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Motivated by a problem on the Maclaurin expansion of

authors derive higher-order derivatives and series expansions of ‘"Ct% and
t . . .

arc \a/g z’ x v o F1

arctan v - oxpress them via the Gauss hypergeometric functions o Fy and the

Chebyshev polynomials Uy, (z), and determine their asymptotics as n — oo.
Several new identities follow, including a trigonometric identity and an in-
finite series identity from two Fourier-Legendre expansions of the elliptic
integral % (z). Alternative proofs of known 2 F; closed forms are also given.

1. PRELIMINARIES

The classical Euler gamma function I'(z) can be defined [21, Chapter 3] by

nln?
I'(z) = lim ————, z€C\{0,-1,-2,...}.
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In terms of the Pochhammer symbol, also known as the rising factorial,

_T(z+n) 1:[(2—1—@), neN={1,2,...}
(Z)H_W_ 7—0
1, n=0

for z € C, the Gauss hypergeometric function 5 F} is defined by

W 2F1(a’b;C;Z)=Z(zi)(zi))km
k=0 !

for a,b € C and ¢ € C\ {0,-1,-2,...}. When a € {0,-1,-2,...} or b €
{0,—1,-2,...}, the series in (1) is finite and is a polynomial of z € C. When
a,b ¢ {0,—1,—2,...}, the infinite series (1) converges in the unit disc |z| < 1 and,
on the circle |z| =1, is

1. divergent for R(a+b—c) > 1,
2. absolutely convergent for R(a +b—¢) <0,

3. conditionally convergent for 0 < R(a +b — ¢) < 1, the point z = 1 being
excluded.

For c € {0,—-1,-2,...},ifa € {-1,-2,...} such that @ > cor b € {-1,-2,...}
such that b > ¢, the Gauss hypergeometric function o Fj (a,b; c; z) is also defined.
The Gauss hypergeometric function 2Fi(a,b;c;z) can be continued to a single-
valued analytic function of z € C with the restrictions: |arg(—z)| < 7 and a,b €
C\ {0,—-1,-2,...}. For more information on the Gauss hypergeometric function
oF1(a,b;¢; z), please refer to [6, Chapter II], [8, p. 1020], [13, Chapter II], [21,
Chapter 5], and [22, Chapter 14].

It is well known [8, 15] that the Chebyshev polynomials of the second kind
U, (x) are very important in mathematical sciences and that, in the study of ordi-
nary differential equations [1, Chapter 22], they arise as solutions to the Chebyshev
differential equations

(1—2%)y" =32y +n(n+2)y=0, neNy={0}UN;

see also [21, Chapter 6]. In [18, p. 1131, Eq. (1.10) and Theorem 1] and [23,
p. 433], we find that

@) Unte) = 3o (" 22

and
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for |z| < 1 and n € Ny, where we used the fact that (}) = 0 when n < k for
n,k € Ny and |\] denotes the floor function whose value is the largest integer less
than or equal to A € R; see also [20, Theorem 3.1].
The Hurwitz—Lerch zeta function ®(z, s,a) is defined [8, p. 1049] by
=Y o5
P(z,s,a) = —_—
= (a+k)
fora € C\ {0,—-1,—2,...} and s € C when |z| <1 or R(s) > 1 when |z| = 1. Let

0 = C\[laoo)a §R(CL)>O;
““V{zl<1:2€C}, R(a) <0

For |arg(a)| < mw, s € C, and z € §,, an asymptotic approximation of the Hurwitz—
Lerch zeta function ®(z, s,a) for large a and fixed s and z is given [7, Theorem 1]
by

N-1

@ e - Bl o) wen

1—=za$ n!

n=1

where Lig(z) is the polylogarithm Lis(z) = >_72; Z—]z for all s € C and over the
open unit disk |z| < 1 in the complex plane C. For more information on the
polylogarithm Lig(z), see [15, p. 611].

Let
arctan v2e % —1
V2e -1
In 2009, Herbert S. Wilf (1931-2012) proposed the problem of finding the leading
term of the asymptotic behavior of the coefficients a,, in

(4) W(z) = Z anz"
n=0

In order to give a general closed-form expression of the coefficients a,, in the power
series (4), we need to compute the nth derivatives of the arctangent-based functions

arctan z
z

W(z) =

and amj‘zi‘/g . This computation has been carried out in [17].

