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PROBABILISTIC MULTI-STIRLING NUMBERS OF THE
SECOND KIND AND PROBABILISTIC MULTI-LAH

NUMBERS

Taekyun Kim∗ and Dae San Kim

Assume that the moment generating function of the random variable Y exists
in a neighborhood of the origin. We introduce the probabilistic multi-Stirling
numbers of the second kind associated with Y and the probabilistic multi-
Lah numbers associated with Y . The aim of this paper is to study some
properties, related identities, recurrence relations and explicit expressions of
those probabilistic extension numbers in connection with several other special
numbers.

1. INTRODUCTION

Assume that Y is a random variable whose moment generating function exists
in a neighborhood of the origin . The aim of this paper is to study the probabilistic
multi-Stirling numbers of the second kind

{︁
n

k1,k2,...kr

}︁
Y

associated with Y and the

probabilistic multi-Lah numbers L
(k1,k2,...,kr)
Y (n, r) associated with Y . We investi-

gate some properties, related identities, recurrence relations and explicit expressions

for those numbers in connection with the multi-Bernoulli numbers B
(k1,k2,...,kr)
n , the

probabilistic Fubini polynomials of order r, F
(r,Y )
n (y), associated with Y , the prob-

abilistic Stirling numbers of the second kind
{︁
n
r

}︁
Y
associated with Y , the unsigned

multi-Stirling numbers of the first kind
[︁

n
k1,k2,...,kr

]︁
, the unsigned Stirling numbers

of first kind
[︁
n
r

]︁
and the Stirling numbers of the second kind

{︁
n
r

}︁
.

We remark that
{︁

n
k1,k2,...kr

}︁
Y
is a probabilistic extension of the multi-Stirling

number of the second kind
{︁

n
k1,k2,...kr

}︁
, which reduces to the Stirling number
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of the second kind
{︁
n
r

}︁
, for (k1, k2, . . . kr) = (1, 1, . . . , 1) . We also note that

L
(k1,k2,...,kr)
Y (n, r) is a probabilistic extension of the multi-Lah number L(k1,...,kr)(n, r),

which boils down to the unsigned Lah number L(n, r), for (k1, k2, . . . kr) = (1, 1, . . . , 1).

In addition,
[︁

n
k1,k2,··· ,kr

]︁
and B

(k1,k2,...,kr)
n generalize respectively

[︁
n
r

]︁
and (−1)n

r! B
(r)
n ,

for (k1, k2, . . . kr) = (1, 1, . . . , 1), where B
(r)
n are the Bernoulli numbers of or-

der r. The common feature of the six numbers
{︁

n
k1,k2,...kr

}︁
Y
, L

(k1,k2,...,kr)
Y (n, r),{︁

n
k1,k2,...kr

}︁
, L(k1,k2,...,kr)(n, r),

[︁
n

k1,k2,··· ,kr

]︁
and B

(k1,k2,...,kr)
n is that they are all de-

fined with the help of the multiple logarithm Lik1,k2,...,kr
(t), which reduces to the

polylogarithm Lik1(t), for r = 1 and to 1
r!

(︁
− log(1 − t)

)︁r
, for (k1, k2, . . . kr) =

(1, 1, . . . , 1).

The outline of this paper is as follows. First, we recall the multiple loga-
rithms, the multi-Lah numbers and the multi-Bernoulli numbers. We remind the
reader of the unsigned Stirling numbers of the first kind and the Stirling numbers
of the second kind. We recall the probabilistic Lah numbers LY (n, k) associated
with Y . We remind the reader of the unsigned multi-Stirling numbers of the first
kind and the multi-Stirling numbers of the second kind. Finally, we recall the
probabilistic Stirling numbers of the second. Section 2 contains the main results
of this paper. We derive first that Li1, 1, . . . , 1⏞ ⏟⏟ ⏞

r−times

(t) = 1
r!

