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MONOTONICITY RULES FOR THE RATIO OF POWER
SERIES WITH APPLICATIONS

Zhong-Xuan Mao © and Jing-Feng Tian*

In this paper, we present monotonicity rules for the ratio of two power se-
ries @ > Yoo, arz®/ S50 bex” under the assumption that the sequence
{ax/bk } k>0 changes monotonicity twice. We also prove that the number of
monotonicity changes of this function does not exceed that of the sequence
{ak/bk}k>0. As an application, we establish a necessary and sufficient condi-
tion for the monotonicity of a function involving the confluent hypergeometric
function of the first kind, = — M(a, b, cz), where a,b,c > 0.
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1. INTRODUCTION

Monotonicity rules play a foundational role in analysis and are widely applied
in approximation theory, differential geometry, information theory, probability, and
statistics. Notably, they serve as essential tools in the research of many special
functions, such as the Gaussian hypergeometric function, the confluent hypergeo-
metric function, elliptic integrals, and modified Bessel functions. In this paper, we
primarily focus on monotonicity rules related to the ratio of two power series.

We highlight two important motivations for researching the ratio of power
series. First, by Taylor’s theorem, the ratio of any two functions can be expressed
in terms of the ratio of power series. Second, the essential generating functions in
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probability theory, number theory, and combinatorial mathematics often take the
form of power series.

The origins of the monotonicity rules for the ratio of functions can be at-
tributed to a lemma [4, Lemma 1] that was initially employed by Biernacki and
Krzyz in their studies on differential geometry.

Monotonicity rule 1. Let real power series A(x) = Y po,arz® and B(z) =
> neo bra® converge on (—r,r) with by, > 0. If the sequence {ay, /by }r>0 is increas-
ing, then the function

A(z) _ > e axx”
B(z) ZZO:O bk

(1) T =

is increasing on (0,71).
After that, in 2010, Baricz [2] proposed an open problem.

Open problem 2. If the sequence {ay/bi}k>0 is (strictly) convex (concave), does
it follow that the function x — A(x)/B(x) is also (strictly) conver (concave) on
(0,7)¢

Unfortunately, to date, no scholars have provided a definitive positive or neg-
ative answer to this question. As Baricz [2] noted, this problem is quite difficult to
solve, yet solving it could yield simple and unique proofs for many other interesting
open and known problems in the theory of special functions. Thus, it has motivated
researchers to develop various monotonicity rules [5, 6, 8, 9, 19, 21]

, which have been actively applied to the study of special functions [3, 12,
13, 14, 15, 16, 20, 22, 23, 24, 25, 26, 27]. Some results also have been further
employed in the qualitative analysis of partial differential equations : [10, 17].

From another perspective, in 2015, Yang, Chu and Wang [18] provided the
following interesting monotonicity rule, which considers a more complex case that
the monotonicity of {ax/bx}r>0 changes once.

Monotonicity rule 3. Let real power series A(x) = > po,arz® and B(z) =
ZZZO bpx® converge on (—r,r) with b, > 0. If there exists a given integer m > 1
such that the sequence {ay/by} is increasing (decreasing) for all 0 < k < m and
decreasing (increasing) for all k > m with neither {ar/bi to<k<m nor {ak/bk}tr>m
is constant, then

(1) the function x — A(x)/B(z) is increasing (decreasing) on (0,7) if and only
if Has(r™) = ()0,

(2) there exists g € (0,7) such that the function x — A(z)/B(x) is increasing
(decreasing) on (0,z0] and decreasing (increasing) on [xo,r) if Hap(r~) <
(>)0,

where the function Hy 4 is defined by Hy 4 = gg — f, which is called Yang’s H -
function (named in [11]).
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According to the number of times the monotonicity of {a/br} undergoes
changes, a research motivation occurs: consider that case that such monotonicity
changes n(n > 2) times. The extension is both valuable and challenging. Its
significance lies in enabling us to study more complex functions using the extended
rules. Thus, the primary objective of this paper is to establish monotonicity rules
for the ratio of power series when the monotonicity of the sequence {ay/b;} changes
twice, and to provide an application whose monotonicity can be analyzed using the
proposed rules.

This paper is structured as follows: In Section 2, we will establish the mono-
tonicity rules for

Alz) Y2 apa®
B(z) — 3o bpat’
under the case that the monotonicity of {ay/by} change twice. We also provide a

local monotonicity rule in this section. In section 3, by employing monotonicity
rules, we will establish the necessary and sufficient conditions for the function

(2) T

_ M(a,b,cx) e *M(a,b,cx)
) Rove®) = F10 10 =241

to be monotonic, where M (a,b, x) is the confluent hypergeometric function of the
first kind, and a, b, c > 0 are constants.

2. MONOTONICITY RULES FOR THE RATIO OF POWER SERIES

We begin with a complete introduction to Yang’s H-function [18]. Let —oco <
a < b < oo, functions F' and G be differentiable on (a,b), and G # 0 on (a,b).
Yang’s H function is defined by

It is easy to check that the following two formulas hold

() = &

and o
i
Hro = () G
where the second identity requires both F' and G are twice differentiable. In what
follows, we also denote that [a,b]y := [a,b] NN, where N := {0,1,2,---} is the set
of natural numbers. Hereafter, A’ and B’ are the derivatives of functions A and B,

respectively. We also use the forms A®*) and B®*) to respectively represent the k-th
order derivatives of A and B, where A and B(®) mean A and B, respectively.
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2.1 The monotonicity of {a;/b;} changes twice

First, we establish the monotonicity rule for function (2), where the monotonicity
of {ax/br} changes twice. For convenience, we introduce some notations

(i) arrows “, " and “\” respectively denote “increasing” and “decreasing”,

(i) arrows “,N\/ and “N\,, " respectively denote “there exist x; € (0,r) such
that the function increasing on (0,21] and decreasing on [z1,7)” and “there
exist 1 € (0,7) such that the function decreasing on (0,2;] and increasing
on [z1,7)”,

(iii) arrows “,/"™\ 7 and “\, "\” respectively denote “there exist xq, x5 € (0,7)
such that the function increasing on (0, z2]U[x3,7) and decreasing on [z2, x3]”

and “there exist xq, 3 € (0,r) such that the function decreasing on (0, z2] U
[x3,7) and increasing on [xg, x3]”.
Monotonicity rule 4. Let real power series A(z) = Y ;o apz® and B(z) =
> neo brux® converge on (0,1) with by, > 0. If there exists different integers mo >
my > 1 such that the sequence {ay/by} is increasing (decreasing) for all k €
[0,m1]ny U [mg2,00)ny and decreasing (increasing) for all k € [mq1,mso]n, as well as
{ar/br}o<k<my> {0k/Dk}my<k<ms, and {ak/bi}te>m, are non-constant, then
(C1) the function x — A(zx)/B(x) is " (“\”) on (0,r) if one of the following
conditions holds
(1) Hap(r™) = ()0 and Ha p (r™) < (2)0;
(1) Hap(r=) > ()0, Ha g (r~) > ()0, and Hap(z) > (<)0 for all
x € (0,r).
(C2) the function x — A(x)/B(z) is “/"\" (“\*”) on (0,7) if one of the fol-
lowing conditions holds
(ii5) Hap(r=) < (>)0 and Hy g (r—) < (>)0;
(iv) Hag(r=) < (>)0 and Ha p(r~) > (<)0.

