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NECESSARY AND SUFFICIENT CONDITIONS OF
CUSA–HUYGENS TYPE INEQUALITIES INVOLVING

GENERALIZED TRIGONOMETRIC AND HYPERBOLIC
FUNCTIONS

Tiehong Zhao

This paper investigates Cusa–Huygens type inequalities for generalized
trigonometric and hyperbolic functions. Using absolute monotonicity and
NP/PN-type power series, we establish necessary and sufficient conditions
for these inequalities and their reverses for p ∈ (1,+∞). We extend the
range of validity of a closely related Cusa–Huygens type inequality from
p ∈ [2,+∞) to p ∈ (1,+∞), prove a long-standing conjecture for p ∈
[
√
2 + 1,+∞), and derive refined inequalities with explicit remainder terms.

1. INTRODUCTION

The classical Cusa–Huygens inequality is a cornerstone of trigonometric func-
tional inequalities. Originally formulated by Nicolaus de Cusa (1401–1464) and
rigorously established by Huygens [11], it asserts that for x ∈ (0, π/2),

sinx

x
<

cosx+ 2

3
.

Over the years, this elementary inequality has been refined and extended
through various approaches (see, e.g., [3, 5, 7, 19]). In recent decades, the emer-
gence of generalized trigonometric and hyperbolic functions has opened new avenues
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for generalizing this inequality. These generalized functions play a critical role in
nonlinear differential equations involving the p-Laplacian [9], approximation the-
ory [10, 16], and eigenvalue problems for nonstandard operators [6]. Consequently,
their inequality properties have become a focal point in modern special function
research.

Let p ∈ (1,+∞) and define a differentiable function Fp : [0, 1) ↦→ (0,+∞) by

(1) Fp(x) =

∫︂ x

0

(1− tp)−1/p dt.

This function is interpreted as the generalized inverse sine function, i.e., Fp =
arcsinp, since it reduces to the classical inverse sine when p = 2 (F2(x) = arcsinx).
As Fp is strictly increasing, it admits an inverse, denoted by sinp x (the generalized
sine function), whose domain and periodicity are determined by p. For p ∈ (1,+∞),
sinp x is initially defined on [0, πp/2], where

πp = 2

∫︂ 1

0

(1− tp)−1/p dt =
2π

p sin(π/p)
.

It is then extended to the entire real line R by odd symmetry and 2πp-periodicity.
The generalized cosine function cosp x is defined as the derivative of sinp x,

i.e., cosp x = d
dx sinp x. It is even, 2πp-periodic, and satisfies the key identity

(2) cosp x =
(︁
1− sinpp x

)︁1/p
, x ∈ [0, πp/2],

which in turn yields the generalized Pythagorean identity

(3) sinpp x+ cospp x = 1.

For p = 2, these functions reduce to their classical counterparts, as expected.
Analogously, the generalized hyperbolic functions are defined as follows:

• The generalized inverse hyperbolic sine arcsinhp x is given for x ∈ (0,+∞) by

(4) arcsinhp x =

∫︂ x

0

(1 + tp)−1/p dt.

• The generalized inverse hyperbolic tangent arctanhp x is given for x ∈ (0, 1) by

(5) arctanhp x =

∫︂ x

0

(1− tp)−1 dt.

The generalized hyperbolic sine sinhp x is the inverse of arcsinhp x. The generalized
hyperbolic cosine and tangent are then defined by

coshp x =
d

dx
sinhp x, tanhp x =

sinhp x

coshp x
.
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These functions are extended to negative x by parity: sinhp(−x) = − sinhp x and
coshp(−x) = coshp x. Mirroring the classical identity cosh2 x − sinh2 x = 1, the
generalized hyperbolic functions satisfy

(6) coshpp x− sinhpp x = 1.

The study of these functions and their generalizations was initiated by Lindqvist
[17, 18] (see also [14] and the references therein).

Early efforts to extend the Cusa–Huygens inequality to p-trigonometric and
hyperbolic functions, while yielding important results, were largely confined to
restricted parameter ranges. In 2014, Klén, Vuorinen, and Zhang [15] established
the following Cusa–Huygens type inequalities for p ∈ (1, 2]:

• For x ∈ (0, πp/2],

(7)
sinp x

x
<

cosp x+ p

1 + p
≤ cosp x+ 2

3
.

• For x ∈ (0,+∞),

(8)
sinhp x

x
<

coshp x+ p

1 + p
.

For p ∈ [2,+∞), they further proved a reverse trigonometric inequality

(9)
sinp x

x
>
p− 1 + cosp x

p
,

together with a mixed-type comparison

(10)
sinp x

x
<

x

sinhp x
.

The interplay between (7) and (10) naturally suggests a hyperbolic-trigonometric
counterpart inequality. As a first step in this direction, Klén et al. proved the weak
bound, for p ∈ [2,+∞),

sinhp x

x
<

3

2 + cosp x
, x ∈ (0, πp/2),

and proposed the following stronger conjecture.

Conjecture 1. ([15, Conjecture 3.29]) For p ∈ (2,+∞) and x ∈ (0, πp/2),

(11)
sinhp x

x
<

p+ 1

p+ cosp x
.
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This conjecture was later explicitly listed as an open problem in the survey [24],
and has remained unresolved for most p ∈ (2,+∞).

Subsequently, Huang, Yin, et al. [12, 23] refined (7) by deriving optimal
constants for double inequalities. For p ∈ (1, 2] and x ∈ (0, πp/2), they showed:(︃

cosp x+ 2

3

)︃α1

<
sinp x

x
<

(︃
cosp x+ 2

3

)︃β1

with optimal constants α1 =
ln(2/πp)
ln(2/3) and β1 = 3

p+1 , and(︃
cosp x+ p

p+ 1

)︃α2

<
sinp x

x
<

(︃
cosp x+ p

p+ 1

)︃β2

with optimal constants α2 =
ln(2/πp)

ln(p/(p+1)) and β2 = 1.

