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A STUDY ON AN EXTENSION OF EULER TOTIENT
SEQUENCE SPACES VIA ¢-ANALOGUE

Taja Yaying® and Mohammad Mursaleen®

This paper introduces the sequence spaces £,(®,) and £oo(Py) for ¢ € (0,1),
generated by an infinite matrix ®, derived from the g-Euler totient function
(pq. We establish key properties of ¢, and comprehensively analyze the new
sequence spaces, detailing their Schauder bases, a-, 8-, and y-duals, matrix
class characterizations, and geometric properties.

1. INTRODUCTION AND PRELIMINARIES

Consider w as the collection of all sequences whose terms are real or complex
numbers. Any linear subspace of w is known as a sequence space. Familiar examples
of these classical spaces include ¢, (absolutely p-summable sequences), ¢, (bounded
sequences), ¢o (null sequences), and ¢ (convergent sequences), where 0 < p < oo.
Unless otherwise specified, we assume throughout this discussion that p‘1—|—p’_1 =1
and 0 < p < co. Additionally, we define the sequence spaces cs and bs as follows:

m
cs=<¢s5=(s : i i
{ (Sm) Ew n}gnoo st ex1sts},
d=1
m
bs =< s=(Sm) Ew: sup Sd| <00
meLT =1
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A Banach space = is known as a BK-space if the projection mapping f to its m™

component, f,,, is continuous for every m. It is well-established that the spaces
Ee{lx,c,c} and £, (1 < p < o0) are BK-spaces when endowed with their stan-
dard norms: [|s||z = sup,,, [s,| and [|s]|, = (3_,, |Sm\p)1/p, respectively. Moreover,
the sequence space £, for 0 < p < 1, forms a complete p-normed space due to the
p-norm ||s|| o= > Ism ", For convenience, here and in the rest of the discussion,

we use the notations ), and sup,, in place of > ~_, and sup,,cy+, respectively,
where Z* represents the set of positive integers.

Consider = and II as two arbitrary sequence spaces, and let G = (gmq) represent
an infinite matrix containing real or complex entries. For a given positive integer
m, let G,, be the m*™ row of G. For any sequence s = (s,,) € w, we define a
transformed sequence ¢ = (t,,,) where each term is given by

tm = (Gs)m = ngdsch
d

assuming the infinite sum converges. The resulting sequence ¢ is called the G-
transform of s. Furthermore, the matrix G induces a mapping from = into II if|
for every sequence s € =, its G-transform t = G's € II. The set of all such matrices
that map from Z to II is denoted by (Z,II). The set

E¢={s=(sq) Ew:Gs €=}

forms a sequence space and is known as the domain of G in E. Additionally, a
matrix G is defined as a triangle if and only if its diagonal entries gq4q are non-zero
and its entries above the main diagonal are zero (i.e., gmqg = 0 for all m > d).
A fundamental result states that if = is a BK-space and G is a triangle, then
E¢ is also a BK-space due to the norm ||s||z, = ||Gs|lz. To explore this result
and various other significant discussions concerning BK-spaces defined by matrix
domains, we recommend the books by Bagar [4] and Mursaleen and Basar [21].

1.1 Euler Totient Function

One of the most intriguing arithmetic function that has numerous applications
in the field of number theory is Euler totient function ¢. Let m € ZT. Then, ¢(m)
counts the number of positive integers not exceeding m that are relatively prime to
m. There are several interesting properties of ¢ that can be found in [2, 24]. We
highlight few of them that are required for our purpose.

Let m = pi*p5? ... p,*, where p; represents distinct prime factors of m. Then,
Euler totient function ¢ is also defined by
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As special cases, if p denotes any prime, ¢(p) = p—1 and p(p") = p"—p"~ L. Further,
¢ is a multiplicative function. That is, for any two a,b € ZT, ¢(ab) = p(a)p(b),
given that a and b are co-prime. Now we define the well-known Mobius function p
as follows:

1 , m=1,
pm) = (=", m=pip2--pr,
0 , m is square free,

The Euler totient function ¢ and the Mobius function u are closely related. More
specifically, ¢ can be defined in terms of Md&bius function p as follows;

(1) m = Zﬂ(d)%.
dlm

Here, and throughout the paper, the notations ‘d | m’ and ‘d { m’ mean that d is a
factor of m and d is not a factor m, respectively. By using the celebrated M&bius
inversion formula [2] in (1), we get that