(C3) the function x — A(z)/B(x) is .\, (“\,/"\\”) on (0,7) if

(v) Hap(r™) > ()0, Hy g (r7) > (<)0, and there exists o € (0,7) such
that HAyg(l'o) < (>)0.

Proof. Without loss of generality, we consider the case that the sequence {ay/by}
is increasing for all k € [0, m1]y U [m2,00)y and decreasing for all k € [mq, ma]y.
We will use mathematical induction on m; to complete the proof.

(1) When m; = 1, based on the conditions, the sequence {ay /by } is increasing
for all k € {0,1}U[ma, 00)y and decreasing for all k& € [1, ma]y. Thus, the sequence
{ag+1/bk+1} is “\/, and then we consider the monotonicity of the function

A(@) _ Yirolk + Dariz”
B'(z) 3ok + Dbeaak”
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According to Monotonicity rule 3, we obtain the following two conclusions
(i) If Ha pr(r~) <0, then the function z — A’(z)/B'(z) is “\,”.
(ii) If Ha g (r~) > 0, then the function z — A'(z)/B'(z) is “\ ™.

From H); 5 = (A'/B')’B and B > 0, we know that the monotonicity of function
x +— H 4 p(x) is the same as that of the function x — A’(z)/B’(z). Noting that

A'(0)
B'(0F)

B(0") — A(0F) = bo(‘b‘% - %3) >0,

Hyp(0") =

we obtain

(i) When Hap(r™) > 0 and Ha p(r~) < 0. We obtain that the function
H 4 p(x) is decreasing and further know that H4 z(x) > 0 for all z € (0,r)
from Hap(0") > 0 and Hap(r~) > 0. Based on the identity (A/B)" =
B'/B*H 5, we obtain that the function z — A(z)/B(z) is increasing on
(0,7).

(ii) When Hap(r™) < 0 and Ha g (r~) < 0. We know that the function
H 4 p(x) is decreasing. Combined with H4 5(07) > 0 and Hap(r~) < 0,
it follows that the function H 4 g(x) is positive first and then negative. Based
on the identity (A/B) = B'/B?Hp, we deduce that the function z

A(z)/B(z) is /N

(iii) When Hap(r~) > 0 and Ha g/(r~) > 0 as well as Hy g(z) > 0 for all
z € (0,r). We know that the function H4 g(x) is “\,/”. However, since
Hy g(xz) > 0 holds for all z, the function = — A(z)/B(x) is increasing on
(0,7).

(iv) When Hap(r~) > 0 and Ha p(r~) > 0 as well there exists xg € (0,7)
such that H4 p(zo) < 0. We know that the function Hp(x) is “\ .
Combined with H 4 5(0) > 0, Ha g(r~) > 0 and H4 (o) < 0, it follows that
the function H 4 g(z) is initially positive, then becomes negative, and finally
turns positive again. Furthermore, we obtain the function z — A(z)/B(z) is

NS

(v) When Hyp(r~) < 0 and Hya p(r~) > 0. We know that the function
Hap(z) is “\ /. Combined with H45(0") > 0 and Hap(r~) < 0, it
follows that the function H p(x) is positive first and then negative. Fur-
thermore, we obtain the function z — A(z)/B(z) is /™.

(2) Now we consider the case that m; = 2, namely, the sequence {aj/by}
is increasing for all & € {0,1,2} U [ma,00)y and decreasing for all k € [2, ma]y.
Then the sequence {agy1/bx+1} is increasing for all k € {0,1} U [mg — 1,00)y and
decreasing for all k € [1,my — 1]ny. According the conclusions in (1), we have
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(C1") the function x — A'(x)/B'(z) is “,”” on (0,r) if one of the following condi-
tions holds

(i)
(i)

Hu p(r7) = ()0 and Har g (r7) < (2)0,

HA/,B/(T’f) > (<)0, HA//,B//(Ti) > (<)0 and HA/7B/(Q:) > (S)O for all
z € (0,r).

(C2’) the function z — A'(z)/B'(x) is “/"\/ on (0,r) if one of the following
conditions holds

(iii)
(iv)

Hy p (7"_) < (>)0 and H 4 pr (T_) < (2)0,
Ha p(r7) < (>)0and Har pr(r~) > (<)0.

(C3") the function x — A'(x)/B'(z) is “,/"\" on (0,7) if

(v)

Hyp(r7) > ()0, Har pr(r7) > (<)0, and there exists zo € (0,7)
such that Ha/ g (o) < (>)0.

We now proceed to consider the different cases separately.

(I) When HA7B(T‘_) > 0 and HA/7B/(T‘_) < 0.

(i)

(i)

If furthermore H v gr(r~) > 0, then the function = — A'(z)/B'(x)
is “"N\. That is, the function z — Hpg(x) is “/\/. Combined
with Hyq5(0%) > 0 and Hap(r~) > 0, we obtain that the function
x — Hy p(z) is always non-negative. Furthermore, we know that the
function x — A(x)/B(z) is “,/” on (0,7).

If furthermore H 4~ g+ (r~) < 0, then the function = — A'(x)/B'(z) is
“ . This is similar to situation (I)-(i) and we know the function

x = A(z)/B(z) is “,” on (0,7).

By combining cases (i) and (ii), it can be concluded that when H 4 g(r~) > 0
and Ha g (r~) <0, the function z — A(z)/B(z) is “” on (0,7).

(IT) When Hgp(r~) >0and Hy p(r~) =0.

(i)

(i)

If furthermore H 4~ g+ (r~) > 0, then the function z — A'(x)/B'(z) is
“\". This is similar to situation (I)-(i) and we know the function
x— A(x)/B(z) is “, on (0,r).