Despite these advances, three critical gaps remain:
◦ Incomplete parameter coverage: No unified necessary and sufficient conditions

exist for Cusa–Huygens type inequalities (and their reverses) across the full
range p ∈ (1,+∞); previous results are restricted to p ∈ (1, 2] or [2,+∞).

◦ Unresolved conjecture: Conjecture 1 remains unproven for most p ∈ (2,+∞),
limiting the theoretical connection between generalized hyperbolic and trigono-
metric functions.

◦ Lack of refined bounds: Existing inequalities lack explicit remainder terms, fail-
ing to quantify approximation errors—a critical issue for high-precision appli-
cations.

The present paper aims to address these gaps and advance the theory of Cusa–
Huygens type inequalities for generalized trigonometric and hyperbolic functions.
Our core objectives are as follows:

(i) Establish necessary and sufficient conditions for the Cusa–Huygens type in-
equalities (7), (8), and their reverses to hold for p ∈ (1,+∞);

(ii) Extend the valid range of the reverse inequality (9) from p ∈ [2,+∞) to
p ∈ (1,+∞);

(iii) Resolve Conjecture 1 for a substantial subset of p;

(iv) Derive refined inequalities with explicit remainder terms to quantify approx-
imation errors.

2. PRELIMINARIES

To prove our main results, we first recall some necessary preliminaries and
analytical tools, and then establish several auxiliary lemmas concerning absolute
monotonicity and sequence monotonicity.
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2.1 Basic knowledge

For real numbers a, b, c with c ̸= 0,−1,−2, · · · , the Gaussian hypergeometric func-
tion (denoted by F (a, b; c;x), or 2F1(a, b; c;x) in standard notation) is defined by
the power series [2]:

F (a, b; c;x) =

∞∑︂
n=0

(a)n(b)n
(c)n

xn

n!
for |x| < 1,

where (·)n denotes the Pochhammer symbol (or shifted factorial), given by

(a)0 = 1, (a)n = a(a+ 1) · · · (a+ n− 1) =
Γ(a+ n)

Γ(a)
(n ∈ N).

Here, Γ(x) =
∫︁ +∞
0

tx−1e−tdt denotes the classical Euler gamma function, which
extends the factorial to non-integer arguments [25, 27].

We only retain properties critical to subsequent proofs:

• Derivative formula:
The hypergeometric function has a simple derivative

(12)
d

dx
F (a, b; c;x) =

ab

c
F (a+ 1, b+ 1; c+ 1;x).

• Behavior near x = 1:
To analyze limits of generalized functions (e.g., at x → πp/2 for sinp x), we
require the following asymptotic behavior of F (a, b; c;x) as x→ 1−:

– If c > a+ b, then

F (a, b; c; 1−) =
Γ(c)Γ(c− a− b)

Γ(c− a)Γ(c− b)

(cf. [20, p.49]).

– If c = a+ b, Ramanujan’s asymptotic formula gives

(13) B(a, b)F (a, b; c;x) + log(1− x) = R(a, b) +O
(︁
(1− x) log(1− x)

)︁
,

where B(a, b) := Γ(a)Γ(b)
Γ(a+b) denotes the beta function, R(a, b) := −2γ − ψ(a)−

ψ(b) is the Ramanujan constant, ψ := Γ′/Γ is the digamma function, and γ
is the Euler-Mascheroni constant (cf. [1, 15.3.10]).

– If c < a + b, the desired behavior follows by applying the transformation
identity (cf. [1, 15.3.3])

F (a, b; c;x) = (1− x)c−a−bF (c− a, c− b; c;x).
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The inverse of generalized trigonometric and hyperbolic functions can be
expressed by F (a, b; c;x), forming a direct link between hypergeometric series and
our target functions [4, Lemma 1]:

arcsinp x = xF

(︃
1

p
,
1

p
; 1 +

1

p
;xp

)︃
,(14)

arctanhp x = xF

(︃
1,

1

p
; 1 +

1

p
;xp

)︃
.(15)

2.2 Tools

This section presents two key analytical tools—absolute monotonicity and NP/PN-
type power series—that are essential for establishing the sign and monotonicity of
functions arising in generalized trigonometric and hyperbolic inequalities.

A real function φ is called absolutely monotonic on an interval I if its k-th
derivative φ(k)(x) exists and is nonnegative for all k ≥ 0 and x ∈ I. For functions
representable by power series, this condition is equivalent to all coefficients of the
series being nonnegative. To establish the absolute monotonicity of ratios of two
power series, we employ the following criterion due to Jurkat [13] (Proposition 1).

Proposition 1. Let p(x) =
∑︁∞

n=0 pnx
n and q(x) =

∑︁∞
n=0 qnx

n be power se-
ries converging on (0, r) with pn > 0 for all n ≥ 0. Suppose that the sequence
{pn+1/pn}n≥0 is increasing1. Then:

• If {qn/pn}n≥0 is increasing, (q/p)′ is absolutely monotonic on (0, r);
• If {qn/pn}n≥0 is decreasing, −(q/p)′ is absolutely monotonic on (0, r).

To determine the sign of infinite series that arise in approximations of gen-
eralized functions, we focus on power series of Negative-Positive (NP)-type and
Positive-Negative (PN)-type, defined as follows:

• NP-type Series: A power series S(x) is said to be of NP-type if it can be
written as

S(x) = −
m∑︂

k=0

akx
k +

∞∑︂
k=m+1

akx
k,

where ak ≥ 0 for all k ≥ 0, and there exist indices 0 ≤ k1 ≤ m and k2 ≥
m+ 1 such that ak1

> 0 and ak2
> 0.

