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ENUMERATION OF LATTICE PATHS USING VIETA
POLYNOMIALS

Marilena Jianu* @ and Leonard Daus

Dyck-type lattice paths, consisting of up and down diagonal steps on the
integer lattice, can be either unconfined — if the only restriction is to remain
in the non-negative half-plane — or confined, if, in addition, they are not
allowed to pass above a fixed horizontal line. In this paper, we establish
a formula for the number of unconfined Dyck-type lattice paths of a given
length, and also investigate the enumeration of confined Dyck-type paths,
deriving recurrence relations involving Vieta-Fibonacci polynomials.

1. INTRODUCTION

Lattice paths are a fundamental concept in mathematics and a useful tool
to model a variety of real-world scenarios where movement or decision-making
follows a discrete set of possibilities. They are applied in various areas such as
combinatorics and graph theory [2, 3, 31], statistics and probabilities [20, 26, 28]
or reliability theory [8, 17, 18].

Let Z? be the set of lattice points in plane. A lattice path in Z2 with steps
in the set S C Z2? is a sequence of lattice points vg,v1,...,v; € Z? such that
each consecutive difference v; — v;—; lies in S [31]. Lattice paths represent an
important instrument for studying various combinatorial objects. For instance, the
number of lattice paths with steps in the set S = {(1,0),(0,1)} from the origin

*Corresponding author. Marilena Jianu

2020 Mathematics Subject Classification. 05C50, 05A15, 11B39.

Keywords and Phrases. Dyck-type lattice paths, Vieta polynomials, Cayley-Hamilton Theorem,
linear recurrence.

3 Open Access (©2026 This work is licensed under the Creative Commons Attribution 4.0
International License.

171


https://orcid.org/0000-0002-2718-8133
https://orcid.org/0000-0002-2770-023X

172 Marilena Jianu and Leonard Daug

to a point (a,b) € N? is given by the binomial coefficient (ajb) (see [5]). Another
classical result is related to the Dyck paths - the lattice paths with steps in the
set S = {(1,1),(1,-1)}, joining the origin (0,0) to the point (2n,0) and never
passing below the z-axis. The number of Dyck paths is equal to the Catalan
number: C,, = 7#—1(27?) (see for instance [32], Theorem 1.5.1). We remark that
sometimes the Dyck paths are considered to be lattice paths with steps in the set
S =1{(1,0),(0,1)}, joining the origin to (n,n) and never passing below the straight
line y = x; obviously, the two approaches are equivalent. A more general result
(see [30]) states that the lattice paths with steps in {(1,0), (0,1)} joining the origin
to (n,kn) without crossing the line y = kx or, equivalently, the k-Dyck paths of
length (k+1)n — lattice paths with steps in the set {(1,1), (1, —k)}, starting at (0, 0),
ending at ((k+ 1)n,0) and staying above the x-axis (see [15]) — are counted by the
Fuss-Catalan numbers, kn1+1 ((ktll)"). We also highlight that enumeration results
related to k-generalized Dyck paths can produce new combinatorial identities and

new expressions for Catalan numbers (see [25]).

Our interest in lattice path combinatorics was sparked by a practical prob-
lem in the domain of reliability theory, namely - the calculation of the reliability
polynomial of hammock networks. Introduced by Moore and Shannon in [27], the
hammock networks are a regular type of two-terminal networks highly appreci-
ated for their robustness. But, in spite of their regularity, the computation of the
reliability polynomial of large-size hammock networks is a difficult task (see [10]
for a comprehensive presentation of hammock networks). Fortunately, an efficient
approximation is realized by the full Hermite interpolation polynomial (see [9]),
which provides a better approximation if the first two non-zero coefficients of the
reliability polynomial are known. And now, the lattice paths come into play, as the
first non-zero coefficient of a hammock network of length [ and width w is related
to the number of lattice paths of length [ with steps in the set S = {(1,1),(1,-1)},
starting on the y-axis and never passing below the z-axis, or above the horizontal
line y = w.

We refer to Dyck-type lattice paths as lattice paths with steps in the set
S ={(1,1),(1,—1)}, starting on the y-axis and never passing below the z-axis. If
y > 0 is the only constraint, then we discuss about unconfined Dyck-type lattice
paths. If, in addition, the paths are also constrained by y < w, then they are said to
be confined Dyck-type lattice paths (also known as corridor lattice paths [2, 3, 11]
or lattice paths in strips along the z-axis [6, 13]).

In the present paper, we investigate both classes of Dyck-type lattice paths,
with particular emphasis on the confined ones. Our main goal is to analyse their
enumerative properties and structural features. In particular, we show that the
number of such confined paths is intimately related to the Vieta polynomials, a
connection that appears to be new in the literature. This relationship provides a
new perspective on the combinatorial structure of these paths and constitutes one
of the main novel contributions of the present work.