If furthermore H v gr(r~) < 0, then the function = — A'(z)/B'(x)
is “ . That is, the function z — H4 g(z) is “”. Combined with
Hxp(07) > 0 and Hap(r~) > 0, we obtain that the function z —
H 4 (z) is always non-negative. Furthermore, we know that the function

x+— A(z)/B(z) is “,7” on (0,7).

By combining cases (i) and (ii), it can be concluded that when H 4 g(r~) > 0
and Ha g (r~) = 0, the function z — A(z)/B(z) is “” on (0,7).
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(IIT) When Ha5(r~) >0 and Ha g (r~) > 0.

(i)

(if)

(iii)

If furthermore Hav pr(r~) > 0 and Ha p/(x) > 0 for all z € (0,r),
then the function z — A'(x)/B'(x) is /. This is similar to situation
(I1)-(ii) and we know the function = — A(z)/B(x) is “,” on (0,r).

If furthermore H v g (r~) > 0 and there exists zo € (0,7) such that
H a4 p(zo) < 0, then the function = — A'(z)/B'(x) is “,/™\,/. That
is, the function @ — H 4 p(x) is “ "\ /. Combined with H4 5(0") > 0
and H4 g(r~) > 0, we obtain two cases

(1) If there exists zp € (0,r) such that H4 g(z¢) < 0, then the function
x — H 4 p(x) is negative first and then positive. Thus, the function
x = A(x)/B(z) is “,/"\" on (0,r).

(2) If Hap(zo) > 0 for all z € (0,r), then the function z — H 4 g(z) is
always non-negative. Thus, the function z — A(x)/B(z) is " on
(0,7).

If furthermore H 4~ g+ (r~) < 0, then the function z — A'(x)/B'(z) is

“ 7. This is similar to situation (II)-(ii) and we know the function

x— A(x)/B(z) is “, on (0,r).

According to the identity (A/B) = B'/B>H 4 p, if there exists zo € (0,7)
such that H4 g(z¢) < 0, then the function = — A(z)/B(x) is decreasing at
xo. This indicate that H» g (r~) > 0, otherwise, we have H 4 g(z) > 0 for
all x € (0,7) according to the cases (iii), which leads to a contradiction. In
the same way, there also exists 1 € (0,7) such that Ha g (z1) < 0, or it
contradicts cases (i). Thus, we know that, under the assumptions H 4 g(r~) >
0 and Ha g (r~) > 0, the function x — A(x)/B(x) is “,/\, /" if there exists
xo € (0,7) such that H g(zo) < 0, otherwise, it is monotonically increasing.

(IV) When HA7B(’I”7) =0and Hya p (Ti) > 0.

(i)

(iii)

If furthermore H 4» g (r~) > 0 and Ha g (z) > 0 for all z € (0, r), then
the function z — A’(x)/B'(x) is ¢,/ and the function x — A'(z)/B'(x)
is also “ . However, since H4 5(0%) > 0 and H4 g(r~) = 0, the func-
tion © — A’(z)/B'(x) can not be increasing, which leads to a contra-
diction. Therefore, under the assumption of (IV), the condition (IV)-(i)
cannot be imposed additionally.

If furthermore Ha» pr(r~) > 0 and there exist xy € (0,r) such that
H g (z0) < 0, then the function = — A'(z)/B'(x) is “,/\, /. That
is, the function x — H4 g(x)is “,/\"". Combined with H 4 5(0%) > 0
and Hap(r~) = 0, we obtain that there exists o € (0,r) such that
H 4 5(x0) <0, and the function © — H 4 g(x) is positive first and then
negative. Thus, the function z — A(z)/B(z) is “,/\, on (0,7).

If furthermore H v g+ (r~) < 0, then the functions z — A'(z)/B'(x)
and x — H 4 p(x) are both “, 7, which is impossible.
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(VII)

By combining cases (i)—(iii), it can be concluded that when Hap(r~) =0
and Ha p/(r~) > 0, only case (ii) can hold, and in this case, the function

r = A(x)/B(x) is /N on (0,7).
When Hyp(r7) <0and Hy p(r~) <0.

(i) If furthermore H 4 gr(r~) > 0, then the function  — A'(z)/B'(z) is
"\ That is, the function z — Hy4 g(z) is “\. Combined with
Hap(0t) > 0 and Hap(r~) < 0, we obtain that  — Hag(z) is
positive first and then negative. Thus, the function x — A(x)/B(z) is
N o (0,7).

(ii) If furthermore H4» g (r~) < 0, then the function = — A'(x)/B'(z) is
"\ This is similar to situation (III)-(i) and we know the function
x = A(z)/B(x) is “,/™N\/ on (0,7).

By combining cases (i) and (ii), if Hag(r~) < 0 and Ha p(r~) < 0, the
function x — A(x)/B(z) is /" on (0,r).

When HA7B(’I”7) <0and Hy p(r=)=0.

(i) If furthermore H v gr(r~) > 0, then the function z — A'(z)/B'(z) is
“\". This is similar to situation (V)-(i) and we know the function
x— A(x)/B(z) is “,/\ on (0,7).

(i) If furthermore H4» g (r~) < 0, then the function x — A'(z)/B'(x)
is “,”. That is, the function z — Ha p(z) is “”. However, it is
impossible since H4 5(07) > 0 and Ha 5(r~) < 0.

By combining cases (i) and (ii), if Hag(r~™) < 0 and Ha/ p/(r~) = 0, then
H v pr(r~) > 0 and furthermore the function z — A(z)/B(z) is “,/™\/” on
(0,7).

When Hyp(r~) <0and Hy g (r~) > 0.

(i) If furthermore H a4 g (r~) > 0 and H 4 p(x) > 0 for all z € (0,r), then
the function = — A'(z)/B'(x) is “. However, it is impossible since
HA’B(OJ'_) > 0 and HA’B(T_) < 0.

(ii) If furthermore H4» g (r~) > 0 and there exists zo9 € (0,r) such that
H 4 g (z0) < 0, then the function z — A'(z)/B'(x) is /. That
is, the function x — H 4 g(x) is “,/\"". Combined with H 4 5(0%) > 0
and H4 (r~) < 0, we obtain that the function x — H 4 g(x) is positive
first and then negative. Thus, the function z — A(x)/B(z) is “,/"\/.

(iii) If furthermore H v g (r~) <0, then the function z — A'(z)/B’(x) and
x +— H 4 p(x) are both “, 7, which is also impossible.