(︁
− log(1 − t)

)︁r
. Then we

define the probabilistic multi-Stirling numbers of the second kind
{︁

n
k1,k2,...kr

}︁
Y

as-

sociated with Y , and show
{︁

n
1, 1, . . . , 1⏞ ⏟⏟ ⏞

r−times

}︁
Y

=
{︁
n
r

}︁
Y
. In Theorem 2.1, we express

{︁
n+1

k1,k2,...,kr−1,1

}︁
as a finite sum involving

{︁
m

k1,k2,...,kr−1

}︁
, (m = r − 1, . . . , n), which

generalizes a well-known identity for the Stirling numbers of the second kind to
that for the probabilistic Stirling numbers of the second kind associated with Y .

In Theorem 2.2, we express
∑︁n

m=0 B
(k1,k2,...,kr)
m

{︁
n
m

}︁
Y

as a finite sum involving the

product
{︁
i
j

}︁
Y

{︁
n−i

k1,k2,...,kr

}︁
Y
. In Theorem 2.3, we represent

{︁
n

k1,k2,...,kr

}︁
Y

as a finite

sum involving the triple product
{︁

l
m

}︁{︁
n
l

}︁
Y

[︁
m

k1,k2,...,kr

]︁
. We define the probabilis-

tic multi-Lah numbers L
(k1,k2,...,kr)
Y (n, r) associated with Y . In Theorem 2.4, we

show that L
(k1,k2,...,kr)
Y (n, r) =

∑︁n
k=r

{︁
n

k1,k2,...,kr

}︁
Y

[︁
n
k

]︁
. In Theorem 2.5, we express{︁

n
k1,k2,...,kr

}︁
Y

as a finite sum involving the triple product
{︁
l
r

}︁{︁
n

m+l

}︁
Y
B

(k1,k2,...,kr)
m .

In Theorem 2.6, we show the identity

n∑︂
k=r

{︃
n

k

}︃
Y

L(k1,k2,...,kr)(k, r) =

n∑︂
k=r

(︃
n

k

)︃{︃
k

k1, k2, . . . , kr

}︃
Y

F
(r,Y )
n−k (1),

where F
(r,Y )
n (y) are the probabilistic Fubini polynomials of order r.

Recently, Lah numbers have found practical applications in telecommunica-
tions and optics. One notable use is in steganography, where they are employed for
hiding data within images. This method offers a significant advantage due to its
lower computational complexity compared to alternative techniques like the Dis-
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crete Fourier Transform (DFT) and Discrete Wavelet Transform (DWT). Further
details on their use in steganography can be found in [14]. For the rest of this
section, we recall the facts that are needed throughout this paper.

For integers ki (1 ≤ i ≤ r), the multiple logarithm of index (k1, k2, . . . , kr) is
given by
(1)

Lik1,k2,...,kr
(t) =

∑︂
0<m1<m2<···<mr

tmr

mk1
1 mk2

2 · · ·mkr
r

, (|t| < 1). (see [20, 25, 27]).

In particular, for r = 1, we have

Lik1(t) =

∞∑︂
m=1

tm

mk1
, (see [20, 25, 29]),

where Lik1
(t) is called the polylogarithm.

Recently, the multi-Lah number of index (k1, k2, . . . , kr) is defined by

(2)
Lik1,k2,...,kr (1− e−t)

(1− t)r
=

∞∑︂
n=r

L(k1,...,kr)(n, r)
tn

n!
, (see [21, 26]).

Note that
(3)

∞∑︂
n=r

L

r−times⏟ ⏞⏞ ⏟
(1, 1, . . . , 1)(n, r)

tn

n!
=

Li1,1,...,1(1− e−t)

(1− t)r
=

1

r!

(︃
t

1− t

)︃r

=

∞∑︂
n=r

L(n, r)
tn

n!
.