In this paper, we further investigate the nth derivatives of the arctangent-

based functions 21222 and arCtj‘;ﬁ.

2. DERIVATIVES OF arctzﬂ AND RELATED RESULTS

In the proof of [17, p. 9, Theorem 3.1}, Qi derived the nth derivative formula

(n)
arctan z
o ()

o n! |arctan z _1 14 22)2
= (1) z”[ +Z2 1)e(k£1)(15rz)2)”1]

k=1 0

e

o~
I
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for n € Ny, where an empty sum is conventionally regarded as 0.
In terms of the Chebyshev polynomials of the second kind Ug(z) in (2), we
can reformulate the derivative formula (5) as follows.

Theorem 2.1. For n € Ny, we have the derivative formula

(n)
arctan z
© (=)

n k
n! 1 z z
=(—-1)" tan z — E - Up-1| —
(-1) g [arcanz i 2 k( 1+22> k 1( %1_%22)]7

where Ug(z) denotes the Chebyshev polynomials of the second kind.

Proof. Denoting the inner sum in (5) by S(k — 1) and replacing k — ¢ — 1 by p in
the inner sum in (5) yield

= (k=1 —p\ (22)2(k=1-P)

Accordingly, the sum S(k) can be written as

Employing the formula (2) leads to

S(k) = (—1)f — 22 Uk( : ) kN,
(VI+22)" T \Vi+2?

Substituting this expression into (5) results in the derivative formula (6). The proof
of Theorem 2.1 is thus complete. O

Theorem 2.2 ([17, Theorem 3.1]). The function <222 can be expanded into the
Taylor series

) arctan z Z(l)nrJrT(n)} (z—1D"  |z—1] <\@,

where

and an empty sum is conventionally regarded as 0.
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Proof. Taking z = 1 in (6), using cos § = %, and employing the formula

sin[(n + 1)6]

(8) U, (cosf) = g

in [23, p. 433], we obtain

(=) erafi- 521 () v ()

_ k=
= (=1)"n! % _ ]lgs;r;/k;zr‘|

- k=1
R e
= [+ 70

for n € Ny. The series expansion (7) is thus proved. The proof of Theorem 2.2 is
complete. O

Remark 2.1. By the proof of Theorem 2.2, we can express T'(n) by

Remark 2.2. When taking z = cot 6 for 0 < § < 7 in the derivative formula (6), by

the relation —=Z—- = cosf and the formula (8), we derive the derivative formula

(n)
arctan z
o ()

Theorem 2.3. For 0 < 0 < 7, we have the identity

. nl m " cos” @ sin(k6)
=)ol T |

z=cot 0

2. cos” fsin(k6)

(10) k =3

— 0.
k=1

Proof. Direct computation yields
oo
Z Cos Gbln (k) — 31— eiecos9)]

k=1

= —Q{lnsin 6 + In(sin @ — icos 0)]



Higher-Order Derivatives of Two Arctangent-Based Functions and Their Relation... 303

= —Sn(sinf — icos #)

= —Q[ln|sind —icosf| + iarg(sin @ — icos )]
= —arg(sinf —icosf)

= —arg [e(e_”/Q) i]

0
=——90.
2
The proof of Theorem 2.3 is complete. O

Remark 2.3. Taking 6 = 7 in (10) results in a BBP-like series

o0

1 1 8 8 4 2 2 1
I e
4p:02p 8p+1 8p+2 8p+3 8+5 8+6 8p+7
Setting § = % and § = % in (10), we can deduce the BBP-like representations of

the irrational number 7+/3. For more information on BBP type sums, please refer
to the papers [2, 11] and closely related references therein.