• PN-type Series: A power series S(x) is of PN-type if −S(x) is of NP-type.

The term “Negative-Positive type” was first introduced in [30], although series of
this form have been extensively studied in [8, 21, 26, 29, 31].

The following properties (Proposition 2; see also [26, 28]) determine the sign
of NP/PN-type series on their interval of convergence (0, r), where r > 0 denotes
the radius of convergence.

1As in Theorem 1, Jurkat (1954), p. 965, the terms “increasing” and “decreasing” are used in
the non-strict sense (i.e., equality allowed).
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Proposition 2. (Sign of NP/PN-type Series)

• Let S(x) be an NP-type series with radius of convergence r > 0. Then:

– If S(r−) ≤ 0, then S(x) < 0 for all x ∈ (0, r);

– If S(r−) > 0, then there exists a unique x̃ ∈ (0, r) such that S(x) < 0 for
x ∈ (0, x̃) and S(x) > 0 for x ∈ (x̃, r).

• If S(x) is of PN-type, the same conclusions hold with all inequalities reversed.

2.3 Lemmas

We now establish several auxiliary results that will be used repeatedly in the proofs
of the main theorems.

Lemma 1. Define the function ϑ(p) =
π

sin(π/p)
− p − 1 for p ∈ (1,+∞). Then

ϑ(p) is strictly decreasing on (1,+∞). Consequently, there exists a unique root
p∗ ∈ (1,+∞), with p∗ = 2.16398 · · · 2, such that ϑ(p) ≥ 0 for p ∈ (1, p∗] and
ϑ(p) < 0 for p ∈ (p∗,+∞).

Proof. Consider the auxiliary function θ(s) =
π

sin s
− π

s
− 1 for s ∈ (0, π). Using

the power series expansion of 1/ sin s (refer to [1, 4.3.68]), we express θ(s) as

θ(s) = −1 + π

∞∑︂
n=1

2(22n−1 − 1)|B2n|
(2n)!

s2n−1,

where B2n denotes the 2n-th Bernoulli number.
All coefficients of the power series are positive, implying θ′(s) > 0 for all s ∈

(0, π). Substituting s = π/p (s decreases as p increases on (1,+∞)) shows ϑ(p) is
strictly decreasing on (1,+∞). Moreover,

lim
p→1+

ϑ(p) = +∞, lim
p→+∞

ϑ(p) = −1.

By the Intermediate Value Theorem, ϑ(p) = 0 has a unique root p∗ ∈ (1,+∞).
This establishes existence and uniqueness, and the sign partition follows.

Lemma 2. For p ∈ (1,+∞) and τ ∈ (0,+∞), define the function ϕτ on (0, 1) by

ϕτ (x) = (1− x)1/pF

(︃
τ,

1

p
; 1 +

1

p
;x

)︃
.

Then −ϕ′τ (x) is absolutely monotonic on (0, 1) if and only if τ ≤ 1 + 1/p.
2This numerical value is obtained by solving ϑ(p) = 0 using a root-finding algorithm in Math-

ematica.
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Proof. Rewrite ϕτ as the ratio of two power series:

ϕτ (x) =
F (τ, 1p , 1 +

1
p ;x)

(1− x)−1/p
=

∑︁∞
n=0Anx

n∑︁∞
n=0Bnxn

,

where
An =

(τ)n(1/p)n
(1 + 1/p)nn!

and Bn =
(1/p)n
n!

.

First, suppose −ϕ′τ (x) is absolutely monotonic on (0, 1). Then, by definition, all
derivatives of −ϕ′τ (x) are nonnegative on (0, 1); in particular, the zeroth derivative
gives ϕ′τ (x) ≤ 0 for all x ∈ (0, 1). To derive a necessary condition on τ , we evaluate
the right-hand derivative of ϕτ (x) at x = 0+:

ϕ′τ (0
+) =

A1B0 −A0B1

B2
0

=
pτ − (p+ 1)

p(p+ 1)
.

Since ϕ′τ (x) ≤ 0 for all x ∈ (0, 1), we must have ϕ′τ (0+) ≤ 0, which yields pτ − (p+
1) ≤ 0, i.e., τ ≤ 1 + 1/p.

Conversely, assume τ ≤ 1+1/p. We apply Proposition 1 to establish absolute
monotonicity.

◦ For
∑︁
Bnx

n: The ratio Bn+1

Bn
= 1− p−1

p(n+1) is strictly increasing in n (since p−1
p(n+1)

decreases with n).

◦ For {An/Bn}: Simplify the difference: An+1

Bn+1
− An

Bn
= [pτ−(p+1)](τ)n

(pn+p+1)(1+1/p)n
≤ 0,

as pτ − (p + 1) ≤ 0 (from τ ≤ 1 + 1/p) and all other terms are positive.
Thus, {An/Bn}n≥0 is decreasing.

By Proposition 1, it follows that −ϕ′τ (x) is absolutely monotonic on (0, 1).
The necessity and sufficiency have thus been established, and the proof is

complete.

Lemma 3. For p ∈ (1,+∞), define two power series, both convergent on (0, 1), by

(1− x)1/pF

(︃
1

p
,
1

p
; 1 +

1

p
;x

)︃
=

∞∑︂
n=0

unx
n and

(1− x)1/pF

(︃
1,

1

p
; 1 +

1

p
;x

)︃
=

∞∑︂
n=0

ūnx
n.