The outline of the paper is as follows. In Section 2, we find and prove an
explicit formula for the number Z; ; of unconfined Dyck-type lattice paths of length
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[ starting at the point (0,4) (or, equivalently, ending up at the point (I,7)). The
triangular sequence obtained for 0 < i <[, is the sequence A375659 introduced by
the first author in the On-line Encyclopedia of Integer Sequences [29].

In Section 3, using the reflection principle, we first calculate, for I < w+1, the
number x;; of lattice paths of length [ confined in the strip 0 < y < w and starting
at the point (0,4),7 =0, ..., w, and the total number N(w, ) of confined Dyck-type
lattice paths. Then, we analyze the case | > w + 1 by using the instruments of
linear algebra (see also [8]). A novel idea of our paper is to use the Cayley-Hamilton
theorem in order to find a recurrence relation of order w + (w mod 2) which applies
to every sequence {z;;};>¢ (for all ¢ = 0,...,w). We prove that the characteristic
polynomial of the recurrence relation is the Vieta-Fibonacci polynomial V,,4o(x).

In Section 4, we present the main properties of the Vieta-Fibonacci V,,(x)
and Vieta-Lucas polynomials v, (z) (introduced in [16]) and also highlight several
features of the related polynomials AV, (z) and XV, (x). All of these polynomial
sequences are orthogonal polynomials defined by the same recurrence relation (of
second order), but with different initial values. A detailed presentation of the deep
connection between lattice paths enumeration and the theory of orthogonal poly-
nomials can be found in [21]. We note that Vieta-Fibonacci polynomials V,,(z) and
the related polynomials AV, (), A%V, (z) also appear in the recurrence relations
arising in the enumeration of meaningful compositions of higher-order differential
operators on the space R™ (see [22, 23, 24]).

Finally, in Section 5, we show how can be used the symmetry (w.r.t. the line
y = %) in order to obtain halved-order recurrence relations whose characteristic
polynomial is either the Vieta-Lucas polynomial v, 11 () if w = 2n, or the A—Vieta-
Fibonacci polynomial AV, (z), if w = 2n — 1. As initial values for these recurrent
sequences, we use the numbers Z;; of unconfined Dyck-type lattice paths.

2. UNCONFINED DYCK-TYPE LATTICE PATHS

Definition 1. A lattice path with steps in the set S = {(1,1), (1, —1)}, starting on
the y-axis and never passing below the z-axis is said to be an unconfined Dyck-type
lattice path.

Definition 2. A lattice path with steps in the set S = {(1,1),(1,—1)}, starting
on the y-axis and never passing below the z-axis or above the line y = w is said to
be a Dyck-type lattice path confined in the interval [0, w].

Let n(® (i,7) denote the number of unconfined Dyck-type lattice paths joining
the points (0,4) and (I, 7). We say that a lattice point (x,y) is even (odd) if x + y
is even (odd, respectively). Obviously, the points of a Dyck-type lattice path are
all odd, or all even, so n(V(i,j) = 0if i # [ + j (mod 2). We also remark that
nW(i,5) = 0if |i — j| > 1.
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For every i,1 > 0, we denote by #;; = > n(!)(4, j) the number of unconfined
720
Dyck-type lattice paths of length [, starting at the point (0, %) (or, equivalently, the
number of unconfined Dyck-type lattice paths ending up at the point (I,7)). For
[ =0, we consider Z;; = 1, for all i > 0. The following theorem states an explicit
formula for the numbers Z; ;. We consider (Z) = 0 whenever £k <0 or k > n.

Theorem 1. The number ;; of unconfined Dyck-type lattice paths of length I,
starting at the point (0,7) is given by the formula

(1) Ty = Z (Ilc)’ for all i,1 > 0.

Proof. Let (0,4) and (I, j) be two points such that ¢ = I 4+ j (mod 2). The total
number of lattice paths with steps (1,1) or (1, —1), joining these points (including
the ones passing below the z-axis) is given by the binomial coefficient

(o)

To count how many of these lattice paths are crossing (and passing below)
the z-axis, we use the reflection principle (see [21, 26]). Any such lattice path
has at least one point of intersection with the line y = —1. Let (xg, —1) be the
rightmost point of intersection. By reflecting w.r.t. the line y = —1 the part of the
lattice path between (xg, —1) and (I, j), we obtain a lattice path with steps (1,1)
or (1,—1), joining the points (0,47) and (I,—j — 2). Thus, we have a one-to-one
correspondence between the lattice paths from (0,4¢) to (I, —j — 2) and the lattice
paths from (0,4) to (I,7) that pass below the x-axis. Hence, using (2), the number
of unconfined Dyck-type lattice paths from (0, 1) to (I, 5) is

o l l
(3) n (i, j) = (H—i—j) - (l+i+j+2>7
2 2

and the total number of unconfined Dyck-type lattice paths of length [ starting
from (0,4) is

=0 2

where the terms of the series above are considered to be 0 whenever j # [ + i
(mod 2). We set k = IHT*J so the equation (4) becomes:

| 5] | 5]
=3 ()2 (i)

k=0 k=0

S
;S
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Furthermore, in the second sum, we let » = k — i — 1, so we obtain

|5 =8
) -y (V-2 (!
il = k r )
k=0
and the formula (1) follows. O
Remark 1. If 4 > | then the second sum in (5) is empty, so we have

Ziy =2, for alli > 1.