Theorem 2.4. For 0 <0 < 7, as n — oo, we have the asymptotic approximation

(n)
(1) (arctanz)

z

— (—1)"(n—1)!sin" 0 [COS(nO) + o(i)} ,

z=cot 0

Proof. By virtue of the formula (10), we can rewrite the formula (9) as

arctan z (n)
z

=(-1) cot"+19 Z fcos * g sin(k6)

n!sin™ ! cos’”r’“rl Osin[(n +k + 1)0]

1
cos"t1 0 = n+k+1

z=cot 0

= (-1

= (=1)"n!sin ei cos® O sin[(n + k + 1)6]

= n+k+1

o0 k Nk pi(n+k+1)0
cos” 0¥ e
= (—=1)"n!sin"T1 0
(=1) kz:;) n+k+1

= (=1)"n!sin" ™ 6 [ei("“)e ®(cosf e 1,n+ 1)].

Hence, applying the asymptotic approximation (3), we arrive at the asymptotic
approximation (11). The proof of Theorem 2.4 is complete. O

3. DERIVATIVES OF % AND RELATED RESULTS

Continuing from Section 2, we now discuss the higher derivatives of the func-
arctan v/z .

tion in terms of the Chebyshev polynomials of the second kind U, (x) with

the aid of the Gauss hypergeometric function o Fj.
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Theorem 3.5. For n € N, we have the derivative formula

(12) (mjg\/g)(") :(_1)n(2n2—nl)!!zln{arctjrzi\/§

“Evs o ) e ()]

Proof. In [17, pp. 11-12], Qi derived

(=)

B i(—l)"+k (arctanw) (k)
k=0 v

where w = /z. This expression can be written as

e B k1)

we 2n 2(n — k)

(13)
arctan y/z (m) )" i kok ,k/2 (2n—k—1)! [arctanw (k)
vz 22"2 — (n—Kk)I(k—1)! w wev/E
and, in view of (6),
(14) <arctanw>(k)
w w:\/g
k s
G 1 1 : z
7SIy arctan \/z — = ;g Us_1 T/

n [17, p. 14], Qi proved that

(15) (nl)!i(?nk1)2kk_(n1)!(2n)n_(2n1)”7 —

2n — n—1 2n n

which can be rearranged as
n — k=1 n —k— !
(16) 22’%W =(n— 1)!22’%(2” g 1> _ @ e
n—k)!
k=0

Accordingly, we obtain
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A R () ()

where we used the identity

Z2kk(2n—k—1> :2Sn<2n—s>
Pt n—1 n

for n € N and 1 < s < n, which can be found in [17, p. 6, Lemma 2.1]. Conse-
quently, combining the last result and (16) with (13) and (14) leads to the derivative
formula (12). The proof of Theorem 3.5 is complete. O

Remark 3.4. Letting z = cot? @ in (12) and using (8) yield

(arctan NE ) ()
\/E z=cot? 6

- (—1)”2% tan"*+1 g Kz:) <72T = 9> = Z; % (2"n ‘9) (2cos 6)* sm(sa)] .

Remark 3.5. For z =1 in (12), in view of the identity (15), we recover a result

- (m\/g\ﬁ)(n) _ (_1)n(2n2—nl)!! [Z‘ (271?) é 288/2 <2nn— 8) sin sﬂ

given in the proof of [17, pp. 11-12, Theorem 3.2].

z=1

Theorem 3.6. For each fized z with |z| < 1, we have the asymptotic approximation

(n)
arctan y/z (n—1)!

18 — ~ (=) ]
" ()~ moe
Proof. In [21, p. 109, Example 5.1], we find

arctan \/z = <— 2" 1.3

19 —_— = -1 =oF1| =, 1;=;—2 .
( ) \/E nz:;)( ) 2’)’L+1 2 1(27 727 Z)
In [4, p. 80] and [13, p. 41], we find the differentiation formula

d" b)n
(20) et = UEO R b i)

Then we obtain

(arctan NE > () B

= (- {2fatin
(21) v
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Applying the Euler transform
oFi(a,b;¢;2) = (1 —2) 3 Fi(c—a,c— b;c; 2)

n [1, p. 559, Entry 15.3.3] to (21), we obtain

(22) (m\;\/g)(n) = (_1)"27;1 1(1+12)2F1( 1; n+‘;’ >

In [15, p. 397, Entry 15.12.3], we find the asymptotic formula

. . C+>\ Q5 5
(23) 2Fifabiet \i2) ~ o Z SR Ao oo

where go(z) = 1 and ¢4(z) for s € N are defined by the generating function

et 1 b—1 1 . —a o]
( - ) e(c)(lz+et) = q.(2)t
s=0

If arg(1 — z) < 7, then (23) applies when [argA\| < § — 4. If R(z) <
applies when |arg \| < 7 — §.