By combining cases (i), (ii) and (iii), under the assumption H4 (r~) < 0
and Ha p(r~) > 0, it can be concluded that H» g (r~) > 0 and there
exists zo € (0,7) such that Has p(x9) < 0. In this situation, the function
x— A(x)/B(x) is N\ on (0,r).
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By combining cases (I)-(VI), we prove that (C1)-(C3) hold for the case my = 2.
(3) By repeating the above steps and using mathematical induction, we can

prove that conclusions (C1)-(C3) hold for any natural number m; greater than
2. O

Remark 5. If one of {ar/bk}to<ik<m,s {ak/bk}mi<k<ms, and {ak/bg}m,<k is a
constant, then we regard the monotonicity of {ar/bx.} change once rather than twice.
This monotonicity rule is also closely related to Open problem 2.

Remark 6. Noting that the condition Hap(r~) =0 and Ha g/ (r~) > 0 deduces
there exist zo € (0,7) such that H 4 p(xo) < 0, we know that, for any given functions
A and B, one of (i), (i), (iii), (iv), (v) in (C1), (C2), (C3) holds. And the
conclusions in Monotonicity rule 4 could be simply represented in Table 1.

Cases {ay/by} Hap(r™) Hap(r") Hy5(2) A/B
LN >0 <0 e
2 SN >0 >0 >0 for all z € (0,r) Ve
3 NS <0 <0 N\
4 NS <0 >0 AN
5 SN >0 >0 exists zg € (0,7) such that <0 "\ N
6 NN <0 >0 hN
T NN <0 <0 <0 for all z € (0,r) ¢
8 N\ >0 >0 N
9 NN\ >0 <0 N
10 NN\ <0 <0 exists zg € (0,7) such that >0 \ "\,

Table 1: The Monotonicity of .4/B in Monotonicity rule 4

Let r — co. Then we have the following monotonicity rule.

Monotonicity rule 7. Let real power series A(x) = > po,ara® and B(z) =
S o brex® converge on (0,00) with by, > 0. If there exists two different integers
ma > my > 1 such that the sequence {ay/by} is increasing (decreasing) for all
k € [0,m1]y U [m2,00)n and decreasing (increasing) for all k € [mqy, ma]N, as well
as {ar/bi fo<k<mis {0k/bk}mi<k<ms, and {ar/bk}r>m, are non-constant, then

(C1) the function x — A(x)/B(x) is increasing (decreasing) on (0, 00) if one of the
following conditions holds:

)
(i) HA7Z(3(OO))> (<)0, Ha p(o0) > ()0, and Hap(x) > ()0 for all
z € (0,00).

(Z) H_A’B(OO) > (§)0 and H_A/)B/(OO < (>)0;

(C2) there exists x1 € (0,00) such that the function x — A(z)/B(x) is increasing
(decreasing) on (0,z1] and decreasing (increasing) on [x1,00) if one of the
following conditions holds:
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(i) Hap(co) < (>)0 and Ha,p(00) < (2)0;
(iv) Hap(c0) < (>)0 and Ha p(c0) > (<)0.

(C3) there exists x2,x3 € (0,00) such that the function x — A(x)/B(x) is increas-
ing (decreasing) on (0, 2] U [x3,7) and decreasing (increasing) on [x2, x3] if:

(v) Hap(oo) > ()0, Ha p(00) > (<)0, and there exists zo € (0,00) such
that HA7B(1‘0) < (>)0.

Likewise, we present the monotonicity rule for the ratio of two polynomials.

Monotonicity rule 8. Let Ay (z) = Ziv:o arpx® and By (z) = Z;X:o b defined
on (0,r) with by, > 0. If there exists different integers N > mo > mq > 1 such
that the sequence {ay/by} is increasing (decreasing) for all k € [0, m1]n U [m2, Ny
and decreasing (increasing) for all k € [mq,ma]n, as well as {ak/bk}o<k<m,,
{ak/bk}mi<k<ms, and {ak/bg}m,<k<n are non-constant, then

(C1) the function x — An(x)/Bn(x) is increasing (decreasing) on (0,1) if one of
the following conditions holds:

(i) Hay,By (T

(”) H-AN BN (7“

) > (S)O and HAQ\HB;\](T_) < (2)07

)
all z € (0,7).

(

> (<)0, Hay gy (r7) > (<)0, and Hay gy (x) > (<)0 for

(C2) there exists x1 € (0,1) such that the function x — Ay (z)/Bn(z) is increasing
(decreasing) on (0,z1] and decreasing (increasing) on [x1,r) if one of the
following conditions holds:

(iii) Hay s, (r™) < (>)0 and Hay g, (r) < (2)0;
(iv) Hay sy (r") < (2)0 and Hay, g, (1) > (<)0.

(C3) there exists xo,x3 € (0,r) such that the function x — An(z)/By(x) is in-
creasing (decreasing) on (0, z2|U[xs,r) and decreasing (increasing) on [xa, x3)

if:

(v) Hayx(r7) 2 (2)0, Hyy, 5y, (r7) > (<)0, and there exists xo € (0,7)
such that H 4y gy (x0) < (>)0.

Monotonicity rule 9. Let Ay(z) = Zg:[) apx® and By (z) = ij:(] brx® defined
on (0,00) with by, > 0. If there exists different integers N > mg > my > 1 such
that the sequence {ay /by } is increasing (decreasing) for all k € [0, mq]x U [ma, Ny
and decreasing (increasing) for all k € [mi,ma]n, as well as {ar/bk}o<k<m,,
{ak/bk}mi<k<ms, and {ak /b tmy<k<n are non-constant, then

(C1) the function x — An(x)/Bn(x) is increasing (decreasing) on (0,00) if one of
the following conditions holds:

(Z) H.AN,BN(OO) > (S)O and H.A'N,B}V (OO) < (2)07
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(i4) Hay By (00) > ()0, Hay sy (00) > ()0, and Hay,py(z) > (<)0 for
all z € (0,00).

(C2) there exists x1 € (0,00) such that the function x — Ay (z)/Bn(x) is increas-
ing (decreasing) on (0,x1] and decreasing (increasing) on [x1,00) if one of
the following conditions holds:

(iti) Hay,y(00) < (>)0 and H a4, 5y (00) < (2)0;
() Hay By(00) < (>)0 and H 41, 51 (00) > (<)0.

(C8) there exists xa,x3 € (0,00) such that the function © — An(z)/Bn(z) is
increasing (decreasing) on (0,x2] U [z3,00) and decreasing (increasing) on
[$2,ZE3] Zf

(v) Hay y(00) > ()0, Hyy sy (00) > (<)0, and there exists zo € (0,00)
such that H 4y gy (20) < (>)0.