Thus, for fixed values of the length I, every sequence {Z;;}i>0 becomes con-
stant for ¢ > [. This can be noticed in Table 1, which gives the first terms of the
infinite matrix {Z;;};;>0. The triangular sequence {Z;,;}o<i<; contains the signifi-
cant terms of the matrix (the boldfaced numbers) and corresponds to the sequence
A375659, while the infinite matrix {Z; ; }; ;>0 is the sequence A368175 in the On-line
Encyclopedia of Integer Sequences [29].

Table 1: The number of unconfined Dyck-type lattice paths Z;, 7,1 > 0

NJoO 1 2 3 4 5 6
0 |1 1 2 3 6 10 20
1 |1 2 3 6 10 20 35
2 |1 2 4 7 14 25 50
3 /1 2 4 8 15 30 56
4 |1 2 4 8 16 31 62
5 |1 2 4 8 16 32 63
6 |1 2 4 8 16 32 64

Remark 2. It can be easily shown that the numbers Z;; satisfy the recurrence
relation
i’i,l = .’iifl’lfl + :Z’iJrLl,l foralli>0and !l > 1,

where Z; 0 =1forall¢>0and £_1; =0 for all [ > 0.

3. CONFINED DYCK-TYPE LATTICE PATHS

We consider in this section the Dyck-type lattice paths of width w. We denote
by n(®Y (i, ) the number of Dyck-type lattice paths confined in the interval [0, w],
joining the points (0,4) and (I, 5), where ¢,5 € {0,1,...,w}. For every [ > 0 and
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w
i=0,...,w, we denote by z;; = > n(@:D (4, 7) the number of confined Dyck-type
§j=0

lattice paths of length [, starting at the point (0,4) (or, equivalently, the number of
confined Dyck-type lattice paths ending up at the point (I,)). If I = 0, we consider
x;0 =1, for all + = 0,...,w. Like in the previous section, we look for an explicit
formula for the numbers z; ;.

We remark that the numbers n(*") (i, j) are expressed by the following trigono-
metric sums (see [20], Eq. (5)):

w+1 l . .
2 k k 1 k 1
”(w’l)(iaj) = <2 cos —— > sin (it Dr sin U+ )ﬁ.

w+2k:1 w ~+ 2 w~+ 2 w+ 2

We aim to find an expression of n(w’l)(i, j) based on binomial coefficients
(similar to the formula (3) obtained for unconfined lattice paths). Thus, for every
j € {0,1,...,w} with the property that j =1+ ¢ (mod 2), the number of Dyck-
type lattice paths from (0,4) to (I, j) confined in the interval [0, w] is equal to the
difference between the total number of Dyck-type lattice paths, ( oy ), and the
number of lattice paths that violates at least one of the restrictionzs y > 0 and
y < w. If I < w+ 1, then only one of the restrictions can be violated (see also
[9]). As stated in the proof of Theorem 1, the number of lattice paths that pass
below the z-axis is equal to the number of all lattice paths from (0, ) to (I, —j —2).
In a similar way, we can conclude that the number of lattice paths passing above
the straight line y = w is equal to the number of all lattice paths from (0,%) to
(I,2w + 2 — 7). Thus, we have

l l l
(w’l)(u<' >< A¥] )( oy — >
Z,J) I4i— I+it+j+2 I+i+ )
o £ L —w—1

so the number of confined Dyck-type lattice paths of length [, starting at the point
(0,4) is

w w ' ) w l l l
6) wiu=) n"D5) =) <(z+z’—j) - (l+i+j+2> - <l+i+j o 1>> ’
j=0 2 2

§=0 2

where the binomial coefficients above are considered to be 0 whenever j # [ + i
(mod 2). We denote:

l+i—j I+i+j+2 I+i+j—2w—2
k= , T = , and s = ;
2 2 2
so the equation (6) becomes:
I\li;J |_l+i+2w+2J |_l+’i72'uJ72J

we 2 (-0 2 ()

k:Ll+i;w+lJ r:Ll+;+3J S:Ll+i722w—1J
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If | <w+1, then LH”%"'QJ > [ and L%J < 0, so we have:
Ll;riJ |_l+i—w—2

- S0 20T

k= Ll+i—2w+1J

|_l+1172u7flj |_l+1'72w72j

=0 505050

w2 g

and the next theorem follows.

Theorem 2. Ifl < w4+ 1, then the number of Dyck-type lattice paths of length [,
confined in the interval [0,w] and starting at the point (0,14) is given by the formula

ooy OSSOSO

k=0 k=0 k=0 k=0

foralli=0,1,... w.

Remark 3. We remark that for 7,1 < L%J the numbers of confined and unconfined
lattice paths are equal:

(8) Tig =Ti) = Z (llc)’ for all 7,1 < L%J .