Applying (23) to (22), we obtain (18). The proof of Theorem 3.6 is complete.

O

then (23)

1
2

Theorem 3.7. Forn € N, we have
(24) arctan ,/z (n)
vz

_ (=1)™(2n)! 1 [arctan/z 1 = 22k z \"
T2 gl z"[ NE 1+Z’;)(2k+1)(2kk)<1+2> ]

Proof. The derivative formula (12) can be written as

w (M) Grepifment ()]

where

n—1

(26)

( o 1) (2v3)'U.(VZ), neN.

n s:O
Straightforward computation gives
2

Apyi(z) — Ap(z) = ——(2v2)"U. (V)
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27l—S+1) (ansfl

(S 2 ;
#23 |y~ ) OVE) T VE)

n+1 n
= 7 OVE) (V)
n+1
e
n—1)n! « 2n —s—1 s
- (M) everes)
22n

n
b

2"

where we used in the last step the identity

3 k(znn_kl_ 1) (20)* Ui (2) = n(20)2", neN
k=1

n [18, Theorem 2]. Considering the initial value Ag(z) = 0, we derive

Ik, n € Ny.

M ‘

27) 2k +1)(%)

= (
Substituting this expression into ( 5) gives (24). The proof of Theorem 3.7 is thus
complete. O

Remark 3.6. From (27), it is easy to see that each term of the summation 4, (x)
defined in (26) is even with respect to /x, and hence A, (z) is a polynomial of
degree n — 1 in z.

Remark 3.7. In [12, Theorem 3|, Li and Qi established

1 3
(28) oF (n + L +1Lin+ 5 —22>
(2n+ 1IN 1 Tarctanz Q,-1(2?)
= (2n)Il 22n z (1+22)n
1, z=0

for |z| < 1 and n € Ny, where Q_1(z) =0 and

Qu(z) = Zn: le: fﬁ;; (zf?)

k=0 Lj=0

Zk, n € Ny.

Substituting (28) into (21) yields the derivative formula

arctan y/z (")_ oy @n— Dl Farctan 2z Qn1(2)
(") oSt [T - )
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Theorem 3.8. Forn € Ny and |¢ZZ’ < 1, we have the derivative formula

(=1)" znni 1

(=)™ (2n)! 1 > 92k z \"
22n n! Zn(1+z)]§1(2k+1)(2kk) (1+Z> ) Z#O

First proof of Theorem 3.8. Applying Euler’s hypergeometric transform

1 z
(30) 2Fi(a,byc;2) = a=ap 2F1< a,bc z—l)

n [1, p. 559, Entry 15.3.5] to the expression (21) gives

(n)
arctan y/z n! 1 3 =z
Ve =(=1)" (1 1;
< NG ) (=1 o+ 1 (1 + z)ntl 2 1( nhnt g 1+z)

Then, using the property

(31) (x+n) = (@)

n [3, p. 17], we arrive at

arctan \/z (n)_ n nl 1 N (n+ 1)y z \"

( Vz ) == 2n+1 (14 2)nt kzz;) n+§)k(1+z)
Lt 1 (9t W (=2 N
= (1) 2n + 1 (1 + z)nt+1 (i)n z:: (g)n+k <1+z)

LT3 +n) > k! 2 \"
= (-1 > )
2n+1 (1+z)z k:nF(§+k 142

) = /7 in [21,

for n € N. Using the recursive relation I'(z + 1) = 2I'(z) and T'(
pp. 42 and 46], we derive

3 N & /1 VT (2p+1)!
F<2+p):1"(2>H(2+£>:22p+1p', pe].\l()7

£=0

N

and then the equation (29) follows.