Z o(d) =m.
d|m

By using the fascinating properties of Euler totient function ¢, Ilkhan et al.
[12, 13] introduced Euler totient sequence spaces Z(®), where = € {fp, co, ¢, loo}
and ® = (¢nq) is a triangle given by

d
¢md:{<p751) ’ d|m7
0 , dim,

in the following manner:

E(@)=(s=(sm) Ew:Ps= waj)sd €E
dlm

They further studied the compactness of certain matrix operator on these spaces.
It is shown that the sequence (s,,) with

1, m=2-3-p,,
m =910 , otherwise,

is ®-convergent but does not converge in the usual sense, where p,. denotes succes-
sive prime numbers. A generalized form of the above sequence spaces came in the
form of Jordan totient sequence spaces Z(T™) = Zv» introduced by Ilkhan et al.
(13, 14] for = € {{p,co,¢,lx}. Here, T = (v]},) is Jordan totient matrix defined

md
by
JIn
n o _ { (d) ) d | m,
Umd = mn
0 , dfm,
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and J,(m) =m" 32, M) for p € ZT. It is clear that when n = 1, Jordan totient
sequence spaces are reduced to Euler totient sequence spaces. Be81des, the readers
may also like to explore the papers by Yaying et al. [29, 32, 33, 34] and Demiriz
et al. [8] for study of new sequence spaces defined by using arithmetic functions.

Let ¢ € (0,1). Then, g-integer, denoted by [m],, is defined by

— Z:‘nolq i m€Z+’
[m]q_{ 0 . m=0.

It is known that [m], = m when ¢ — 1~. Quite recently, many authors have shown
their keen interests in developing g-analogue of well-known sequence spaces. The
idea behind the development of g-sequence spaces is to construct a well defined
g-analogue of popular triangular matrices, and develop the g-sequence spaces as
the domain of the particular g-triangular matrix in the chosen classical sequence
spaces. For instances, g-Cesaro sequence spaces are developed by Demiriz and
Sahin [7] and Yaying et al. [30] and ¢-Catalan sequence spaces by Yaying et al.
[28, 31].

A g-analogue ¢, of Euler’s totient function ¢ is defined by Haukkanen [10]
(also refer [11, p. 286])in a poset setting as follows:
Definition 1. The g¢-Euler function ¢y, () is the number of 1-dimensional sub-
spaces of fq(x) that are not contained in f,(y) for y < . Then

dlqu( ) _ 1

(2) pr,(@) =) nly.x 1

y<z

It is suggested to refer [10, pp. 84-85] for the meaning of mathematical
symbols used in the above definition. By substituting f,(n) = F,(U,), (2) returns
the g-analogue of classical Euler’s totient function (see [10, Example 5.1]) given by:

(3) ZM()q_l

As expected, ¢4 = ¢ when ¢ — 17. Another g-analogue of ¢ is given by Campbell
[6] (also see [3]) in the following manner:

(4) Pq(n) = Z q.

1<r<n
ged(r,n)=1

For our purpose, we follow the definition of g-Euler totient function as given by
Haukkanen [10]. The Table 1 gives the value of ¢,(m) for the first 16 positive
integers: Indeed, by the application of well-known Mé&bius inversion formulae [24]
in (3), we obtain that

(5) S eoldy =T = [,
d|m
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Table 1: Value of ¢q4(m) for m =1,2,...,16.

m ©q(m)

1 1

2 q

3 q+q*

4 q2+q3

5 i+ +¢+

6 -+ @+t + P

7 g+ +... +¢

8 AP+ +

9 q3+q4+...+q8

10 —q+q5—|—q6—|—...—|—q9

11 q+q2+...+q10

12 -+ ++ .+t
13 g+ ¢+ ... +4¢"2

14 —q+q7+q8+...+q13

15 —q—q2—|—q5—|—q6+...—|—q14
16 B+ 4. +¢®

The equalities (3) and (5) are the foundation concepts in defining the ®,-matrix
transformation or its inverse and will be used throughout this paper.

The main purpose of this study is to construct a g-analogue ®, of Euler
totient matrix ® via g-Euler totient function ¢,, and discuss its domain in the
sequence spaces ¢, and . Besides, prior to the above objectives, we examine
some fundamental properties of the function ¢,. Discussion of some key concepts
in the theory sequence spaces like Schauder basis, Alpha-, Beta- and Gamma-duals,
and characterization of matrix classes related to the newly defined sequence spaces
are our main motives. We also devote a section that investigates the geometric
properties of the newly defined sequence spaces.