Analytic functions can be represented by their Maclaurin series in a neigh-
borhood of the origin. Thus we obtain the following corollary, which considers the
monotonicity of the ratio of two Maclaurin series

Corollary 10. Assume that A(x) and B(x) are analytic functions and B*)(0) > 0
for all k > 0. If there exists different integers mo > mq > 1 such that the sequence

(k)
{;‘(:7)((00))} is increasing (decreasing) for all k € [0, m1]ny U [me, 00)y and decreasing

(increasing) for all k € [m1, ma]n, then the conclusions (C1), (C2), and (C3) in
Theorem 4 hold.

Now, we consider some special cases by choosing different functions for B5.
k
Let B(z) = e” = Y}, %7 in the monotonicity rule 4. This leads to the following
corollary.

Corollary 11. Let real power series A(x) = > po,axz® converge on (0,00). If
there exists different integers ma > my > 1 such that the sequence {klay} is in-
creasing (decreasing) on k € [0,m1]n U [ma,00)y and decreasing (increasing) on
k € [m1, ma]n, then

(C1) the function x — e~ *A(x) is increasing (decreasing) if one of the following
conditions holds:
(i) A’(00) = (<)A(c0) and A”(o0) < (=) A'(00);

<
(i) A’(o(oo )(<).A(oo), A(00) > (<)A'(c0), and A'(z) — A(z) > 0 for all
z € (0,00).

) >
) >

(C2) there exists 1 € (0,00) such that the function x — e~ " A(x) is increasing
(decreasing) on (0,x1] and decreasing (increasing) on [x1,00) if one of the
following conditions holds:

(i1i) A’(00) < (>)A(0) and A”(c0) < (>)A'(0);
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(iv) A'(0) < (>)A(00) and A" (o) > (<) A'(c0).

(C3) there exists xa, x5 € (0,00) such that the function x — e * A(x) is increasing
(decreasing) on (0, x2] U [z, 00) and decreasing (increasing) on [z2,x3] if:

(v) A'(00) > (L)A(00), A”(00) > (<)A'(00), and there exists xg € (0,00)
such that A'(xo) < (>)A(xo).

Taking B(x) = = a:)d =3 (i,’“ x¥, then we have the following corollary,

where d > 0 and (a); = Fgf(z)k) is the Pochhammer symbol.

Corollary 12. Let real power series A(x) = Y po,arz® converge on (0,1) and
d > 0. If there exists different integers mo > my > 1 such that the sequence
{Klay/(d)r} is increasing (decreasing) on k € [0,m1]ny U [ma,00)y and decreasing
(increasing) on k € [mq, me]n, then

(C1) the function x — (1 — 2)~%A(z) is increasing (decreasing) if one of the fol-
lowing conditions holds:

(i) limg .y (A ()55 — A(z)) > ()0 and lim,; (A" (2)37F — A'(2)) <
(2)0;

(i) limg_q (.A’( )12 — A(z)) > (<)0, lim, 1 (A" (2) 355 — A'(z)) > (<)0,
and A'(x)15% — A(z) > 0 for all z € (0,1).

(C2) there exists 1 € (0,1) such that the function x v+ (1—x)~9A(z) is increasing
(decreasing) on (0,z1] and decreasing (increasing) on [x1,1) if one of the
following conditions holds:

(i) lim, y (A'(2)152 — A(x)) < (>)0 and lim, 1 (A" (2) 75 — A'(z)) <
(=)0;

(iv) lim, 1 (A'(2)255 — A(z)) < (2)0 and lim, . (A" (2) 37} — A'(2)) >
(<)o0.

(C3) there exists w9, 23 € (0,1) such that the function x — (1 — z)~%A(x) is in-
creasing (decreasing) on (0, z2]U[x3,1) and decreasing (increasing) on [, x3)
if:

(v) limg 1 (A'(2)252% — A(z)) > ()0, limg_yy (A”( z) =2 - Al(x)) > (<)0,
and there e:msts xo € (0,1) such that A'(x) =2 — A(z) < (>)0.

In particular, taking d = 1, namely, B(z) = ﬁ =Y 12, x", then we have
the following corollary.

Corollary 13. Let real power series A(x) = > p—, araz® converge on (0,1). If there
exists different integers mq > my > 1 such that the sequence {ay} is increasing (de-
creasing) on k € [0, m1]y U [ma, 00)n and decreasing (increasing) on k € [mq, ma]n,
then
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(C1) the function x — (1—x)A(x) is increasing (decreasing) if one of the following
conditions holds:

(1) 1(irn)36_> (A'(z)(1—x)— A(x)) > (<)0 and limy_,1 (A" (z)15% - A'(z)) <
Z ;

(it) limy—1 (A'(2)(1—2)— A(z)) > (<)0, limg_q (A" (2)5% - A'(z) > (<
)0, and A'(x)(1 —x) — A(z) >0 for all x € (0,1).

(C2) there exists x1 € (0,1) such that the function x — (1 — z).A(x) is increasing
(decreasing) on (0,z1] and decreasing (increasing) on [z1,1) if one of the
following conditions holds:

(iii) 1(im)%ﬂ (A'(z)(1—2)— A(z)) < (>)0 and lim,_,1 (A" (z)15% - A'(z)) <
Z ;

(iv) limy_y1 (A'(z)(1—2)— A(z)) < (=)0 and lim,_; (A" (z) 5% - A'(z)) >
(<)0.

(C3) there exists x2,x3 € (0,1) such that the function x — (1—x)A(x) is increasing
(decreasing) on (0,x2] U [z3,1) and decreasing (increasing) on [xo, x3] if:

(v) limg_; (A'(z)(1—2) — A(z)) > ()0, lim,_y; (A" (z)15E - A'(z)) > (<
)0, and there exists zo € (0,1) such that A'(z0)(1 —x0) — A(zo) < (>)0.

Taking B(z) = —In(1 —dz) = > ;o (dk—l;!xk, then we have the following
corollary.

Corollary 14. Let real power series A(z) = > po,axz® converge on (0,1/d),
where d > 0. If there exists different integers mg > mq > 1 such that the sequence
{Klay,/d*} is increasing (decreasing) on k € [0,m1]y U [ma,o0)y and decreasing
(increasing) on k € [my, ma]N, then

(C1) the function x — Alz)—aq ;¢ increasing (decreasing) if one of the following

" In(1—dx)
conditions holds:

(i) lim, 1 (—A/(a) 720700 A () > (<)0 andlim, , s (A" (x) 5 -
A'(z)) < (2)0;
(ii) lim, 2 (= A'(2) IR0 A(2)) > (<)0, lim,, 2 (A (2) 52 —

A(z)) > (<)0, and — A/ (z) 3=2EMOZd0) _ A1) >0 for all x € (0, 3).