Here L(n, r) are the unsigned Lah numbers given by

(4) ⟨x⟩n =

n∑︂
k=0

L(n, k)(x)k, (n ≥ 0), (see [12, 18, 19, 21− 26, 28]),

where ⟨x⟩0 = 1, ⟨x⟩n = x(x+1) · · · (x+n−1), (n ≥ 1), and (−1)n⟨−x⟩n = (x)n.

In [20], the multi-Bernoulli number of index (k1, k2, . . . , kr) is defined by
Kim-Kim as

(5)
1

(1− e−t)r
Lik1,k2,...,kr

(1− e−t) =

∞∑︂
n=0

B(k1,k2,...,kr)
n

tn

n!
.

Note that B

r−times⏟ ⏞⏞ ⏟
(1, 1, . . . , 1)
n = (−1)n

r! B
(r)
n , where B

(r)
n are the Bernoulli numbers of

order r, given by(︃
t

et − 1

)︃r

=

∞∑︂
n=0

B(r)
n

tn

n!
, (see [1− 13, 15− 35]).
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The unsigned Stirling numbers of the first kind are defined by

(6) ⟨x⟩n =

n∑︂
k=0

[︃
n

k

]︃
xk, (n, k ≥ 0), (see [18, 19, 21]).

The Stirling numbers of the second kind are defined by

(7) xn =

n∑︂
k=0

{︃
n

k

}︃
(x)k, (n ≥ 0), (see [8, 12, 30]).

Throughout this paper, we assume that Y is random variable such that the moment
generating function of Y ,

(8) E
[︁
etY

]︁
=

∞∑︂
n=0

tn

n!
E
[︁
Y n

]︁
, (|t| < r), exists for some r > 0.

Let (Yj)j≥1 be a sequence of mutually independent copies of random variable Y ,
and let

Sk = Y1 + Y2 + · · ·+ Yk, (k ≥ 1), with S0 = 0.

The probabilistic Lah numbers associated with Y are given by

(9)
1

k!

(︃
E

[︃(︃
1

1− t

)︃Y ]︃
− 1

)︃k

=

∞∑︂
n=k

LY (n, k)
tn

n!
, (k ≥ 0), (see [2, 11, 21, 22]).

When Y = 1, LY (n, k) = L(n, k), (n ≥ k ≥ 0).

From (9), we note that

LY (n, k) =
1

k!

k∑︂
l=0

(︃
k

l

)︃
(−1)k−lE

[︁
⟨Sl⟩n

]︁
, (see [28]).

In [25], the unsigned multi-Stirling numbers of the first kind are defined by

(10) Lik1,k2,...,kr (t) =

∞∑︂
n=r

[︃
n

k1, k2, . . . , kr

]︃
tn

n!
.

From (10), we note that

(11)

∞∑︂
n=r

[︃
n

1, 1, . . . , 1⏞ ⏟⏟ ⏞
r−times

]︃
tn

n!
= Li1, 1, . . . , 1⏞ ⏟⏟ ⏞

r−times

(t) =
1

r!

(︁
− log(1− t)

)︁r
=

∞∑︂
n=r

[︃
n

r

]︃
tn

n!
.

Thus, by (11), we get [︃
n

1, 1, . . . , 1⏞ ⏟⏟ ⏞
r−times

]︃
=

[︃
n

r

]︃
, (n ≥ r ≥ 0).
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As the inverse relation of (10), the multi-Stirling numbers of the second kind are
given by

(12) Lik1,k2,...,kr

(︂
1− e1−et

)︂
=

∞∑︂
n=r

{︃
n

k1, k2, . . . , kr

}︃
tn

n!
, (see [25]).

From (12), we note that

(13)

∞∑︂
n=r

{︃
n

1, 1, . . . , 1⏞ ⏟⏟ ⏞
r−times

}︃
tn

n!
= Li1, 1, . . . , 1⏞ ⏟⏟ ⏞

r−times

(︂
1− e1−et

)︂
=

1

r!