Then the following statements hold:

(i) un < 0 and ūn < 0 for all n ≥ 1;

(ii) For n ≥ 1, the coefficients satisfy the recurrence relations

un+1 = αnun − βnun−1,(16)
ūn+1 = ᾱnūn − β̄nūn−1(17)
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with initial conditions u0 = ū0 = 1, u1 = −1/(p+1), ū1 = −1/[p(p+1)], and
the coefficients

αn =
2pn2 + n− 1

(n+ 1)(pn+ p+ 1)
, βn =

p(n− 1)2

(n+ 1)(pn+ p+ 1)
,(18)

ᾱn =
2p2n2 + p2n− 1

p(n+ 1)(pn+ p+ 1)
, β̄n =

(pn− 1)(n− 1)

(n+ 1)(pn+ p+ 1)
.(19)

(iii) αn > 0, ᾱn > 0 and βn ≥ 0, β̄n ≥ 0 for all n ≥ 1.

Proof. By Lemma 2, the functions −ϕ′1/p(x) and −ϕ′1(x) (where ϕτ is defined as in
Lemma 2) are absolutely monotonic on (0, 1). This implies un < 0 and ūn < 0 for
n ≥ 1.

The recurrence relations (16) and (17) follow as a special case of [22, Corollary
2.2]; we therefore omit the detailed derivation and refer the reader to that result.

For n ≥ 1 and p > 1, the numerators and denominators of αn, ᾱn are all
positive (e.g., 2pn2+n−1 > 0 for p > 1, n ≥ 1), while the numerators of βn, β̄n are
nonnegative (e.g., p(n− 1)2 ≥ 0), so αn > 0, ᾱn > 0, βn ≥ 0, β̄n ≥ 0.

Lemma 4. For p ∈ (1,+∞), let un be defined as in Lemma 3 and vn =
p(1/p)n

(1 + pn)n!
.

Then the sequence {un/vn}n≥1 satisfies the following monotonicity properties:

(i) If p ∈ [
√
2 + 1,+∞), then {un/vn}n≥1 is decreasing;

(ii) If p ∈ (2,
√
2+1), then either {un/vn}n≥1 is increasing, or there exists n0 ≥ 2

such that {un/vn} is increasing for 1 ≤ n ≤ n0 and decreasing for n ≥ n0;

(iii) If p ∈ (1, 2], then {un/vn}n≥1 is increasing.

Proof. Define
Dn = un+1 −

vn+1

vn
un, n ≥ 1.

Since vn+1 > 0 and
un+1

vn+1
− un
vn

=
Dn

vn+1
,

the sign of Dn determines the monotonicity of the sequence {un/vn}.
Using the recurrence relation un+1 = αnun − βnun−1 (cf. Lemma 3, Eq.

(16)), we obtain

(20) Dn = α∗
nun − βnun−1,

where

α∗
n = αn − vn+1

vn
=

p2n2 − pn− p− 1

p(n+ 1)(1 + p+ np)
> 0 (n ≥ 2).
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Furthermore, a direct computation yields the recurrence

(21) Dn+1 = α∗
n+1Dn +

[︂
α∗
n+1(αn − α∗

n)− βn+1

]︂
un,

and for p ≥ 2,

α∗
n+1(αn − α∗

n)− βn+1 =

[︃
1 + (p− 2)(1 + 3p+ 3p2) + p2(p− 2)(n− 1)2

+2p(p− 2)(1 + 2p)(n− 1) + p(n− 1)

]︃
p2(n+ 1)(n+ 2)(1 + p+ np)(1 + 2p+ np)

> 0.

Moreover,

(22) D1 =
(1 +

√
2− p)(p− 1 +

√
2)

2p(1 + p)(1 + 2p)
.

We now examine the sign of Dn in three cases:

Case 1 p ∈ [
√
2 + 1,+∞).

From (22), we have D1 ≤ 0. Since α∗
n+1 > 0 and, by Lemma 3, un < 0 for

n ≥ 1, the recurrence for Dn implies by induction that Dn ≤ 0 for all n ≥ 1.
Hence {un/vn}n≥1 is decreasing.

Case 2 p ∈ (2,
√
2 + 1).

Here D1 > 0 by (22). Either Dn ≥ 0 for all n ≥ 1, in which case the sequence is
increasing; or there exists a first index n0 > 1 with Dn0

≤ 0, and then the same
inductive argument gives Dn ≤ 0 for all n ≥ n0. Thus the sequence increases
initially and then decreases.

Case 3 p ∈ (1, 2].
From the definition of vn, we compute

vn+1

vn
=

(n+ 1/p)2

(n+ 1)(n+ 1 + 1/p)
,

so that

Dn =
(n+ 1)(n+ 1 + 1

p )un+1 − (n+ 1
p )

2un

(n+ 1)(n+ 1 + 1
p )

.

It suffices to show that the numerator is positive for all n ≥ 1.
Let f(x) = (1− x)1/pF ( 1p ,

1
p ; 1 +

1
p ;x) =

∑︁∞
n=0 unx

n. Then

xf ′(x) +
1

p
f(x) =

∞∑︂
n=0

[︃(︃
n+

1

p

)︃
un

]︃
xn.

A direct computation gives

(1− x)

[︃
xf ′(x) +

1

p
f(x)

]︃′
− 1

p

[︃
xf ′(x) +

1

p
f(x)

]︃
=

∞∑︂
n=0

[︄
(n+ 1)

(︃
n+ 1 +

1

p

)︃
un+1 −

(︃
n+

1

p

)︃2

un

]︄
xn.(23)
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On the other hand, using the defining relation for arcsinp x (Eq. (1)) and differ-
entiating the series expansion (14), we obtain

d

dx

[︃
F

(︃
1

p
,
1

p
; 1 +

1

p
;x

)︃]︃
=

(1− x)−1/p − F
(︂

1
p ,

1
p ; 1 +

1
p ;x

)︂
px

.

Consequently,

(1− x)

[︃
xf ′(x) +

1

p
f(x)

]︃′
− 1

p

[︃
xf ′(x) +

1

p
f(x)

]︃
= − 2

p2
+

1

p2
(1− p+ x)(1− x)

1
p−1F

(︃
1

p
,
1

p
; 1 +

1

p
;x

)︃
(24)

= − 2

p2
+

1

p2
(1− p+ x)

f(x)

1− x
.