Remark 4. Tt can be also shown (using (7)) that for any fixed value of I, the sequence
{zi1}i=0, .. w 15 symmetric, that is:

(9) T = Ty—iy, foralli=0,...,w.

Moreover, if we denote by Sk (i), k = 1,2, 3,4 the four sums in (7), then we
can see that

(10) S1(w —14) = S5(7), and S3(w — i) = Sy4(i), for alli =0, ..., w.

We denote by N(w,l) the number of Dyck-type lattice paths of length I
confined in the strip 0 < y < w:

N(w,l) = i T
=0

The following theorem establishes the expression of N(w,() for any [ < w+1.
We remark that in [9, Theorem 5] the number of even (N, (w,1)) and odd (N, (w,))
Dyck-type lattice paths respectively, were investigated (as the main interest was to
find the first nonzero coefficients of some reliability polynomials). The formula we
give in Theorem 3 for the total number of lattice paths N (w, 1) = Ne(w, 1)+ N,(w,)
matches the results found in [9], and the proof is considerably simplified.
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Theorem 3. For any positive integers | and w such thatl < w41, the total number
of Dyck-type lattice paths of length I, confined in the strip 0 <y < w is

l
(11) N(w,l):(w+2)-2l—(21+1+lmod2)(w>
2
Remark 5. The sequence {a,},>1 defined by
n
ap, = (2n+1+nm0d2)( n )
5]
is the sequence A152548 in the On-line Encyclopedia of Integer Sequences [29].
Proof of Theorem 3. Using the formulas (7) and (10) we obtain that the number
of Dyck-type confined lattice paths is
(12) N(w,l) =2"(w+1) —2) _ Sa(i) =2 S3(i)
i=0 i=0

We compute the two sums in the equation (12) and prove that they are not
depending on w.
First, we suppose that the length [ is even: | = 2m. Then,

(0) =25 m-n (%)
m—1
= 2m Zm) —9 kZ:l om (2;:__11>

) ane () (7))

I
3
A
I
[V}
3
|
—
3

and
w w 2252
;53(2) = 2. 2 (2k )
=23 m-n(7) - X ()
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Hence, the relation (12) becomes:
Im 2m
N(w,2m) =2""(w+2) — (dm+1) ,
m

so the formula (11) holds in this case.
If [ is odd, I = 2m + 1, then

Saox 3 )

i=0 i=0 k=0
_ 2é(m+ - <2mk+ 1) B g% <2mk+ 1)
—2(m+1) gjo (Qm]j 1) - 2531(2771 +1) (Iffl) _ g2m
= (2m+1)22™ — (2m + 1) (22m - (i:‘))
= @2m+1)(m+1) (2::) =(m+1) <2mm+ 1>,

and
g S0y g Lzmk_z_lj <2mk+ 1) _ 27:01(7” k) <2mk+ 1)

Hence, the relation (12) becomes:

N(w,2m + 1) = 2"+ (w + 2) — (4m + 4) <2m + 1)

)

so the formula (11) holds also for I = 2m + 1.

Both Theorem 2 and Theorem 3 hold only under the restriction I < w + 1.
In the following, we aim to find a recurrence relation which allows the computation
of ;5,7 =0,...,w, for any length [, starting from the initial values obtained in

Theorem 2.
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First of all, we remark that for every i = 1,...,w and [ = 1,2,..., one can
write:
T1,0-1 ifi =0,
(13) Tig =1 Ti—tg-1+Tip10-1 ifi=1,... w1,
Law—1,1—1 if i = w.

Let A = (a;,5)i,j=0,...w be the square matrix of order w + 1 defined by:

L fi-j=1
(14) aw—{07 i Ji— | £ 1 ,j=0,1,... w.
If we denote by X the (column) vector of components x;;, i = 0,...,w,

then the next recurrence relation follows by (13) :
(15) XO = AXxEY foralll=1,2,....
By (15) we obtain that
(16) X0 = AXxO = Ay, foralll=1,2,....,
where U = X(© = (1,1,...,1)7, and the next theorem directly follows.

Theorem 4. The number of lattice paths with steps in S = {(1,1),(1,—1)} joining
points on y-axis to points on the line x = 1 and never passing below the x-axis or
above the straight line y = w is

N(w,l) = a; =U"AU.
j=0

where A = (a; ;)i j=o....w 18 the square matriz defined by (14) and U = (1,1,...,1)T
is the column vector of dimension w + 1 with all entries equal to 1.