(︁
et − 1

)︁r
=

∞∑︂
n=r

{︃
n

r

}︃
tn

n!
.

Thus, by (13), we get

(14)

{︃
n

1, 1, . . . , 1⏞ ⏟⏟ ⏞
r−times

}︃
=

{︃
n

r

}︃
, (n ≥ r ≥ 1).

By (11) and (12), we get for n ≥ 0 and r ∈ N, we have{︃
n+ 1

k1, k2, . . . , kr−1, 1

}︃
=

n∑︂
m=r−1

(︃
n

m

)︃{︃
m

k1, k2, . . . , kr−1

}︃
, (see [25]).

The probabilistic Stirling numbers of the second kind associated with Y are defined
by

(15)

{︃
n

k

}︃
Y

=
1

k!

k∑︂
j=0

(︃
k

j

)︃
(−1)k−jE

[︁
Sn
j

]︁
, (n ≥ k ≥ 0), (see [21− 23, 26, 33]).

When Y = 1, {︃
n

k

}︃
Y

=
1

k!

k∑︂
j=0

(︃
k

j

)︃
(−1)k−jjn =

{︃
n

k

}︃
.

2. PROBABILISTIC MULTI-STIRLING NUMBERS OF THE
SECOND KIND AND PROBABILISTIC MULTI-LAH NUMBERS

For ki ≥ 1, (i = 1, 2, . . . , r), by (1), we get

d

dt
Lik1,k2,...,kr (t) =

d

dt

∑︂
0<m1<m2<···<mr

tmr

mk1
1 mk2

2 · · ·mkr
r

(16)

=
∑︂

0<m1<···<mr

tmr−1

mk1
1 mk2

2 · · ·mkr−1
r

=
1

t
Lik1,k2,...,kr−1,kr−1(t).
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Letting kr = 1 in (16), we have

d

dt
Lik1,k2,...,kr−1,1(t) =

∑︂
0<m1<m2<···<mr−1

1

mk1
1 mk2

2 · · ·mkr−1

r−1

∞∑︂
mr=mr−1+1

tmr−1

(17)

=
1

1− t

∑︂
0<m1<···<mr−1

tmr−1

mk1
1 mk2

2 · · ·mkr−1

r−1

=
1

1− t
Lik1,k2,...,kr−1

(t).

Thus, by (17), we get

Li1,1(t) =
1

2!

(︁
− log(1− t)

)︁2
, Li1,1,1(t) =

1

3!

(︁
− log(1− t)

)︁3
.

Continuing this process, we have

(18) Li1, 1, . . . , 1⏞ ⏟⏟ ⏞
r−times

(t) =
1

r!

(︁
− log(1− t)

)︁r
, (r ≥ 1).

Now, we define the probabilistic multi-Stirling numbers of the second kind associated
with Y as

(19) Lik1,k2,...,kr

(︂
1− e1−E[eY t]

)︂
=

∞∑︂
n=r

{︃
n

k1, k2, . . . , kr

}︃
Y

tn

n!
.

When Y = 1, we have{︃
n

k1, k2, . . . , kr

}︃
Y

=

{︃
n

k1, k2, . . . , kr

}︃
.

Note that

∞∑︂
n=r

{︃
n

1, 1, . . . , 1⏞ ⏟⏟ ⏞
r−times

}︃
Y

tn

n!
= Li1, 1, . . . , 1⏞ ⏟⏟ ⏞

r−times

(︂
1− e1−E[eY t]

)︂
(20)

=
1

r!

(︂
E
[︁
eY t

]︁
− 1

)︂r

=
1

r!

r∑︂
j=0

(︃
r

j

)︃
(−1)r−jE

[︁
eSjt

]︁
=

∞∑︂
n=0

1

r!

r∑︂
j=0

(︃
r

j

)︃
(−1)r−jE

[︁
Sn
j

]︁ tn
n!

.