2. SOME FUNDAMENTAL PROPERTIES OF THE FUNCTION ¢,
AND THE SEQUENCE SPACES /,(®,) AND /(. (®,)

Indeed, the g-analogue ¢, of the Euler totient function ¢ has been mentioned
in some studies [10, 11] in the past. But many of their properties are still a
research of interest for many researchers working in this field. Here, we discuss
some fundamental properties of ¢, from prime factorization point of view.

Remark 2. The g-Euler totient function y, is not multiplicative, unlike the classi-
cal Euler totient function . More specifically, q(zy) # @q(x)pq(y) for ged(z,y) =
1. This result is clear from the facts that p4(2) = q and ¢,(3) = q + ¢*, but
©q(2)pg(3) = ¢ + ¢® # ¢,(6), in general (refer Table 1).
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Theorem 3. Let p be any prime number. Then,
pq(p) = [plg = 1= glp — 14
Proof. The proof is straight forward from the definition of ¢, itself. We have that

ea®) =Y 1 (B) [y = @)ty + pOlPle = Ply —1 =g+ +...+ ¢
dlp

=qlp - 1](1'

As an example, ¢,(3) = q[2], = q(1 + q) = q¢ + ¢*.

Theorem 4. Let p be any prime number. Then,
eq(p") = [p"]q — [pril]q’

Proof. Tt is known that p™ has r + 1 positive divisors viz. 1,p,p?,...,p". By using
the definition of ¢, and Moébius function p, we obtain that

" _ p"
©q(p )—%u((» [d]q
= u(p") g+ u@" Hplg + -+ u@P" g+ rD)p",
= [pr]q - [pril]q'

Here, we use the fact that u(p™) =0 for r > 2. O

Clearly, p,(4) = ¢q(2*) = [4ly — 2y =1+q¢+ @ +¢* —1—qg= ¢+ ¢

Theorem 5. Let m = pi'py?, where p1 and pa are two distinct prime numbers.

Then,
palm) =[], — 3 Mﬁ[ m }

1<i<2 Di P1p2

Proof. Let m = pi*ps?. Then, m has (r1 + 1)(r2 + 1) number of positive divisors.
These are 1 and

plap%apllga cee 7p;‘17
P2, D3, D5y -5 DY,
ppo»plpgaplpg, oo aplpgzv

2 T2

p?p27p%p§7p?pg7 RV ZV LR

r1—1 r1—1 r1—1, 7o

[ SN Ay - s R Ay
Pitp2, PD3, TS, . Y phE.
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Now,

pi'py’
etii) = (P2
dlpi! p3?
To avoid the complexity of the terms in the definition of ¢q(p]'p5?), we keep in

account the fact that p(p™) = 0 for r > 2. Due to this fact, many terms in the
definition of ¢, (pi'ps?) vanishes. Thus, our calculation is reduced to

Pq(m) = 0q(py'P5°)
7’171 7‘271

= u(prp2)[pT P52 g 4 (1) I Pl + pp2) [T P g + (D)1 ph2]

= [P ph g — [T T g — [P PR g + el

—l,— Y [Zl]%pjnpi

1<i<2
This completes the proof. O

In the similar fashion, if m = pi*p5?p53, then

pg(m) = [m], = Y {mL p> [p:ZjL - {Plgm]q

1<i<g LPi 1<i,j<3

for any three distinct prime factors pi, p2 and ps. It is obvious that, this result
can be further generalized to k" prime factorization of m. We present the result
without proof:

Theorem 6. Let m = pi'py*...p,~, where pjs are distinct prime factors of m.
Then,

-2 [ 3 [ x )

1<a<k LPa 1<a.b<k LPaPb 1<abe<k LPaPbPe

AV DL
Hey [Hf—lprlq

Example 7. In particular, to verify the result presented above, we choose m =
12 = 22 x 31 Then,

0q(12) = p4(2% x 31)
= [12]¢ — ([6] + [4l¢) + [2]4
=ltg+@+. 4 = (tg+@+. +¢")—(A+q++¢°) +1+¢
= -+ +d+.. +q"!

which is true (cf. Table 1).
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Now, we focus our attention in introducing g-analogue of Euler totient se-
quence spaces studied in [13]. Define the matrix ®, = (¢ ,) as given below:

‘Pq(d)
an = [m}q
0

) d|m7

, dfm.
Let us define a sequence ¢t = (¢,) € w in terms of the sequence s = (s,) such that

Pq (d)
[m]q

(6) tm = ((Dqs)m = Z Sd;

d|m

for any m € Z*. The sequence ¢ is known as the ®,-transformation of the sequence
s.