(C2) there exists 1 € (0,2) such that the function x —ﬁg:‘;‘; is increasing

(decreasing) on (0,z1] and decreasing (increasing) on [z1,%) if one of the
following conditions holds:

(iii) Tim,_, 3 (—A' () SERU=ID _ A(g)) < ()0 and lim, _, 3 (A" (2) 1522 —
Al(2)) < (2)0;



Monotonicity rules for the ratio of power series with applications 159

: (_A/(x)%:(l*dw)_/l(x)) < (>)0 and limx_,%(/l"(x)%—
A'(z)) > (<)0.

(iv) lim,_, 1

(C3) there exists x2, x5 € (0, %) such that the function x — — ﬁg):d';‘; is increasing

(decreasing) on (0,z2] U [x3, %) and decreasing (increasing) on [x2, x3] if:

(U) limm L1 ( A/( )M ,A( )) > (S)O, limz_% (AH(I)% _
(z)) > (<)0, and there exists zo € (0,%) such that —A'(xo)(1 —
da:o)ln(ldd“) — A(z0) < (>)0.

FELESE

Taking B(z) = sinh(dr) = Y77, Grpye” " and B(z) = cosh(dz) =

Yoo %x%, respectively, we have the following two corollaries.

Corollary 15. Let real power series A(z) = > po axz® 1 converge on (0, 00)
and d > 0. If there exists different integers mo > mi1 > 1 such that the sequence
{(2k + 1)lay/d?**t1} is increasing (decreasing) on k € [0,my]y U [ma,00)y and
decreasing (increasing) on k € [my, man, then

(C1) the function x — Siﬂ&)@ is increasing (decreasing) if one of the following
conditions holds:

(i) Timg oo (A/(2) 2289 — A(r)) > ()0 and lim, o (A (2) 2242 —
A (@) < (2)0;

(i) Ty o0 (A (2) 220 _ A(2)) > ()0, limy oo (A7 (2) 226 _ 4/(2))
> (<)0, and A’(x)% — A(z) >0 for all z € (0,00).

(C2) there exists x1 € (0,00) such that the function x Siﬂgz)
(decreasing) on (0,z1] and decreasing (increasing) on [x1,00) if one of the

following conditions holds:

s increasing

(i) an)oo (A (2) 22505 — A(a)) < (>)0 and Tim, o0 (A" ()0
A'(w)) < (2)0;

(iv) hmm)oo( Al () 28— A(z)) < (2)0 and lim, oo (A”(2) 2 —
A'(w)) > (<)0.

(C3) there exists xo,x3 € (0,00) such that the function x — Siﬁl(&)x)

(decreasing) on (0, 2] U [z3,00) and decreasing (increasing) on [x2, 3] if:

s increasing

(v) Timg o0 (A’ (2) 2229 A(2)) > (<)0, limg, a0 (A7 (2) 220 A/(2))
> (<)0, and there ezists xy € (0,00) such that A’(xo)%ffl(:co) <
(>)0.
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Corollary 16. Let real power series A(z) = Y po, axz®* converge on (0,00) and
d > 0. If there exists different integers mg > mq > 1 such that the sequence
{(2k)lag/d?*} is increasing (decreasing) on k € [0,m1]y U [ma, 00)n and decreasing
(increasing) on k € [my, ma]n, then

(C1) the function x — % is increasing (decreasing) if one of the following
conditions holds:

(i) limy oo (A’ (2) 229 A(2)) > ()0 and lim,_ oo (A (z) 20002
A'(z)) < (2)0;

(i) Ny o0 (A (2) 2RUE2) _ A(2)) > (<)0, limy oo (A” () 22090 _ A/(1))
> (<)0, and A'(x)% — A(z) >0 for all x € (0,00).

(C2) there exists x1 € (0,00) such that the function © Cofh(&)m) is increasing

(decreasing) on (0,z1] and decreasing (increasing) on [x1,00) if one of the
following conditions holds:

(i) lim oo (A'(2) AL — A(2)) < (>)0 and limg o0 (A" () 22 —

A'(@)) < (2)0;

(iv) Timg o (A'(2) 229 — A(z)) < (2)0 and limg oo (A" (z) 22242 —
A'(z)) > (<)0.

(C8) there exists x2,x3 € (0,00) such that the function x — Cof}f(ggw) 15 increasing

(decreasing) on (0, x2] U [z3,00) and decreasing (increasing) on [xa, x3] if:

(0) Timg o0 (A’ (2) LRED) _ A(2)) > ()0, limy oo (A” () 2220 A/(1))
> (<)0, and there exists xo € (0,00) such that A/(io)%jzo)—/l(fbo) <
(>)0.

2.2 Other type monotonicity rules

The following monotonicity rule shows that the monotonicity of x — A(x)/B(x)
near point z = 0 is determined by the monotonicity of {ax/by} near point k = 0,
which named local monotonicity rule in this paper.

Monotonicity rule 17. Let real power series A(z) = > poarz® and B(z) =
S o brex® converge on (0,7) with b, > 0. If there exists integer m > 1 such that
the sequence {ay/br} is strictly increasing (decreasing) for all 0 < k < m, then
there exists xg € (0,7] such that the function x — A(x)/B(x) is strictly increasing
(decreasing) on (0,x0).

Proof. From

Hy(07) =
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and the identity (A/B)" = B'/B*H 4 5, we obtain that there exists zo € (0, 7] such
that Ha p(x) > 0 for all € (0,20) and the function = — A(z)/B(x) is strictly
increasing (decreasing) on (0, z). O

Let the monotonicity of {a /by } changes n(n > 0) times and the monotonicity
of function x — A(x)/B(x) changes 7.4 g(n) times. The following monotonicity rule
shows 74 5(n) < n.

Monotonicity rule 18. Let real power series A(z) = > po,axz® and B(z) =
> neo bk converge on (0,7) with by > 0. If the monotonicity of {ax/by} changes
n(n > 0) times, then the monotonicity of © — A(z)/B(z) changes no more than
n(n > 0) times.

Proof. We complete the proof by using mathematical induction. According to
Monotonicity rule 1, Monotonicity rule 3, and Monotonicity rule 4, the conclusion
is true for n = 0,1, 2, respectively. Suppose it is true for n = ¢, now we consider
n=q+1.

In this case, the monotonicity of the sequence {aj/bi} changes ¢ + 1 times.
Without loss of generality, we suppose that there exist integer m > 1, which can’t
be bigger, such that the sequence {ag /by } is increasing for all 0 < k < m. Thus, the
monotonicity of the sequence {ax+1/bk+1} changes ¢ times if m = 1 and changes
q+ 1 times if m > 2.