Thus, by (15) and (20), we get

(21)

{︃
n

1, 1, . . . , 1⏞ ⏟⏟ ⏞
r−times

}︃
Y
=

{︃
n

r

}︃
Y

, (n ≥ r ≥ 1).
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From (1), we note that

d

dt
Lik1,k2,...,kr−1,1

(︂
1− e1−E[eY t]

)︂
=

d

dt

∑︂
0<m1<m2<···<mr

(1− e1−E[eY t])mr

mk1
1 mk2

2 · · ·mkr−1

r−1 mr

(22)

=
∑︂

0<m1<···<mr−1

E[Y eY t]e1−E[eY t]

mk1
1 · · ·mkr−1

r−1

∞∑︂
nr=mr−1+1

(︂
1− e1−E[eY t]

)︂mr−1

=
∑︂

0<m1<···<mr−1

E[Y eY t]e1−E[eY t]

mk1
1 · · ·mkr−1

r−1

(1− e1−E[eY t])mr−1

e1−E[eY t]

= E
[︁
Y eY t

]︁
Lik1,k2,...,kr−1

(︂
1− e1−E[eY t]

)︂
=

∞∑︂
l=0

E
[︁
Y l+1

]︁ tl
l!

∞∑︂
m=r−1

{︃
m

k1, . . . , kr−1

}︃
Y

tm

m!

=

∞∑︂
n=r−1

n∑︂
m=r−1

(︃
n

m

)︃{︃
m

k1, k2, . . . , kr−1

}︃
Y

E
[︁
Y n−m+1

]︁ tn
n!

.

On the other hand, by (19), we get

d

dt
Lik1,k2,...,kr−1,1

(︂
1− e1−E[eY t]

)︂
=

d

dt

∞∑︂
n=r

{︃
n

k1, k2, . . . , kr−1, 1

}︃
Y

tn

n!
(23)

=

∞∑︂
n=r

{︃
n

k1, k2, . . . , kr−1, 1

}︃
Y

tn−1

(n− 1)!

=

∞∑︂
n=r−1

{︃
n+ 1

k1, k2, . . . , kr−1, 1

}︃
Y

tn

n!
.

Therefore, by (21), (22) and (23), we obtain the following theorem,

Theorem 1. For n, r ∈ N with n ≥ r − 1, we have

n∑︂
m=r−1

(︃
n

m

)︃
E
[︁
Y n−m+1

]︁{︃ m

k1, k2, . . . , kr−1

}︃
Y

=

{︃
n+ 1

k1, k2, . . . , kr−1, 1

}︃
Y

.

In particular, for n ≥ r, we have

n−1∑︂
m=r−1

(︃
n− 1

m

)︃{︃
m

r − 1

}︃
Y

E[Y n−m] =

{︃
n

r

}︃
Y

,

n−1∑︂
m=r−1

(︃
n− 1

m

)︃{︃
m

r − 1

}︃
=

{︃
n

r

}︃
.
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Replacing t by E[eY t]− 1 in (5), on the one hand, we get

1

(1− e1−E[eY t])r
Lik1,k2,...,kr−1,kr

(︂
1− e1−E[eY t]

)︂
=

∞∑︂
m=0

B(k1,...,kr)
m

1

m!

(︂
E[eY t]− 1

)︂m

(24)

=

∞∑︂
m=0

B(k1,k2,...,kr)
m

∞∑︂
n=m

{︃
n

m

}︃
Y

tn

n!

=

∞∑︂
n=0

n∑︂
m=0

B(k1,k2,...,kr)
m

{︃
n

m

}︃
Y

tn

n!
.

On the other hand, by (19), we get

1

(1− e1−E[eY t])r
Lik1,k2,...,kr−1,kr

(︂
1− e1−E[eY t]

)︂
(25)

=

∞∑︂
l=0

(︃
r + l − 1

l

)︃
el(1−E[eY t])

∞∑︂
m=r

{︃
m

k1, k2, . . . , kr

}︃
Y

tm

m!