Let us have a better look at the matrix A defined by (14):

010 0 0 0
1010 0 0
010 1 0 0
(17) 410010 0 0
0000 ... 01
0000 ... 10

One can remark that A is the adjacency matrix of the path graph P,, = (V, E)
(where n = w4+ 1) having the set of vertices V = {0,1,...,w} and the set of edges
E={(0,1),(1,2), ..., (w—1,w)}.
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Several types of lattice paths in a strip can be interpreted as walks on some
path-like graphs (see, for example, [12]). In our case, for every 4,5 = 0,...,w,
the element ag_kj) of the matrix A* is equal to the number of walks of length k on
the path graph P,, joining the vertex i to the vertex j [4, Lemma 2.5]. Obviously,
this number also counts the Dyck-type lattice paths confined in the strip [0, w] and
connecting the points (0,¢) and (k,7) (it is 0 whenever ¢ + j + k is odd). We also

remark that if ¢ = j then the element agi) of the matrix A* is equal to the number
of closed walks of length k, evaluated in [7].

We compute the characteristic polynomial of the adjacency matrix A = A,
(that is, the characteristic polynomial of the path graph P,,):

A -1 0 0 0 0
-1 A2 -1 0 0 0
0o -1 x -1 0 O
P,(A) =det(\I, —A,)=| 0 0 -1 A 0 0
0 0 0 0 ... X -1
0 0 0 0 ... -1 X

=AP,_1(A) — P,_2(A), foralln=3,4,....

This recurrence relation together with the initial conditions P;(A) = A and

A =1
P2()‘) - ’ -1 by
duced in [16]. The next section is dedicated to this sequence of polynomials and
other related sequences. We shall see (equation (21)) that the explicit expression

of the characteristic polynomial P, (x) is

2] )
(18) ) = S0 ) = v

k=0

= A2 — 1 defines the Vieta-Fibonacci polynomials V, 1 intro-

4. VIETA POLYNOMIALS

Closely related to Chebyshev, Fibonacci, and Lucas polynomials, Vieta poly-
nomials have been extensively studied in [16, 19]. In this paper we emphasize
the connection between this class of polynomials and the enumeration of confined
Dyck-type lattice paths. Another notable combinatorial problem in which Vieta
polynomials arise is the enumeration of meaningful compositions of higher-order
differential operators on the space R™ (see [22, 23, 24]). Interestingly, in recent
years, these polynomials have found remarkable and innovative applications in the
field of fractional calculus (see for instance [1, 14]).
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Before deepening the relation between this family of polynomials and the
enumeration of confined Dyck-type lattice paths, we shortly present their most
important properties.

Vieta-Fibonacci V,,(z) and Vieta-Lucas polynomials vy, () are defined by the
same recurrence relation, but with different initial values:

(19) Vo(z) = 2Vp_1(z) = Voa(z), n=2,3,...

(20) U () = 20p—1(x) — Vp_2(x), n=2,3,...

The expressions of the Vieta-Fibonacci and Vieta-Lucas polynomials are as
follows:

21)  Vp(z) = Z (1)k(” —k- 1)93”2’“, for n > 1, Vo(z) = 0,
k=0

(22) vn(2) = Z(_nkik (" . k) 2" for n > 1, vo(a) = 2,

n —
k=0
and their generating functions are:
t 2—uzxt
Vo)t = ————— =
2 Vale) 1—at+t2 2 vnle) 1 — at + ¢2
n>0 n>0

The first terms of the Vieta polynomial sequences are listed below:

V()(CL') =0 U()(l’) =2

Vi(z) = vi(z) =2

Vo(z) == vo(z) = 2% — 2

Va(z) =22 -1 v3(z) = 23 — 3

Vi(z) = 23 — 22 vy(z) = 2t — 422 4+ 2

Vs(z) = 2% — 322 + 1 vs(x) = 2° — 5z + 5z

Vo(x) = 25 — 423 + 32 ve(z) = 2% — 62* + 922 — 2
Vo(x) = 28 — 5at + 622 — 1 vr(z) = 27 — 725 + 142 — Tw

It can be noticed that Vieta-Fibonacci polynomials (21) are the alternating-
sign version of Fibonacci polynomials F,,(z), while Vieta-Lucas polynomials (22)
correspond to Lucas polynomials L, (z):

=)
F.(z) = Z ( B )xn_%_l, forn > 1, Fy(x) =0,
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n—=k
k=0

—k
Ly(z) = Z r <n i )x"%, forn > 1, Lo(x) = 2.

We also note their relations with Chebyshev polynomials of the second kind
U, (z) and of the first kind T}, (z), respectively:

Vn(x) = Un—l (%) )
vy (z) =27, (%).

The characteristic equation corresponding to both recurrences (19) and (20)
is
AN —zA+1=0,
with the roots

x+Va2—4 xr—vVaxz—-4 1
o = 3 B = = -
2 2 «a

Hence the Vieta polynomials can be written in the Binet form as:

(23) Vi(z) =2 =2 for x # +2,
x2 —4

(24) vp(x) =a™ +a™".