Writing sn =
∑︁n

k=0 uk (partial sum of f(x)), we have

f(x)

1− x
=

∞∑︂
n=0

snx
n,

and hence

− 2

p2
+

1

p2
(1− p+ x)

f(x)

1− x
= −p+ 1

p2
+

1

p2

∞∑︂
n=1

[︂
(1− p)sn + sn−1

]︂
xn.

By Lemma 3, un < 0 for n ≥ 1, so {sn}n≥0 is decreasing and

sn ≥ lim
n→∞

sn =

∞∑︂
n=0

un = f(1−) = 0.

Thus
(1− p)sn + sn−1 ≥ sn−1 − sn = −un > 0.

Therefore all coefficients in the series are positive, and from (23) and (24) it follows
that

(n+ 1)

(︃
n+ 1 +

1

p

)︃
un+1 −

(︃
n+

1

p

)︃2

un > 0 for all n ≥ 1,

i.e., Dn > 0. Hence {un/vn}n≥1 is increasing.

This completes the proof.

Remark 1. The sign of Dn for n ≥ 1 in the range p ∈ (1, 2] is of particular
importance, as it constitutes an indispensable component in the refined theory of
Cusa–Huygens type inequalities. Although the essential necessary and sufficient
conditions for these inequalities can still be established using existing results such
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as (7). the refined estimate (26) for p ∈ (1, 2.142] , which in particular covers the
interval (1, 2], would remain inaccessible without this detailed monotonicity result.
A key difficulty arises from the fact that, as p approaches 2, the term α∗

n+1(αn −
α∗
n) − βn+1 no longer preserves a uniform sign for all n, rendering the standard

inductive sign-checking framework—effective for p ∈ [
√
2 + 1,+∞) or p ∈ (2,

√
2 +

1))—inapplicable in the present setting. To overcome this obstruction, we adopt a
nonstandard strategy. Rather than pursuing a direct recurrence-based sign check,
we introduce a novel auxiliary function and investigate the sign pattern of its power-
series coefficients. This approach not only establishes the monotonicity of {un/vn},
which is foundational for Lemma 5, but also facilitates a quantitative control of the
remainder term of Fp(x), thereby serving as a crucial step toward the proof of (26).

Lemma 5. For p ∈ (1,+∞), define Fp : (0, 1) ↦→ R by

Fp(x) = (1− x)1/pF

(︃
1

p
,
1

p
; 1 +

1

p
;x

)︃
+ pF

(︃
1

p
,
1

p
; 1 +

1

p
;x

)︃
− (p+ 1).

Let p∗ = 2.16398 · · · denote the unique root of ϑ(p) = π
sin(π/p) − p− 1 (see Lemma

1). Then the following statements hold:

(i) Fp(x) > 0 for all x ∈ (0, 1) if and only if p ∈ (1, p∗]. Moreover, in the subcase
p ∈ (1, 2], Fp(x) is absolutely monotonic on (0, 1).

(ii) If p ∈ (p∗,
√
2+1), there exists x0 ∈ (0, 1) such that Fp(x) > 0 on (0, x0) and

Fp(x) < 0 on (x0, 1);

(iii) Fp(x) < 0 for all x ∈ (0, 1) if and only if p ∈ [
√
2 + 1,+∞). In this case,

−Fp(x) is absolutely monotonic on (0, 1).

Proof. First, we express Fp(x) as a power series. With un and vn as defined in
Lemmas 3 and 4, respectively, we have

(25) Fp(x) = 1+

∞∑︂
n=1

unx
n+p+

∞∑︂
n=1

p(1/p)2n
(1 + 1/p)nn!

xn− (p+1) =

∞∑︂
n=1

(︂
un+ vn

)︂
xn.

Thus the sign analysis of Fp reduces to that of the coefficients un + vn = vn(1 +
un/vn).

The proof proceeds by cases, exploiting the monotonicity properties of {un/vn} es-
tablished in 4, together with the theory of NP/PN-type series developed in Section
2.1.

(i) p ∈ (1, p∗].

◦ Subcase p ∈ (1, 2].
By Lemma 4(iii), the sequence {un/vn}n≥1 is increasing. Hence

un + vn = vn(un/vn + 1) ≥ vn(u1/v1 + 1) = 0,
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since u1 + v1 = 0. Consequently, by (25), all coefficients in the series expansion
of Fp(x) are nonnegative, so Fp(x) is absolutely monotonic on (0, 1), and in
particular strictly positive.

◦ Subcase p ∈ (2, p∗).
Lemma 4(ii) asserts that {un/vn} either is increasing for all n ≥ 1, or unimodal
in the sense that it increases up to some index n0 and decreases thereafter. In
the former case, Fp is absolutely monotonic and hence positive. In the latter
case, the coefficient sequence {un + vn} is of PN-type (see Section 2.1). Since
Fp(1

−) = ϑ(p) ≥ 0 by Lemma 1, Proposition 2 for PN-type series implies that
Fp(x) > 0 for all x ∈ (0, 1).

(ii) p ∈ (p∗,
√
2 + 1).

In this range, Lemma 1 gives Fp(1
−) = ϑ(p) < 0 . Since the series converges at

x = 1, this forces the existence of some index N such that uN + vN < 0. Indeed,
if un + vn ≥ 0 for all n ≥ 1, then Fp(1

−) =
∑︁∞

n=1(un + vn) ≥ 0, contradicting
the negativity of ϑ(p). Moreover, because u1 + v1 = 0, we may take N > 2. By
Lemma 4(ii), the sequence {un/vn} is unimodal, which implies that {un + vn} is
of PN-type. Applying Proposition 2 together with Fp(1

−) < 0, we conclude that
there exists x0 ∈ (0, 1) such that Fp(x) > 0 on (0, x0) and Fp(x) < 0 on (x0, 1).