=

∞∑︂
l=0

(︃
r + l − 1

l

)︃ ∞∑︂
j=0

lj(−1)j
1

j!

(︂
E[eY t]− 1

)︂j ∞∑︂
m=r

{︃
m

k1, k2, . . . , kr

}︃
Y

tm

m!

=

∞∑︂
l=0

(︃
r + l − 1

l

)︃ ∞∑︂
j=0

lj(−1)j
∞∑︂
i=j

{︃
i

j

}︃
Y

ti

i!

∞∑︂
m=r

{︃
m

k1, k2, . . . , kr

}︃
tm

m!

=

∞∑︂
l=0

(︃
r + l − 1

l

)︃ ∞∑︂
i=0

(︃ i∑︂
j=0

lj(−1)j
{︃
i

j

}︃
Y

ti

i!

)︃ ∞∑︂
m=r

{︃
m

k1, k2, . . . , kr

}︃
Y

tm

m!

=

∞∑︂
n=r

(︃ ∞∑︂
l=0

n−r∑︂
i=0

i∑︂
j=0

(︃
n

i

)︃(︃
r + l − 1

l

)︃
lj(−1)j

{︃
i

j

}︃
Y

{︃
n− i

k1, k2, . . . , kr

}︃
Y

)︃
tn

n!
.

Therefore, by (24) and (25), we obtain the following theorem.

Theorem 2. For n, r ∈ N with n ≥ r, we have

n∑︂
m=0

B(k1,k2,...,kr)
m

{︃
n

m

}︃
Y

=

∞∑︂
l=0

n−r∑︂
i=0

i∑︂
j=0

(︃
n

i

)︃(︃
r + l − 1

l

)︃
lj(−1)j

{︃
i

j

}︃
Y

{︃
n− i

k1, k2, . . . , kr

}︃
Y

.
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Replacing t by 1− e1−E[eY t] in (10), we get

Lik1,k2,...,kr

(︂
1− e1−E[eY t]

)︂
=

∞∑︂
m=r

[︃
m

k1, k2, . . . , kr

]︃
1

m!

(︂
1− e1−E[eY t]

)︂m

(26)

=

∞∑︂
m=r

[︃
m

k1, k2, . . . , kr

]︃
(−1)m

∞∑︂
l=m

{︃
l

m

}︃
1

l!

(︂
1− E

[︁
eY t

]︁)︂l

=

∞∑︂
l=r

l∑︂
m=r

[︃
m

k1, k2, . . . , kr

]︃
(−1)m−l

{︃
l

m

}︃ ∞∑︂
n=l

{︃
n

l

}︃
Y

tn

n!

=

∞∑︂
n=r

l∑︂
m=r

[︃
m

k1, k2, . . . , kr

]︃
(−1)m−l

{︃
l

m

}︃ n∑︂
l=r

{︃
n

l

}︃
Y

tn

n!

=

∞∑︂
n=r

(︃ n∑︂
l=r

l∑︂
m=r

[︃
m

k1, k2, . . . , kr

]︃
(−1)m−l

{︃
l

m

}︃{︃
n

l

}︃
Y

)︃
tn

n!
.

Therefore ,by (19) and (26), we obtain the following theorem.

Theorem 3. For n, r ∈ N with n ≥ r, we have{︃
n

k1, k2, . . . , kr

}︃
Y

=

n∑︂
l=r

l∑︂
m=r

(−1)m−l

{︃
l

m

}︃{︃
n

l

}︃
Y

[︃
m

k1, k2, . . . , kr

]︃
.

Now, we consider the probabilistic multi-Lah numbers associated with Y which
are given by

(27) Lik1,k2,...,kr

(︃
1− e1−E

[︁(︁
1

1−t

)︁Y )︁]︁)︃
=

∞∑︂
n=r

L
(k1,k2,...,kr)
Y (n, r)

tn

n!
.