For z = 2, one has V,,(2) = n and v, (2) = 2, while z = —2 implies V,,(—2) =
n(=1)™ v (=2) = 2(-1)"™

Using the Binet form (23), (24), and the relations a + ™! =2, a —a~! =
V2 — 4, the following results can be easily proved (see [16]):

Proposition 1. For every n > 1 one has:

Van(x) = Vi (2) vn(x)
Vanti (@) = Vi (2) = Vi (2),
Up = Vp41 — anl
Proposition 2. The zeros of the Vieta-Fibonacci polynomials V,,(x), n > 2, are
given by

k
xk:2cos—ﬂ, k=1,2,...,n—1,
n

while the roots of the Vieta-Lucas polynomials v, (x), n > 1, are

(2k + 1)m

, k=0,1,...,n—1.
2n "

T = 2cos

The (first-order) A-Vieta-Fibonacci and 3-Vieta-Fibonacci polynomials are
defined as follows:

(25) AVn = Vn+1 - Vna
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(26) Ean = Vn+1 + Vna

By Proposition 1 we can write the following factorization of the Vieta-Fibonacci
polynomials of odd order (and even degree):

Vanti1(x) = AV, (2) - BV, ().
It can be easily shown that the polynomial sequences AV, (z) and XV, (x)

defined by (25) and (26) respectively, satisfy the same recurrence relation as V,,(z)
and their generating functions are:

1-1¢ 1+t
AV, (2)t" = , V(o) = ——.
2 AVa(o) 1—at+1t2 2 TVa(w) 1—at+1t2
n>0 n>0
We list below the first terms of these sequences.
AVp(z) =1 SVo(z) =1
AVi(z) =z —1 Vi) =z +1
A\/g(x):xz—x—l ZVg(x):xz—i—x—l
AVs(z) =2 —2? =2z +1 SVa(z) =2® +2%2 —22 -1
AVi(z) =t —2® =322 + 22+ 1 YWa(z) =2 + 23 — 322 — 224+ 1
AV5($):1:5—1:4—4333+3302+3:U—1 E%(x):x5+x4—4m3—3x2+3x+1

We notice that the polynomials AV, (x) and ¥V, (z) have the same coeffi-
cients, but with different signs. The explicit expression of these polynomials is
stated by the next proposition (we remark that the coefficients of the polynomi-
als AV, (z) form the triangular sequence A108299 in the On-line Encyclopedia of
Integer Sequences [29]).

Proposition 3. For every n > 1, the polynomials AV, (x) and XV, () are given
by the following formulas:

- k+1 n — ktl
(27) AV, (z) = Z(1)L2J< &“ ; J)Ink'
2

(28) SV(a) = 3 (<13 (n —&QJ):Un_k_

k=0

Proof. From the relation (21) we can write:

Avn(x) = Vn+1 )

I
T
=

B
7N
3
Eal
>
N~
3
|
[V
x>
+
T
—_
N~—
B
JF
=
7N
3
|
e
—_
N~
3
|
[\)
>
L
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J I
3=0 2 7=0 2
j even j odd
L] (Y s
=Sl (e,
§=0 2
and so (27) is proved. The relation (28) follows in a similar way. O

Proposition 4. For every n > 1, one has:

an—i—l +a—n
a+1
anJrl —a "

(29) AV, (z) =

SVo(z) =
(30) Vale) = &=
Proof. Using the Binet form (23) for the polynomials V;,;1 and V;,, we obtain:

an+1 _ a—n—l —a” + a~ "

AV, (x) =
(z) a—oa-1
Caa—1)4a"(1-at)
N a—al
an e a—n
Ca+1 + a+1’
and (29) directly follows. The formula (30) can be proved in a similar way. O

Proposition 5. The roots of the polynomials AV, (z) are

2k — D)7
=2 k=1,2,.
Tk COoSs om+ 1 ) PE) , 1,
while the roots of the polynomials XV, () are
2k
Tk :2cosi7r, k=1,2,...,n.
2n+1
Proof. Using (29), we obtain that AV,,(z) = 0 if and only if o®"*! = —1, so
2k — 1 2k —1
a:cosg—i—zsmu, k=1,....2n+1,
2n+1 2n+1

and the roots of AV,, are of the form x = 2cos % We notice that x # —2, so

k #mn+ 1 and since AV,, has at most n distinct roots, it follows that k = 1,...,n.
Similarly, XV,,(z) = 0 if and only if a?"*! =1, so

s 2km
sin 0k =0,...,2
1 Mo e St

and the roots of XV,, are of the form Z = 2cos Qikfl. We notice that x # 2, so

k # 0 and since XV, has at most n distinct roots, it follows that k =1,...,n. O

= COS
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Remark 6. We can also define higher-order A-Vieta-Fibonacci and ¥-Vieta-Fibonacci
polynomials, for n > 2:

A", =AM W — AT,
YV, =S, 0+ 2.
Using Proposition 4, it can be easily proved that
A%V, = (2 — 2)Vpi1,
22V, = (x +2) Vg,
so one can write, for every k,n > 1:
AV, = (2 — 2V, APV, = (2 — 2)FAV, 44,
YV, = (24 2) Vi, 2HTV, = (2 + 22V, 4k