(I) When m = 1, the monotonicity of  — A’(x)/B’(z) changes ¢ times with
decreasing first, same as H 4 p due to identity H/; 5 = (A’/B’)'B. According to
H,5(0T) > 0, we obtain that the monotonicity of z — A(z)/B(z) changes no
more than g + 1 times.

(IT) Suppose it holds for m = p, we consider m = p+ 1. The monotonicity of
x +— A'(x)/B'(x) changes ¢+1 times with increasing first, same as H 4 5. According
to Ha(0%) > 0, we obtain that the monotonicity of z — A(z)/B(z) changes no
more than ¢ + 1 times.

Thus, we complete the proof. O

Corollary 19. Let real power series A(x) = > po,arz® and B(x) = Y 5o, bra®
converge on (0,7) with by > 0 as well as I € N. If the monotonicity of {ax/by}
changes n(n > 0) times, then the monotonicity of x — AW (x)/BY(z) changes no
more than n times.

Proof. Clearly, the monotonicity of {ag4;/br+;} changes no more than n times.
Thus, the monotonicity of x + A® (2)/BY (x) changes no more than n times. [
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3. APPLICATIONS IN CONFLUENT HYPERGEOMETRIC
FUNCTIONS OF THE FIRST KIND

First, we briefly introduce the confluent hypergeometric function of the first
kind, commonly denoted by M/(a,b,x), ®(a,b,x) or 1Fi(a,b, ), also referred to
as Kummer’s function. It is defined as the solution to the following second-order
ordinary differential equation (i.e., Kummer’s equation) [1, p. 504]

zZ"(x) + (b—2)Z' () —aZ(xz) = 0.

It is easy to verify that M (a,b, z) has the following series representation (see [1, p.
504])

(4) absz(Z—%

k=0

Ta+k)

(@o=1, (@ =ala+1)-(atk=1)=—F

k=1,2,---
is the Pochhammer symbol. Furthermore, for large x — oo, the following asymp-
totic formula holds

(5) M(a,b,a) = I{‘((Z))eg”m“b(l L 1-ab-a) “)x(b —9 O(x2)).

In this section, we will focus on studying the monotonicity of the function (3).
It is noteworthy that this function exhibits rather complex monotonicity behavior
for different parameters a,b,c > 0. For example,

(i) when a = 1, b = 1/3, and ¢ = 4/3, the function exhibits monotonicity
behavior of the form “ 77;

(ii) when @ = 1, b = 4/3, and ¢ = 4/3, the function exhibits monotonicity
behavior of the form “\ ";

(iii) when @ = 1, b = 1/3, and ¢ = 1.02, the function exhibits monotonicity
behavior of the form “, "\ ",

as shown in Figure 1. A natural question is to determine the conditions on the
parameters a, b, c under which the function exhibits distinct monotonicity behavior.

Fortunately, based on the series representation (4), we can rewrite the func-
tion (3) as

k

M (a,b, cx) Do ba T
M2, 1,z) e
) ) Zk O

b

a‘?s‘

x>
K k!
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F

(a) Graph of the function (b) Graph of the function (c) Graph of the function
R1,1/3,4/3($) R1,4/3,4/3($U) R1,1/3,1.02(5E)

Figure 1: Monotonicity of the function (3) with different parameters

which is the ratio of two power series. The monotonicity rule we provided in the
previous section offers a theoretical tool for its study. Note that the ratio of the

coeflicients of the power series
{Ck(a)k/@)k}
(O)k Dk k>0

changes monotonicity at most twice (as we will explain in detail in Lemma 22).
According to the monotonicity rule 18, we know that the monotonicity of the
function (3) changes at most twice, which means that the monotonicity pattern
of the function (3) must be one of “ 7, N/, “ N/, “\/7, “/\", and
NN\ Next, we will classify the region {(a,b,c) : a,b,c > 0} so that each
class corresponds to a specific monotonicity pattern in Theorem 24. This helps us
better study the properties of the confluent hypergeometric function of the first
kind, partly because some tight bounds can be easily obtained if the monotonicity
is known.
Next, we introduce two lemmas for calculating Yang’s H-function.

Lemma 20. Let a,b,c >0 and (a,b) # (2,1). If c £ 1, then
Hip(apsen),m(2,152)(00) > (<)0

if and only if ¢ > (<)1. If c =1, then
Hf(a,bsz), M (2,152) (00) > (<)0

if and only if a > (<)b+ 1. Moreover, if c=1 and a =b+ 1, then
Ht(a,5),M(2,152) (00) > (<)0

if and only if b < (>)1.

Proof. The conclusion follows directly from formula (5), and the detailed derivation
is therefore omitted. O
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Lemma 21. Let a,b,c >0 and (a,b) # (2,1). If c# 1, then
Hp(a,biex), v (2,152)(00) > (<)0

if and only if ¢ > (<)1. If c =1, then
Hpr(a,bi), M7 (2,152 (00) > (<)0

if and only if a > (<)b+ 1. Moreover, if c=1 and a =b+ 1, then
Hipr(a,bie),m (2,150) (00) > (<)0

if and only if b < (>)1.

Proof. The conclusion follows directly from formula (5), and the detailed derivation
is therefore omitted. O

We now study the monotonicity of the ratio of the coefficients of the power
series. For convenience, for a non-identically-zero sequence ay, we introduce the
following notation:

(i) If ax > (<)0 for all k € N, we say ay, is “+(—)”.

(i) If there exists my € N such that a, > (<)0 for all k£ € [0, m1]y and ax, < (>)0
for all k € [m1, 00)n, and furthermore, ay, is not identically equal to 0 on both
[0, m1]y and [mq, 00)n, then we say ay is “+ — (—+)”.

(iii) If there exist ma, mg € N such that a; > (<)0 for all k& € [0, ma]n U [ms, 00)N
and ar < (>)0 for all & € [mo, ms]y, and furthermore, ay is not identically
equal to 0 on [0, ma|y, [m2, m3]N, and [m3, 00)y, then we say ay, is “+—+(—+
_)57.

Lemma 22. Let a,b,c >0 and (a,b) # (2,1). Then

(I) the sequence

) { <(?Z’52(>) }M

is “(\))” if one of the following conditions holds:

(i) a=b+1,b< (>)1, c=1;
(i) a> (<)b+1,a> ()20, c=1;
(i11) ac = 2b, ac —b+2c—3 > ()0, ¢ > (<)1;
(iv) ac —2b> (<)0, ac —b+ ¢ —2 < (>)0, mingen L(k) > ()0, ¢ > (<)1;
(v) ac—2b> (<)0, ac—b+c—2 > (K)0.