By (18), we note that

∞∑︂
n=r

L

r−times⏟ ⏞⏞ ⏟
(1, 1, . . . , 1)
Y (n, r)

tn

n!
= Li1, 1, . . . , 1⏞ ⏟⏟ ⏞

r−times

(︃
1− e1−E

[︁(︁
1

1−t

)︁Y ]︁)︃
(28)

=
1

r!

(︃
E

[︃(︃
1

1− t

)︃Y ]︃
− 1

)︃r

=

∞∑︂
n=r

LY (n, r)
tn

n!
.

Thus, by (28), we get

L

r−times⏟ ⏞⏞ ⏟
(1, 1, . . . , 1)
Y (n, r) = LY (n, r), (n ≥ r > 0).
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Using (27) and (19) with t replaced by− log(1− t), we get

∞∑︂
n=r

L
(k1,k2,...,kr)
Y (n, r)

tn

n!
= Lik1,k2,...,kr

(︂
1− e1−E

[︁(︁
1

1−t

)︁Y ]︁)︂
(29)

=

∞∑︂
k=r

{︃
k

k1, k2, . . . , kr

}︃
Y

1

k!

(︁
− log(1− t)

)︁k
=

∞∑︂
k=r

{︃
n

k1, k2, . . . , kr

}︃
Y

∞∑︂
n=k

[︃
n

k

]︃
tn

n!

=

∞∑︂
n=r

n∑︂
k=r

{︃
n

k1, k2, . . . , kr

}︃
Y

[︃
n

k

]︃
tn

n!
.

Therefore, by comparing the coefficients on both sides of (29), we obtain the fol-
lowing theorem.

Theorem 4. For n, r ∈ N with n ≥ r, we have

L
(k1,k2,...,kr)
Y (n, r) =

n∑︂
k=r

{︃
n

k1, k2, . . . , kr

}︃
Y

[︃
n

k

]︃
.

Now, from (5) and (19), we observe that

∞∑︂
n=r

{︃
n

k1, k2, . . . , kr

}︃
Y

tn

n!
= Lik1,k2,...,kr

(︂
1− e1−E[eY t]

)︂
(30)

=
Lik1,k2,...,kr

(︁
1− e1−E[eY t]

)︁(︁
1− e1−E[eY t]

)︁r (︂
1− e1−E[eY t]

)︂r

=

∞∑︂
m=0

B(k1,k2,...,kr)
m

1

m!

(︂
E[eY t]− 1

)︂m

(−1)rr!
1

r!

(︂
e1−E[eY t] − 1

)︂r

=

∞∑︂
m=0

B(k1,k2,...,kr)
m

1

m!

(︂
E[eY t]− 1

)︂m

(−1)rr!

∞∑︂
l=r

{︃
l

r

}︃
1

l!

(︂
1− E[eY t]

)︂l

=

∞∑︂
m=0

∞∑︂
l=r

B(k1,k2,...,kr)
m r!(−1)l−r

{︃
l

r

}︃
(m+ l)!

m!l!

1

(m+ l)!

(︂
E
[︁
eY t

]︁
− 1

)︂m+l

=

∞∑︂
m=0

∞∑︂
l=r

B(k1,k2,...,kr)
m r!(−1)l−r

{︃
l

r

}︃(︃
m+ l

m

)︃ ∞∑︂
n=m+l

{︃
n

m+ l

}︃
Y

tn

n!

=

∞∑︂
n=r

(︃ n−r∑︂
m=0

n−m∑︂
l=r

B(k1,k2,...,kr)
m r!(−1)l−r

(︃
m+ l

m

)︃{︃
l

r

}︃{︃
n

m+ l

}︃
Y

)︃
tn

n!
.