With n = 0, we obtain the hypergeometric Euler transform for the function
%. Substituting this case into (24) yields (29). The first proof of Theorem 3.8
is complete. O
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Second proof of Theorem 3.8. By virtue of the differentiation formula (20), we can
write the nth derivative of the function 2 Fj(a,b;a + 1;2) as

(n) _ (@)n()n

[2F1(a,b;a + 1;2)] (@t

oF i (a+n,b+n;a+1+4+mn;z), néeNy.

Applying (30) gives

" a)n(b)pn 1 z
()_Ea) (1;,1( Z)b+n2F1(1,b+n;a+1+n;Z_1)
_ (a)n(D)
~(a+1)

a)n(b)n 1 i (b+n)y z \"
a+1)n (1—2)"m = (a+1+n)\z—-1)
Using the identity (31), we can write

a.ba cz (”): () (b) th : k
[2Fi(a,b;a+ 15 2)] (1-— )b+nz(a+ Dntk <Z_1>

- M( ) Tt

:(—z" bZaJrl (zl)k'

Further taking (a,b;c) = (%,1; %), replacing z by —z, and employing (19) lead
0 (29). The second proof of Theorem 3.8 is complete. O

[2Fi(a,b;a+1;2)]

4. APPLICATIONS OF FOURIER-LEGENDRE EXPANSIONS

Because the Legendre polynomials P, (x) form a complete orthogonal system
over [—1, 1] with respect to the unit weight w(z) = 1, any function f(z) € L?(—1,1)
may be expanded as

(32) @)=Y anPule)
n=0

see [10, pp. 508-512, Section 7.14]. Define the generating function F'(z) associated
with the Legendre coefficients a,, by

(33) F(z) = Z anz”,
n=0

which is analytic in a domain containing the relevant points z + vx2 — 1 cos ¢ and
the segment/path used for its Taylor expansion about wu.
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Theorem 4.9. Let the series (32) be a Fourier—Legendre expansion, and suppose
that the function F(x) defined in (33) is analytic in a domain containing the set

{x+\/x2—1cos¢:0§¢§7r}

and a neighborhood of the line segment joining u to these points. Then, whenever
the Taylor expansion of F' about u converges uniformly on this set,

0 (n) u n r—u
(34) fl@)y=>" FT()(U2 ~2uz+1)""P, (m)

n=0
Proof. In [22, p. 313], we find the integral representation

(35) Pn(z):lfoﬂ(z+ 22— 1 cosp)" dg

™
for all n € Ng and z € C. Since the integrand in (35) is unchanged under ¢ — 7 — ¢,
the choice of the branch of the two-valued function v/22 — 1 is clearly immaterial.
Expanding F' in its Taylor series about u yields

I
[M]8
3§

f(x) /Oﬂ(;v—i— xz—lcosgﬁ)n do

3
Il

S— S—°

3

A= 3=

F(z+ Va2 —1cos¢) d¢

n!

i F (u) (z—u++va?-1 cosqS)n] do

I
M8
5|
6
=

(u2—2ux+1)n/2pn<x_u>a
vuz —2uzx +1

3
I
o

where, by the assumed uniform convergence of the power series for F' on the relevant
compact set, termwise integration is justified. The proof of Theorem 4.9 is thus
complete. O

Remark 4.8. By choosing u = 1, z, 2z, %, ... in (34), one can obtain more interest-
ing expansions. For example, choosing u = 1 leads to

(36) f<x>=§j<—1>”F(n)(§)|u—1(z ! ;x)”pn( 1;”6).

n=0

Theorem 4.10. The Legendre polynomials P, (x) satisfy

(37) i [zn: 21/2 (2”n s) sin ﬂ <;)npn(x) —0, |2 < %

n=0 Ls=1
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Proof. The complete elliptic integral of the first kind

lz] <1

/2 d6
A= [ e
0 V1 —22sin“6

has a classical Fourier-Legendre expansion

2
= P,2z —1 1);
(33) H(VE) =3 gy Pulo =1, o€ O
see [5, Eq. (8)].
Using the parity property
(39) Po(z) = (=1)"Py(~2), neNg

in [15, p. 444, Table 18.6.1], we obtain

(o)
(=)™ . 2arctan/z
F(m):222n+1x = NG .