(II) the sequence (6) is “,/"\  (\,")” if one of the following conditions holds:



Monotonicity rules for the ratio of power series with applications 165

(i) a<(>)b+1,a>(<)2b, c=1;
(i1) ac—2b > (<)0, ¢ < (>)1;
(iii) ac = 2b, ac — b+ 2c — 3 > (<)0, ¢ < (>)1.

(ITI) the sequence (6) is “ /"N, (\,/"\\)” if the following condition holds: ac —
2b > (<)0, ac — b+ ¢ —2 < (>)0, mingen L(k) < (>)0, ¢ > (<)1,

where L(k) := (c — 1)k?* + (ac — b+ ¢ — 2)k + ac — 2b.
Proof. By taking the difference, we obtain

F @)1 (Drpr F(a)r(D F(a)e (D)
(O)kt1(2) k41 (0)(2)k (O)k+1(2) k41’

where L(k) is a polynomial sequence of degree at most 2. Next, we analyze the
sign of this polynomial.

Case 1 If ¢ =1, then L(k) = (a—b— 1)k +a — 2b. In this case, if a = b+ 1,
the sequence L(k) is “+(—)” if and only if b < (>)1. If a > (<)b+1 and a > (<)20,
then the sequence L(k) is “+(—)”; assume a > (<)b+ 1 and a < (>)2b, then the
sequence L(k) is “— + (+—)”.

Case 2 If ¢ > (<)1, then the function = — L(x) is a quadratic function
opening upwards (downwards), and L(0) = ac — 20b.

= L(k)

(i) If L(0) = ac — 2b < (>)0, the sequence L(k) is necessarily “— + (+—)”;

)=
(i ) If L(O) =ac—2b=0and L(1) = ac— b+ 2c — 3 < (>)0, the sequence L(k)
is = 4 (+-)7;
(iii) If L(0) = ac—2b =0 and L(1) = ac — b+ 2¢ — 3 > (X)0, the sequence L(k)
is “+(—)";

(iv) If L(0) = ac — 2b > (<)0 and ac — b+ c — 2 < (>)0 and mingen L(k) < (>)0,
the sequence L(k) is “+ — +(— 4+ =)7;

(v) Tf L(0) = ac— 2b > (<)0 and ac — b+ ¢ — 2 < (>)0 and mingen L(k) > (<)0,
the sequence L(k) is “+(—)";

(vi) If L(0) = ac —2b > (<)0 and ac — b+ ¢ — 2 > ()0, the sequence L(k) is
LL+(_)77'

O

Remark 23. When ¢ = %, we illustrate the conclusions of the above lemma in

Figure 2. According to Lemma 22, we have the following conclusions:
(I) The sequence (6) is “” if 3b < 2a, 9+ 1 < 8a
(II) The sequence (6) is “\, " if one of the following conditions holds:
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Figure 2: Monotonicity patterns of the sequence (6) for different a and b when
c= % (horizontal axis represents a, vertical axis represents b)

(i) 3b > 2a;
(ii) 3b=2a, a < %,

(ITII) The sequence (6) is “/"\,"” if 3b < 2a and 9b+ 1 > 8a.

This conclusion can also be demonstrated in Figure 2, where the sequence (6) has
“ 27 monotonicity in the green region or on the green lines, “\,"” monotonicity
in the blue region or on the blue lines, and “,/"\, " monotonicity in the red region.
For example, when a = 0.1 and b = 0.5, the sequence (6) is “/ "\, ,"".

Proof. Note that under the condition ¢ = 4/3 and 3b < 2a, we can determine
mingen L(k) = L(1) because the axis of symmetry of the quadratic function z
Lz)isz=3b—2a+1<1-a<l. O

Next, we can determine the monotonicity of the function (3).
Theorem 24. Let a,b,c > 0 and (a,b) # (2,1). Then

(I) The function (3) has “ 7 (\,)” monotonicity if one of the following conditions
holds:
(i) a=b+1,b< (>)1,c=1;
(i) a > (<)b+1,a> (<)2b, c=1;
(i11) ac = 2b, ac —b+2c—3 > ()0, ¢ > (<)1;
(iv) ac—2b> (<)0, ac—b+c—2 < (>)0, mingen L(k) > ()0, ¢ > (<)1.
(v) ac—2b> (<)0, ac—b+c—2 > (L)0.
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(II) The function (3) has “ "\, (\,/')” monotonicity if one of the following con-
ditions holds:
(i) a<(>)b+1,a>(<)2b, c=1;
(#i3) ac—2b> (<)0, ¢ < (>)1;
(iv) ac =2b, ac—b+2c—3 > ()0, c < (>)1.
(III) The sequence (6) is "\, (\o.,/"\\)” if the following conditions hold: ac —

2b > (<)0, ac—b+c—2 < (>)0, mingen L(k) < (>)0, ¢ > (<)1, and there
exists xo € (0,00) such that Hpj(a,pie),Mm(2,1,2)(T0) < (>)O0.

Proof. By applying the monotonicity rules 1, 3, 4 and Lemmas 20, 21, we can easily
obtain the desired conclusions. O

Remark 25. For the remaining case, if ac —2b > (<)0, ac — b+ c—2 < (>)0,
mingey L(k) < (>)0, ¢ > (<)1 and we have Hpp(q pw),0m(2,1,2)(2) > (Z)0 for any
x € (0,00), then the function (3) is increasing (decreasing).

Finally, by Kummer’s transformation M (a,b,x) = e*M (b — a,b, —x), we de-
rive the following corollaries.

Corollary 26. Let a,b> 0 and (a,b) # (2,1). Then the function

M(a,b,z) e *M(a,b,z) M(b—a,b,—x)
@ xHM(Q,l,x)_ rz+1 N x+1

is “(N\)ifa=b+1,b< (>)l ora> (<)b+1, a> (L)2b; the function (7) is
“N (N7 ifa < (3)b+1, a > (<)20.

Noting that M (a,2a,z) = e*/?(x/4)/?7T (a+1/2)I,_1 2(x/2), where I, (z)
is the modified Bessel function of the first kind, we have the following corollary.

Corollary 27. Let v > —%, Then the function

e *x7 "I, (x)

—>
. 2% + 1

is monotonically decreasing, and we have

e *T'(v + 1)z="I,(x)

0< <1
20 +1
For a = 1,b = 3, we have M(a,b,z) = M(1,3,2) = %\;}(\ﬁ), and we

derive the following corollary, where erf(z) = % Iy e~ dt is the error function.
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Corollary 28. The function

erf (/)
RV EERY

is monotonically decreasing, and we have

10.

11.

12.

13.

Vrerf (/)

2/z(z +1)

0< < 1.
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