By comparing the coefficients on both sides of (30), we obtain the following theorem.
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Theorem 5. Let n, r be positive integers with n ≥ r. Then we have{︃
n

k1, k2, . . . , kr

}︃
Y

=

n−r∑︂
m=0

n−m∑︂
l=r

r!(−1)l−r

(︃
m+ l

m

)︃{︃
l

r

}︃{︃
n

m+ l

}︃
Y

B(k1,k2,...,kr)
m .

In particular, we have{︃
n

r

}︃
Y

=

n−r∑︂
m=0

n−m∑︂
l=r

(−1)m+l−r

(︃
m+ l

m

)︃{︃
l

r

}︃{︃
n

m+ l

}︃
Y

B(r)
m .

For r ∈ N, the probabilistic Fubini polynomials of order r associated with Y
are defined by

(31)
1(︁

1− y(E[eY t]− 1)
)︁r =

∞∑︂
n=0

F (r,Y )
n (y)

tn

n!
, (see [32]).

Replacing t by E[eY t]− 1 in (2), on the one hand, we have

1

(2− E[eY t])r
Lik1,k2,...,kr

(︂
1− e1−E[eY t]

)︂
=

∞∑︂
k=r

L(k1,k2,...,kr)(k, r)
1

k!

(︂
E
[︁
eY t

]︁
− 1

)︂k

(32)

=

∞∑︂
k=r

L(k1,k2,...,kr)(k, r)

∞∑︂
n=k

{︃
n

k

}︃
Y

tn

n!

=

∞∑︂
n=r

n∑︂
k=r

{︃
n

k

}︃
Y

L(k1,k2,...,kr)(k, r)
tn

n!
.

On the other hand, by (19) and (31), we get

1

(2− E[eY t])r
Lik1,k2,...,kr

(︂
1− e1−E[eY t]

)︂
=

∞∑︂
k=r

{︃
k

k1, k2, . . . , kr

}︃
Y

tk

k!

∞∑︂
l=0

F
(r,Y )
l (1)

tl

l!

(33)

=

∞∑︂
n=r

n∑︂
k=r

{︃
k

k1, k2, . . . , kr

}︃
Y

(︃
n

k

)︃
F

(r,Y )
n−k (1)

tn

n!
.

Therefore, by (32) and (33), we obtain the following theorem.

Theorem 6. For n, r ∈ N with n ≥ r, we have

n∑︂
k=r

{︃
n

k

}︃
Y

L(k1,k2,...,kr)(k, r) =

n∑︂
k=r

(︃
n

k

)︃{︃
k

k1, k2, . . . , kr

}︃
Y

F
(r,Y )
n−k (1).
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3. CONCLUSION

Let Y be a random variable whose moment generating function exists in a
neighborhood of the origin. The Stirling numbers of the second

{︁
n
r

}︁
are gener-

alized to the multi-Stirling numbers of the second kind
{︁

n
k1,k2,...,kr

}︁
and further

to the probabilistic multi-Stirling numbers of the second kind associated with Y ,{︁
n

k1,k2,...,kr

}︁
Y
. Likewise, the unsigned Lah numbers L(n, r) are generalized to the

multi-Lah numbers L(k1,k2,...,kr)(n, r) and further to the probabilistic multi-Lah

numbers associated with L
(k1,k2,...,kr)
Y (n, r). In connection with several other special

numbers, we investigated some properties, related identities, recurrence relations

and explicit expressions of the numbers
{︁

n
k1,k2,...,kr

}︁
Y

and L
(k1,k2,...,kr)
Y (n, r).

In recent years, degenerate versions, λ-analogues and probabilistic extensions
of many special numbers and polynomials have been studied and many remarkable
results have been obtained (see [2,3,10,11,17-19,21,22,24,26-29,33] and the refer-
ences therein). It is one of our future research projects to continue to study degen-
erate versions, λ-analogues and probabilistic extensions of various special numbers
and polynomials and to find their applications to physics, science and engineering
as well as to mathematics.
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