n=0

When u = 1, then the expansion (36) becomes

= <—nl!>” (arctj%ﬁ)“)

Due to the asymptotic behavior (18) in Theorem 3.6 and

(22)" P, (z).

u=1

Py (2)] = o(jﬁ), n— o0

for fixed x € (—1,1), see [8, p. 996, Entry 8.918], utilizing (17), we obtain
=20\ [2\" T 2 —1/2n—s s

40 = —| P, — = - 25/2 gin =~ | .

w03 () (5) me 5 g i (7 e

On the other hand, the Legendre polynomials P,(z) can be generated [8,
p. 997, Entry 8.921] by

1 oo
41 _— = P,(2)t", |t <min‘z:ﬁ:\/z2—1).
4D 12tz + 2 HZ:O SN

Setting z = x and t = 2z sin®§ and |z| < J in (41), we obtain

oo

= Z(Qa:)"Pn () sin®" 6.

1—22sin?(20) =0

1
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Integrating this equality between ¢ = 0 and ¢ = 7 results in

(42) H (z) = g i (i:‘) (g)npn(x), 2] < %

n=0

Comparing (40) with (42) gives (37). The proof of Theorem 4.10 is complete.

Remark 4.9. Replacing z by x? in (38) and using the parity property (39),

obtain

%(x)zzi(_l)np(l—zsﬂ) 0<o<s
—om1 " T Ty

Comparing this with (42) yields

S U2 <73 ()(5) e

n=0

Theorem 4.11 ([9, Chapter 33]). For n € N, we have
(43) > N(n,k)=Ch,

k=1

1/n n 1 2n
N(n,k+1)=n<k><k+l) and Cn:n—i—l(n)

are respectively called the Narayana numbers and the Catalan numbers.

where

Proof. In [15, p. 442, Entry 18.5.7], we find

I'la+n+1) 1-=2
Plab) (7)) = Fi - b+1l;a+1;—=).
n (Z) F(TL+1)F(Q+1)2 1( n7n+a’+ + 7a+ b 2

Taking (a,b) = (1,—1 — 2n) and z = 1 — 2z yields
1
oF1(1—n,—n;2;2) = mPS’_l_Q")(l —2x).

Since

Pt -1) = i = - (M),

see [13, p. 210], we obtain

1 2n
44 F(l—n,—n:2;1) = —C,:
(a4 2Rl =02 = — ()

see also [19, Eq. (1)].

O

we
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In view of the property (—x); = (—1)¥(x — k + 1) in [21, p. 72, Eq (2)], we
arrive at

n—1

oy = N =) 2§ (= R)e(n+ 1 — k)
Jﬂl‘m_WQJ)_Z; 2k k!_g; HErDr
and
(n—k:)k(n—i—l—k)k _ (n—l)!n! 1
METDL (n—1—R)(n— k) Kk 1)

- i(Z) <kj—1) = N(n,k+1).

This sequence satisfies the symmetry N(n,k 4+ 1) = N(n,n — k). As a result, we
obtain

n—1
oF1(1—n,—n;2;2) = Z N(n, k+ 1)z~
k=0

Combining this with (44) yields (43). The proof of Theorem 4.11 is complete. [

5. MORE REMARKS

In this section, we provide alternative proofs of [14, Theorems 1.1, 1.2,
and 1.3] in the form of remarks.

Remark 5.10 (Alternative proof of [14, Theorems 1.1 and 1.3]). Let
f(2) =2F1(a,bja + 15 2).

As in the second proof of Theorem 3.8, we have

I = 2O ko + it ot 132),

Employing Euler’s transformation (30) gives

(@)n (b

e = 2

o 1 . 2
)n( _Z)b+n2F1 1,n+b7n+a+1,m
) o0
)

( 1
(@)n (b 1 (n+ b) 2 \F
(a+1 n(l—z)b+"kz_0(n+a+l)k<z—1) ’

—_

S

Utilizing the property (31) and shifting the summation index lead to

o gy L 1 X (b 2 \"
[£(2)] ( )”(72)71 (1Z)b;(a+1)k(zl)
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(a%(_z)n(l_z)b[m@bm )-S5

:(a)n(lz)n[f(z 17sz a+1 (zl)k]

In terms of the Gauss hypergeometric function 9F}, the last expression can be
written as

sFi(n+a,n+bn+a+l;z)
_(a+1), 1

e £ - rzb,cz,o (zl)k]'

Setting a =b = % and replacing z with —z2, one obtains

113,
(45) 2F1(n+27n+27n+2,_z )

_ 2n+ 1 [arcsinh(z) 1 nil 1 22 \F
EZE z VI+22 2k +1\1+22) |
This yields an alternative proof of [14, Theorems 1.1 and 1.3].