(iii) p ∈ [
√
2 + 1,∞).

Lemma 4(i) shows that {un/vn}n≥1 is decreasing. Therefore

un + vn = vn(un/vn + 1) ≤ vn(u1/v1 + 1) = 0.

Thus all coefficients of Fp(x) are nonpositive, so −Fp(x) is absolutely monotonic
on (0, 1) by (25), and consequently Fp(x) < 0 for all x ∈ (0, 1).

This completes the proof.

Corollary 1. Let p ∈ (1,+∞) and Fp be defined as in Lemma 5. Then for all
x ∈ (0, 1), the following hold:

(1) If p ∈ (1, 2.142], then

(26) Fp(x) >
(1 +

√
2− p)(p− 1 +

√
2)

2p(1 + p)(1 + 2p)
x2;

(2) If p ∈ [
√
2 + 1,+∞), then

(27) Fp(x) < − (p− 1−
√
2)(p− 1 +

√
2)

2p(1 + p)(1 + 2p)
x2.

Proof. Define the remainder term

Rp(x) := Fp(x)−
(1 +

√
2− p)(p− 1 +

√
2)

2p(1 + p)(1 + 2p)
x2 =

∞∑︂
n=3

(un + vn)x
n,
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where un and vn are the coefficients appearing in the power series expansion of Fp

(cf. Eq. (25) in Lemma 5).
We proceed by cases.

Case 1 p ∈ (1, 2.142].
For p ∈ (1, 2], Lemma 5(i) ensures that un + vn ≥ 0 for all n ≥ 1, hence Rp(x) is
absolutely monotonic on (0, 1), and the desired inequality follows immediately.
For p ∈ (2, 2.142], Lemma 5(i) implies that the coefficient sequence {un+vn}n≥3 is
either nonnegative (absolute monotonicity) or of PN type. A direct computation
gives u3 + v3 > 0, so in the PN-type case, Proposition 2 applies. It remains to
verify the endpoint condition. Here the specific upper bound 2.142 is chosen as a
numerically convenient threshold such that

Rp(1
−) = ϑ(p)− (1 +

√
2− p)(p− 1 +

√
2)

2p(1 + p)(1 + 2p)
≥ ϑ(2.142)− 1

60
> 0,

where the last inequality follows from Lemma 1 and a direct numerical evaluation.
The value 1/60 arises as a uniform upper bound for the fractional terms being sub-
tracted in the above expression over the interval (2, 2.142], ensuring the positivity
of the endpoint limit. Thus, by Proposition 2, Rp(x) > 0 for all x ∈ (0, 1), which
yields (26).

Case 2 p ∈ [
√
2 + 1,+∞).

By Lemma 5(iii), −Fp(x) is absolutely monotonic on (0, 1), so un + vn ≤ 0 for
all n ≥ 3. Consequently, −Rp is absolutely monotonic, hence Rp(x) < 0 for all
x ∈ (0, 1), which proves (27).

Lemma 6. For p ∈ (1,+∞), define Fp : (0, 1) ↦→ R by

Fp(x) = p(1− x)1/pF

(︃
1,

1

p
; 1 +

1

p
;x

)︃
+ F

(︃
1,

1

p
; 1 +

1

p
;x

)︃
− (p+ 1).

Then Fp(x) is absolutely monotonic on (0, 1) if and only if p ∈ (1,
√
2 + 1]. In

particular, there is no p ∈ (1,+∞) for which Fp(x) < 0 holds for all x ∈ (0, 1).

Proof. We begin by expanding Fp(x) as a power series. Let ūn denote the coeffi-
cients of (1− x)1/pF (1, 1p ; 1 +

1
p ;x) (cf. Lemma 3), and define

v̄n :=
1

p(1 + pn)
.

Then

(28) Fp(x) = p+ p

∞∑︂
n=1

ūnx
n + 1 +

∞∑︂
n=1

xn

1 + pn
− (p+ 1) = p

∞∑︂
n=1

(︂
ūn + v̄n

)︂
xn.

To determine the sign of the coefficients ūn + v̄n, we introduce

Dn := ūn+1 −
v̄n+1

v̄n
ūn,
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which governs the monotonicity of {ūn/v̄n}n≥1, since

ūn+1

v̄n+1
− ūn
v̄n

=
Dn

v̄n+1

and v̄n+1 > 0.
Using the recurrence for ūn (Lemma 3, Eq. (17)), we obtain

(29) Dn = ᾱ∗
nūn − β̄nūn−1,

where

ᾱ∗
n := ᾱn − v̄n+1

v̄n
=

(p− 1)(1 + 4p) + p(n− 2)(pn+ 2p− 1)

p(n+ 1)(pn+ p+ 1)
> 0 (n ≥ 2).

Moreover, for n ≥ 1, Dn satisfies the recurrence

(30) Dn+1 = ᾱ∗
n+1Dn +

[︂
ᾱ∗
n+1(ᾱn − ᾱ∗

n)− β̄n+1

]︂
ūn,

and a direct computation yields

ᾱ∗
n+1(ᾱn − ᾱ∗

n)− β̄n+1 = − (
√
2 + 1− p)(

√
2 + p− 1) + pn

(n+ 2)p(np+ p+ 1)(np+ 2p+ 1)
< 0

for all n ≥ 1 and p > 1.
We now prove the equivalence.

Necessity.
If Fp(x) is absolutely monotonic on (0, 1),then all its power-series coefficients must
be nonnegative. In particular, the coefficient of x2 must be nonnegative, which is
equivalent to

lim
x→0+

Fp(x)

x2
=

(
√
2 + 1− p)(p− 1 +

√
2)

2p(1 + p)(1 + 2p)
≥ 0.

