗1,α(n, k;λ) in tabular form
for small values of n and k. Table 1 lists the values for �xed λ = 1 and free α, while
Table 2 provides the corresponding values for �xed α = 1 and free λ, in both cases
for 0 ≤ n, k ≤ 4.

Table 1: Values of y∗1,α(n, k; 1) for 0 ≤ n, k ≤ 4.

n \ k 0 1 2 3 4

0 1 2 α+ 2 2α2+6α+4
3

3α3+11α2+12α+4
6

1 0 1 α+4
2

α2+6α+6
3

3α3+22α2+36α+16
12

2 0 1 α+6
2

α2+9α+12
3

3α3+33α2+72α+40
12

3 0 1 α+10
2

α2+15α+27
3

3α3+55α2+162α+112
12

4 0 1 α+18
2

α2+27α+66
3

3α3+99α2+396α+340
12

Table 2: Values of y∗1,1(n, k;λ) for 0 ≤ n, k ≤ 4.

n \ k 0 1 2 3 4

0 1 λ+ 1 λ2+3λ+2
2

λ3+6λ2+11λ+6
6

λ4+10λ3+35λ2+50λ+24
24

1 0 λ 2λ2+3λ
2

3λ3+12λ2+11λ
6

2λ4+15λ3+35λ2+25λ
12

2 0 λ 4λ2+3λ
2

9λ3+24λ2+11λ
6

8λ4+45λ3+70λ2+25λ
12

3 0 λ 8λ2+3λ
2

27λ3+48λ2+11λ
6

32λ4+135λ3+140λ2+25λ
12

4 0 λ 16λ2+3λ
2

81λ3+96λ2+11λ
6

128λ4+405λ3+280λ2+25λ
12

These tables clearly illustrate the polynomial dependence of y∗1,α(n, k;λ) on
the free parameter. For �xed λ = 1, Table 1 shows that the entries are polynomials
in α whose degrees increase with k, re�ecting the role of the degeneracy parameter
in deforming the classical structure. Similarly, Table 2 demonstrates that, for �xed
α = 1, the values are polynomial expressions in λ with coe�cients depending on n
and k.

Moreover, the boundary cases k = 0 and k = 1 are consistent with the
theoretical properties of the numbers, namely y∗1,α(n, 0;λ) = δn0 and y∗1,α(n, 1;λ) =
δn0 + λ.
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For completeness, we also include in Table 3 the numerical values of the
numbers y∗1,α(n, k;λ) for the representative choice (α, λ) = (1, 1) and 0 ≤ n, k ≤ 4.
This table provides a direct numerical veri�cation of the polynomial expressions
given in Tables 1 and 2, and con�rms the values displayed in the corresponding
graphical plots in Figures 1 and 2 .

Table 3: Numerical values of y∗1,1(n, k; 1) for 0 ≤ n, k ≤ 4.

n\k 0 1 2 3 4

0 1 2 3 4 5

1 0 1 5
2

13
3

77
12

2 0 1 7
2

22
3

37
3

3 0 1 11
2

43
3

83
3

4 0 1 19
2

94
3

419
6

In addition to the numerical illustrations, We also examine the variation of
y∗1,α(n, k;λ) as a function of the order n for a �xed combinatorial parameter k.

Figure 1 illustrates the case k = 3. Panels (a) and (c) show the values for
�xed α = 1 and α = 2, respectively, with λ ∈ {1, 2, 3, 4}, while panels (b) and
(d) illustrate the in�uence of the degeneracy parameter α ∈ { 1

2 , 1, 2, 3} for �xed
λ = 1 and λ = 2, respectively. In both cases, the values increase rapidly with n,
and larger values of λ or α lead to a pronounced growth rate, indicating a strong
dependence on these parameters.

Figure 1: Numerical comparison of the degenerate Simsek numbers y∗1,α(n, 3;λ).
Panels (a) and (c) illustrate the dependence on λ for �xed α, while panels (b) and
(d) show the e�ect of varying α for �xed λ.
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To complement this analysis, we next �x the order n = 3 and study the
dependence on the parameter k.

Figure 2 presents a four-panel comparison. Panels (a) and (c) correspond to
�xed α = 1 and α = 2, respectively, with λ ∈ {1, 2, 3, 4}. Panels (b) and (d) show
the e�ect of varying α over { 1

2 , 1, 2, 3} for �xed λ = 1 and λ = 2, respectively. In
contrast to the growth in n, the dependence on k is more moderate and exhibits a
structured polynomial-type behavior. The in�uence of the degeneracy parameter
α becomes more visible as k increases, especially for larger values of λ.

Figure 2: Numerical comparison of the degenerate Simsek numbers y∗1,α(3, k;λ).
Panels (a) and (c) illustrate the dependence on λ for �xed α, while panels (b) and
(d) show the e�ect of varying α for �xed λ.

Overall, these numerical and graphical experiments con�rm the analytical
structure of y∗1,α(n, k;λ) and clearly illustrate the distinct roles played by the pa-
rameters n, k, α, and λ. In particular, the parameter λ primarily controls the
growth rate, whereas α governs the deformation e�ect, which becomes more pro-
nounced for larger values of k and n.

3. CONCLUSION

In the present work, we have introduced a new type of degenerate Simsek
numbers y∗1,α(n, k;λ) along with their generating function, de�ned using the de-
generate falling function. These numbers are distinct from the degenerate Sim-
sek number studied previously. We analyzed several of their properties, including
derivative formula, recurrence relation, and integral formula. In addition, we de-
scribed the relationships between these numbers and certain well-known special
numbers, such as the Stirling numbers of the �rst and second kind, the degenerate
�rst kind Apostol-Euler numbers, the degenerate Stirling numbers of the second
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kind, the Bernoulli numbers, and the classical Simsek numbers. To complement
the theoretical developments, we included numerical results and graphical illustra-
tions to demonstrate the behavior of the introduced numbers for various parameter
choices. Consequently, the results of this paper have potential applications in dif-
ferent areas of mathematics, particularly in topics related to discrete mathematics.
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