Remark 5.11 (Alternative proof of [14, Theorems 1.2 and 1.3]). For the Gauss
hypergeometric function o F;(1,n + a;n + b; ), a direct operation gives

oo(a+nkk (B)n ~= (@)nsk g
Fi(l,n4+a;n—+b;z z
2F1( )= Z(b—Fn anz::(bn-l-k
n—1

b%i (O i _ (b)"ln[QFl(La;b;z)— (a)kz,c}

(@)n 2" = (b)k (a)n = (O
Taking (a, b) (% %) and replacing z by 22, we obtain
1 3 on +1[arctanhz o= 22k
46 Fi(1 Sin4 o2 ) = - :
(46) 2 1<7n+2,n+2,z> o { p, ;2k+1

This is an alternative proof of [14, Theorems 1.2 and 1.3].

Remark 5.12. The technique utilizing the formula (30) can be applied to any hy-
pergeometric function of the form

J(2) = 2Fi(a,bia+ 152) = —-Bu(a,1-b),
z
see [16, p. 455, Entry 28], where

B.(a,b) = /0 271 =) tdt, R(a),R(b) >0, z€]0,1]
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denotes the incomplete beta function [1, p. 263, Entry 6.6.1]. In this case,

d"f2)  (@)n 1~ (b 2\
dzm 7(—2)”(1—z)bz(a+1)k (z—l)

k=n

<—z>n<1>b2F1<1b““ 1) ,; @+ (—1)1

Oa+
n—1 k
QL z
F b; 1; .
a1 - i 3 G

6. CONCLUSIONS

In order to obtain an explicit expression of the coefficients a,, in the power

series (4), we need to calculate the nth derivatives of the functions % and
%. Among many other results, the nth derivatives of the functions 2rctanz

and m%ﬁ (as well as their representations in terms of the Gauss hypergeometric

functions o Fy) were evaluated in two papers [12, 17].

In Theorem 2.1, we reformulated the nth derivative of 2222 obtained in [17]
in terms of the Chebyshev polynomials of the second kind U, (z). In Theorem 2.2
and its proof, we presented an elegant derivation of the Taylor expansion of E“Ctzﬂ
at z = 1, originally established in [17, Theorem 3.1]. In Theorem 2.3, we derived
the trigonometric identity (10), and in Theorem 2.4, we obtained an asymptotic
approximation for (“Ctzﬂ)(") as n — 0.

In Theorem 3.5, building on the proof of [17, Theorem 3.2] and using The-
orem 2.1, we expressed the nth derivative of m%ﬁ in terms of the Chebyshev

polynomials U, (z). In Theorem 3.6, we derived an asymptotic approximation for
(m%ﬁ)(n) as n — oo. Furthermore, in Theorems 3.7 and 3.8, we used the Euler
transforms of sequences and power series to obtain alternative representations for
these derivatives.

In Theorem 4.9, we investigated the Fourier-Legendre expansion of a general
function f(x). In Theorem 4.10, by comparing two forms of the Fourier-Legendre
expansion of the complete elliptic integral of the first kind ¢ (z), we derived the
infinite series identity (37). In Remark 4.9, we further obtained two infinite series
identities involving the Legendre polynomials P,(z). In Theorem 4.11, by ex-
ploiting the relationship between the Jacobi polynomials Pﬁ“’b)(a:) and the Gauss
hypergeometric functions o F}, we recovered the classical identity connecting the
Catalan numbers C,, and the Narayana numbers N (n, k).

In Remarks 5.10 and 5.11, we provided alternative proofs of the closed-form
expressions (45) and (46), originally established in [14].
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