This inequality simplifies to p ≤
√
2 + 1.

Sufficiency.
Assume p ∈ (1,

√
2 + 1]. Then

D1 =
(1 +

√
2− p)(p− 1 +

√
2)

2p2(1 + p)(1 + 2p)
≥ 0.

We claim that Dn ≥ 0 for all n ≥ 1. Indeed, suppose Dn ≥ 0 for some n ≥ 1. Since
ᾱ∗
n+1 > 0, ūn < 0 (by Lemma 3), and

ᾱ∗
n+1(ᾱn − ᾱ∗

n)− β̄n+1 < 0,

the second term in (30) is nonnegative. Hence Dn+1 ≥ 0, and the claim follows by
induction. Consequently, the sequence {ūn/v̄n}n≥1 is increasing, which gives

ūn + v̄n = v̄n(ūn/v̄n + 1) ≥ v̄n(ū1/v̄1 + 1) = 0
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for all n ≥ 1. Thus, by (28), all coefficients of Fp are nonnegative, so Fp is
absolutely monotonic on (0, 1).

In particular, for each p ∈ (1,+∞), it follows from (13) that Fp(x) → +∞ as
x → 1−. Thus Fp is eventually positive, ruling out the possibility that Fp(x) < 0
for all x ∈ (0, 1).

3. THE MAIN THEOREMS

We now present the principal results of this paper. The proofs rely on the
equivalence established in Lemma 5 and Lemma 6, which reduce each inequality to
the sign analysis of a corresponding auxiliary function on the interval (0, 1).

Theorem 1. For p ∈ (1,+∞), the inequality

(31)
sinp x

x
<

cosp x+ p

p+ 1

holds for all x ∈ (0, πp/2] if and only if p ∈ (1, p∗], while the reverse inequality
holds for all x ∈ (0, πp/2] if and only if p ∈ [

√
2 + 1,+∞). Here p∗ = 2.16398 · · ·

denotes the unique root of ϑ(p) = π
sin(π/p) − p− 1 as defined in Lemma 1.

Proof. Set t = sinpp x ∈ (0, 1). By the definitions of generalized trigonometric
functions and hypergeometric functions (Eqs. (2) and (14)), we rewrite (31) as:(︂

cosp x+ p
)︂ x

sinp x
− (p+ 1)

= (1− t)1/pF

(︃
1

p
,
1

p
; 1 +

1

p
; t

)︃
+ pF

(︃
1

p
,
1

p
; 1 +

1

p
; t

)︃
− (p+ 1) = Fp(t),

(32)

where Fp is defined in Lemma 5. Consequently, inequality (31) and its reverse are
equivalent to Fp(t) > 0 and Fp(t) < 0, respectively, for all t ∈ (0, 1). The asserted
statements then follow directly from Lemma 5.

By substituting t = sinpp x into the refined estimates of Corollary 1, we obtain
the following strengthened forms of (31) and its reverse.

Proposition 3. For all x ∈ (0, πp/2),

(i) If p ∈ (1, 2.142], then

sinp x

x

[︃
1 +

1 + 2p− p2

2p(1 + p)2(1 + 2p)
sin2pp x

]︃
<

cosp x+ p

p+ 1
;

(ii) If p ∈ [
√
2 + 1,+∞), then

sinp x

x

[︃
1− p2 − 2p− 1

2p(1 + p)2(1 + 2p)
sin2pp x

]︃
>

cosp x+ p

p+ 1
.
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The next theorem addresses the long-standing Conjecture 1 from [15] for a
substantial range of the parameter p.

Theorem 2. For p ∈ [
√
2 + 1,+∞), the inequality

(33)
sinhp x

x
<

p+ 1

p+ cosp x

holds for all x ∈ (0, πp/2).

Proof. For p ∈ [
√
2 + 1,+∞), Theorem 1 yields the reverse of (31):

sinp x

x
>
p+ cosp x

p+ 1
, x ∈ (0, πp/2).

Combining this with the known mixed-type inequality (10) and rearranging gives

x

sinhp x
>
p+ cosp x

p+ 1
,

which is equivalent to (33).

Remark 2. Theorem 2 confirms Conjecture 1 for p ∈ [
√
2 + 1,+∞). The only

remaining range to fully settle the conjecture is the interval p ∈ (2,
√
2 + 1).

We next turn to the classical form of the Cusa–Huygens inequality, where the
constant 2 replaces the parameter p in the numerator of the right-hand side.

Theorem 3. For p ∈ (1,+∞), the inequality

(34)
sinp x

x
<

cosp x+ 2

3

holds for all x ∈ (0, πp/2] if and only if p ∈ (1, 2]. Moreover, if p ∈ [p∗,+∞), where
p∗ = 2.16193 · · · is the unique root of

1 + 6p+ 13p2 + 12p3 + 4p4 − 6p5 = 0,

then the reverse of (34) holds for all x ∈ (0, πp/2]. In particular, for p ∈ (1, 2], the
refined inequality

(35)
sinp x

x
<

cosp x+ 2

3
−

(2− p) sinp+1
p x

3p(p+ 1)x

holds for all x ∈ (0, πp/2].