In the next section we explore the close connection between Vieta polynomi-
als and the enumeration of Dyck-type lattice paths. Before concluding this section,
however, we would like to draw attention to the appearance of these polynomials
in the recurrence relations associated with the enumeration of meaningful composi-
tions of higher-order differential operators on the space R™ ([22, 23, 24]). Although
the studies cited do not refer directly to Vieta polynomials, the recurrence coef-
ficients computed therein correspond to those of the Vieta-Fibonacci and related
polynomial families. Specifically, if n is even, n = 2m, then the characteristic poly-
nomial of the corresponding recurrence is the Vieta-Fibonacci polynomial V;,, 4 o(x),
whereas for n odd, n = 2m + 1, the characteristic polynomial is AV,,1(x) (see
[23, Lemma 2]). If the Gateaux directional derivative is also included, then the
characteristic polynomial of the recurrence relation is AV, 1(z) if n = 2m, and
A%V, (2) = (. — 2)Viy1(2), if n = 2m + 1 (see [24, Lemma 4.4]).

5. RECURRENCE RELATIONS USING VIETA POLYNOMIALS

In Section 3, we discussed how can be counted the Dyck-type lattice paths
confined in the strip 0 < y < w, using the powers of the matrix (17) (the adjacency
matrix of the path graph P, 1 (on w + 1 vertices). Since the characteristic poly-
nomial of the matrix A = A, ;1 is the Vieta-Fibonacci polynomial V;, 15 (see (18)),
by Cayley-Hamilton Theorem we obtain that V,42(A4) = Oy 41, S0 we have:

. —k+1
Aw+1 — § (71)]671 (w )Aw2k+1'
k

k=1

Hence, for every [ > w + 1, we can write:
=]
—k+1
Al = _)k-1 (v Al-2k
S (0]

k=1

We multiply this equation by the column vector U = (1,1,...,1)7 of dimen-
sion w + 1, and the next theorem follows by equation (16).
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Theorem 5. If X is the column vector whose components i, 1 =0,...,w count
the Dyck-type lattice paths of length | confined in the strip 0 < y < w, starting on
the y-axis and ending up at the point (1,1), then the following recurrence relation
holds for alll > w + 1:

|_w+1

5]
(31) X0 = 3 et

k=1

The total number of confined Dyck-type lattice paths N(w,l) satisfies, for a
fixed w and for every l > w + 1, the recurrence relation

£ ] B
(32) Naw,l)= 3 (_1)’“(” :+1>N(w,l—2k).
k=1

We remark that (32) is a recurrence of order w when w is even, and of order
w41 if w is odd. The initial values N(w,[),l =1,..., w+1 are given by Theorem 3.

As an example, the vectors X and the total numbers N (w,!) obtained for
w=3and [l =0,1,...,8 are presented in Table 2.

Table 2: The number of Dyck-type confined lattice paths of width w = 3.

! o1 2 3 4 5 6 7 8
20, |1 1 2 3 5 8 13 21 34
zy |12 3 5 8 13 21 34 55
@0y |1 2 3 5 8 13 21 34 55
sy |1 1 2 3 5 8 13 21 34

NGB,) |4 6 10 16 26 42 68 110 178

For w = 3, the recurrence relation (31) is written
X0 =3x0-2 _ x4 1-45 .

Obviously, looking at the table above, this relation is fulfilled. But Fibonacci
numbers catch the eye, and we can also see another recurrence (of order 2, instead
of 4):

X0 = x4 xU=2) 1923

In the same way, we present in Table 3 the vectors X () and the total numbers
N(w,l) obtained for w =5 and I =0,1,...,8:
It can be noticed, besides the recurrence of order 6 stated in Theorem 5,

X0 =5x0-2 _ x4 4 x(=6 =67 ..
another recurrence relation of order 3:

X0 = x4 ox0-2) _ x(U=3) 134 .
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Table 3: The number of Dyck-type confined lattice paths of width w = 5.

l 0o 1 2 3 4 5 6 7 8
0, |1 1 2 3 6 10 19 33 61
1y |1 2 3 6 10 19 33 61 108
woy |1 2 4 7 13 23 42 75 136
wsy; |1 2 4 7 13 23 42 75 136
x40 |1 2 3 6 10 19 33 61 108
s, |1 1 2 3 6 10 19 33 6l

N(G,) |6 10 18 32 58 104 188 338 610

All these suggest that a recurrence relation of a halved order can be obtained
using the symmetry of X,

Case I. We suppose that w is odd, w = 2n — 1.

Because of the symmetry of the vector X, we can study only its first n
entries. We denote by X() = (o4, Tn—1,)7 the first half of the vector xX®
and by U = (1,1,...,1)T = X the n-dimensional column vector with all entries
equal to 1. Then

XD = AXO 1=0,1,...,

where A is the square matrix of order n:

0100 0 0
1010 0 0
010 1 0 0
(33) i—| 00 10 0 0
0000 0 1
0000 1

We note that A = A, is the adjacency matrix of a path graph on n vertices
which has also a loop at vertex n.