Proof. As in the proof of Theorem 1, inequality (34) is equivalent to

Gp(t) = (1− t)1/pF

(︃
1

p
,
1

p
; 1 +

1

p
; t

)︃
+ 2F

(︃
1

p
,
1

p
; 1 +

1

p
; t

)︃
− 3

=

∞∑︂
n=1

vn

(︃
un
vn

+
2

p

)︃
tn > 0(36)
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for all t ∈ (0, 1), where t = sinpp x and un, vn are as defined in Lemmas 3 and 4.
For p ∈ (1, 2], the validity of (34) is already established in [15, Theorem 3.22];

we only need to verify the necessary condition

lim
t→0+

Gp(t)

t
=

2− p

p(p+ 1)
≥ 0,

which gives p ≤ 2.
For p ∈ [p∗,+∞), direct computation yields

u3
v3

+
2

p
=

2(1 + 6p+ 13p2 + 12p3 + 4p4 − 6p5)

p(1 + p)2(1 + 2p)2
≤ 0

and

D3 = − p(3p− 3− 2
√
3)(3p− 3 + 2

√
3)

6(1 + p)(1 + 2p)(1 + 3p)(1 + 4p)
< 0,

since p∗ > 2.16 > 1+ 2
√
3

3 . Together with Lemma 4, this implies Dn ≤ 0 for n ≥ 3,
so the sequence {un/vn} is decreasing for n ≥ 3. Hence

un
vn

+
2

p
≤ u3
v3

+
2

p
≤ 0 n ≥ 3.

Combining this with the direct checks u1

v1
+ 2

p < 0 and u2

v2
+ 2

p < 0, we conclude
that Gp(t) < 0 for all t ∈ (0, 1), which proves the reverse of (34).

In particular, for p ∈ (1, 2], Lemma 4(iii) gives that {un/vn}n≥1 is increasing,
and thus

un
vn

+
2

p
≥ u2
v2

+
2

p
=

2[1 + p(1 + p)(2− p)]

p(1 + p)2
> 0, n ≥ 2.

Therefore the remainder term Gp(t) −
(︂
u1 +

2
pv1

)︂
t is positive. Substituting t =

sinpp x into this remainder analysis yields the refined bound (35).

Remark 3. Theorem 1 already implies that for p ∈ [
√
2 + 1,+∞),

sinp x

x
>

cosp x+ p

p+ 1
=

cosp x+ 2

3
+

(p− 2)(1− cosp x)

3(p+ 1)
>

cosp x+ 2

3
,

so the reverse of (34) holds in this parameter range. Theorem 3 sharpens this result
by identifying the smaller threshold p∗ for the reverse inequality.

We now present a complete extension of the reverse inequality (9), originally
proved only for p ∈ [2,+∞), to the full range p ∈ (1,+∞).

Theorem 4. For p ∈ (1,+∞), the inequality

(37)
sinp x

x
>
p− 1 + cosp x

p

holds for all x ∈ (0, πp/2).
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Proof. The case p ∈ [2,+∞) was already established in (9). It remains to prove
the result for p ∈ (1, 2). Set t = sinpp x ∈ (0, 1). Inequality (37) is equivalent to(︂

p− 1 + cosp x
)︂ x

sinp x
− p

= (1− t)1/pF

(︃
1

p
,
1

p
; 1 +

1

p
; t

)︃
+ (p− 1)F

(︃
1

p
,
1

p
; 1 +

1

p
; t

)︃
− p

=

∞∑︂
n=1

vn

(︃
un
vn

+
p− 1

p

)︃
tn := Hp(t),

(38)

For p ∈ (1, 2), Lemma 4(iii) shows that {un/vn}n≥1 is increasing. Note that

u1
v1

+
p− 1

p
= −1

p
< 0.

If un

vn
+ p−1

p ≤ 0 for all n ≥ 1, then Hp(t) < 0. Otherwise, let m > 1 be the
first index such that um

vm
+ p−1

p > 0; then Hp is an NP-type series. Moreover, with
q = ( 1p − 1

2 )π ∈ (0, π/2), we have

Hp(1
−) =

(p− 1)π

p sin(π/p)
− p = − 2πh(q)

(π + 2q) cos q
< 0,

where h(q) = cos q − π
4 + q2

π > 0 (this follows from h(π/2) = 0 and h′(q) =
2q
π − sin q < 0, by Jordan’s inequality). Applying Proposition 2 for NP-type series
yields Hp(t) < 0 for all t ∈ (0, 1). Hence (37) holds in all cases.

Finally, we characterize the validity of the hyperbolic analogue of the Cusa–
Huygens inequality.

Theorem 5. For p ∈ (1,+∞), the inequality

(39)
sinhp x

x
<

coshp x+ p

1 + p

holds for all x ∈ (0,∞) if and only if p ∈ (1,
√
2 + 1]. In particular, there is no

p ∈ (1,+∞) for which the inverse of (39) holds for all x ∈ (0,+∞).

Proof. Let t = tanhpp x ∈ (0, 1). Using the hyperbolic identity (6) and the definition
of Fp(t) from Lemma 6, we rewrite (39) as(︂

coshp x+ p
)︂ x

sinhp x
− (p+ 1)

=
arctanhp

p
√
t

p
√
t

+ p
(1− t)1/p arctanhp

p
√
t

p
√
t

− (p+ 1) = Fp(t).
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Thus (39) is equivalent to Fp(t) > 0 for all t ∈ (0, 1). By Lemma 6, Fp(t) is
absolutely monotonic (hence positive) on (0, 1) if and only if p ∈ (1,

√
2 + 1].

Moreover, Lemma 6 shows that there is no p ∈ (1,+∞) for which Fp is
negative throughout (0, 1). Hence, the reverse of (39) cannot hold globally for any
p.

Proposition 4. For p ∈ (1,
√
2 + 1] and all x ∈ (0,+∞), the refined inequality

(40)
sinhp x

x

[︃
1 +

1 + 2p− p2

2p(1 + p)(1 + 2p)
tanh2pp x

]︃
<

coshp x+ p

p+ 1
.

holds.

Proof. For p ∈ (1,
√
2+1], Lemma 6 ensures that Fp(t) is absolutely monotonic on

(0, 1), so its remainder term is positive. In particular,

Fp(t) > p(ū2 + v̄2)t
2 =

1 + 2p− p2

2p(1 + p)(1 + 2p)
t2.

Substituting t = tanhpp x gives the desired estimate (40).
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