Theorem 6. The characteristic polynomial of the matriz A defined by (33) is the
A-Vieta-Fibonacci polynomial:

AV, () = 3 (L] (” _LETJ>>\7L—I§.
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Proof. The characteristic polynomial of the matrix A is:

A -1 0 0 0 0
~1 A -1 0 0 0
0 -1 X -1 0 0
P,(\) =det(\, —A)=| 0 0 —1 A o 0
0 0 0 0 A -1
0 0 0 0 ~1 A—1

= = V() = Vs (V)
=Vot1(A) =V, (A) = AV, (A), foralln=2,3,....

By Cayley-Hamilton Theorem one can write:

Al = i(_l)L%J (” _&TJ)AZ—’“, for all I > n.

k=1 2

Since X = AU, for every | > 0, by multiplying with the vector U the
relation above we obtain:
MJ
2 ) G

|
()=
—
\
—_
—
-
kol
|
i
Y
3
\
[N TES R
| I—

and the next corollary follows.

Corollary 1. Let w = 2n—1 be a fized odd number and 1 > 1. Ifx;;, i =0,...,w
count the Dyck-type lattice paths of length 1, confined in the strip 0 < y < w, starting
on the y-azis and ending up at the point (1,1), then the following recurrence relation
holds for every i =0,...,w and [ > n:

n k—1 n — b+l
(34) Tig = Z<1>L2J< I 2 J>x

k=1 §J

The total number N(w,l) of Dyck-type lattice paths of length I confined in the
strip 0 <y < w satisfies, for all Il > n, the same recurrence relation:

n k+1

N(w,l) = Z(ﬂ)L%J (" & 2 J)N(w,z — k).

k=1 §J

Case II. We suppose that w is even, w = 2n.

Because of the symmetry of the vector X, we can study only the first n+ 1
values of X, As an example, we present in Table 4 the vectors X and the total
numbers N (w, ) obtained for w =6 and I =0,1,...,8.
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Table 4: The number of Dyck-type confined lattice paths of width w = 6.

l 0o 1 2 3 4 ) 6 7 8
To,1 11 2 3 6 10 20 34 68
1,0 1 2 3 6 10 20 34 68 116
22, 1 2 4 7 14 24 48 82 164
3, 1 2 4 8 14 28 48 96 164
T4, 1 2 4 7 14 24 48 82 164
Ts5,1 12 3 6 10 20 34 68 116
T6,1 11 2 3 6 10 20 34 68

N(6,0) |7 12 22 40 74 136 252 464 860

We denote by X = (o1, - -
first n + 1 components of the vector X, and by U = X© = (1,1,...,1)7 the
n + 1-dimensional column vector with all entries equal to 1. Then

X(H_l) _ AX(Z)’ for all [ > 0,

where A = An+1 is the following square matrix of order n + 1:

N

OO = O

O = O

S e

—_ O = O

S e

O = O O

OO OO

o o o o

[

.yZn)T the column vector formed with the

Theorem 7. The characteristic polynomial of the matriz A defined by (35) is the
Vieta-Lucas polynomial:

2]

(N = 3 (D
k=0

Pn+1()\) = det(AIn+1 — A) =

n+1

A
-1

n—k+1

-1
A
-1

(

Proof. The characteristic polynomial of the matrix A = /Nln_H is:

0
-1

n—k+1

0
0
-1

) A’n—?kz-{-l )

o O OO

o o oo
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Hence,

Py (/\) = /\Vn-i-l(/\) - 2Vn(/\)
= Vnt2(A) = V(A = vpp1(N), foralln=1,2,...

and the proof is complete. O

By Cayley-Hamilton Theorem we can write:

dl = Z(_l)’%l n+1 (n—k—i—l

Fl—2k > '
T f >A ,foralll>n+1

Since X = AT, for every | > 0, the next corollary follows by multiplying
with U the relation above.

Corollary 2. Let w = 2n be an even number and !l > 1. Ifx;;,1=0,...,w count
the Dyck-type lattice paths of length [, confined in the strip 0 < y < w, starting on
the y-axis and ending up at the point (1,1), then the following recurrence relation
holds for every i =0,...,w andl >n+ 1:

2]

+1 n—k+1
36 1= SN B U il
(36) = 3 0 (T e

The total number N(w,l) of Dyck-type lattice paths of length I, confined in
the strip 0 < y < w satisfies, for all | > n+ 1, the same recurrence relation

242]
N(wvl) = Z (_1>k_1

n+1 (n—k‘—i—l
k=1

R N(w,l — 2k).
n—k+1\ k ) (w, )

Thus, for every i = 0...w, the terms of the sequence {z;;};>0 can be com-
puted, for [ > L%J by a recurrence relation of order L%J + 1, which is the relation
(34) if w = 2n — 1, and the relation (36) if w = 2n, respectively. From (8) and (9),

the initial values, z;;, [ =0,1,... L%J are given by the formula:

> () wis|y)

i, =
5]
> (), ifi> %)

o S

(see Remark 3 and Remark 4).
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