Lemma 8. The inverse ®q-transformation of a sequence t = (tq) is the sequence

s = (sq) defined by

(7) o= 3 ) Doy

Pq(m)

dlm

Equivalently, let W, be the notation for the inverse of ®,-transformation such that

(‘I/qt)m — Z mtd.

Pq(m)

d|m

Then
oV, =V,0, =1,

where I is the identity operator in w.
Proof. 1t is clear that

(®q¥q (1)),

(®q(¥gt)),,

= Z g[):n(]d) (\I/qt)d
dlm q

_ #q(d) 1 () [K]g
=\ (&
=l = I(t))m.

m

for all m € Z*. Other equality can also be shown in a similar way. This completes
the proof. O
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Now, let us introduce the sequence spaces £,(®,) and {o(P,) as follows:

Ep(q)q) = s = (Sm) Cw: Z Z g?;;l(fd)s(j <00 g
m dlm q
loo(®g) = Ss=(sp) Ew: bl;lpz %M)sd < oo

2,

—

Equivalently, Z(®,) contains those sequences whose ®,-transformation are in = €
{€p, ¢~ }. In the notation of domain, this can be expressed as:

E((I)q) = E%
for E € {{,,{}. This fact immediately leads us to the following result:
Theorem 9.
(a) For 1< p < oo, the space £,(®,) is a BK-space with norm given by

p\ 1/p

— _ ©q(d)
||5||£p(<1>q) = ||‘I’q3ng = Z dz iml, Sd

m

(b) For 0 < p <1, the space £,(D,) is a complete p-normed space due to the norm

P
¢q(d)
Isllg, @,y = I®qslly, =D > To=sa| -
’ | dm [mlq
(¢) The space loo(Py) is a BK -space due to the norm
¢q(d)
Islle. o,y = 1@gsll, = sup|>_ FEFsa|.

i~ [mlg

Proof. It is known that ¢, and £, are BK-spaces (complete p-normed space in the
case of £,, 0 < p <1). The result immediately follows from the fact that

(1]

((I)q) = Eq)q’
where = € {{,, ¢} and by using Theorem 4.3.2 of Wilansky [27]. O

Theorem 10. Let E € {{,,{s.}. Then, Z(®,) =

(1
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Proof. Let sequences s = (s,,) and t = (¢,,) be related shown as in (6), and consider
= to be either ¢, or /. Given that ®, is a triangle, it is therefore invertible.
Consequently, the mapping M, defined by

M o E(®,) — E
s — Ms=t=2;s

is a linear bijection that preserves the norm (or p-norm). This implies that Z(®
and = are linearly isomorphic spaces. Specifically, £,(®,) = £, and £o(Pg)
loo.

)

Q

0

Theorem 11. For 1 <p < oo, the space £,(®,) is not a Hilbert space for p # 2.

Proof. We choose sequences 7 = (7,,,) and v = (v,,,) given by

p(m) _
T = 1 D, (m) ,  mis odd,
®4(m) (M(m) +{1+ q)“(%)) , mis even,

i) iso
Uy = 1 o, (m) o m dd,
Dq(m) (M(m) -+ q),u(%)) , mis even,

for all m € Z*. Then, ®,7 = (1,1,0,0,---) € £, and ®,0 = (1,—1,0,0,---) € £,,.
Moreover

I+ U||z%,,(<1>q) + = U||e%p(q>q) =8£22/r =2 (||7'||z%p(<1>q) + ||U‘|Z(<I’q)) :

Thus, unless p = 2, parallelogram law is violated. This completes the proof. O

Theorem 12. The inclusion £,(®,) C loo(P,) strictly holds.

Proof. The inclusion part is trivial from the inequality

Islle.. @, < Islle, (e,

which holds for any sequence s in ¢,(®,). Therefore, we focus on demonstrating
that this inclusion is strict.
Since the inclusion ¢, C £ is strict, we take a sequence y = (Ym,) € loc \ £p.
=) [d
We then define a sequence z = (x,) by the relation z,, = >, M d

Pq(m)
for all m € Z*. It follows that ®,2 = y € ls \ £p. This result shows that

T € 600((1)11) \gp(q)q)~
O

Theorem 13. The inclusion £,(D,) C £,.(®q) strictly holds, where 1 < p < r < oo.
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Proof. We use an approach similar to the proof of Theorem 12 to establish the
result. O

We conclude this section by identifying the Schauder basis for the space
£,(®,). In a normed space (E,]-||), a sequence s = (sq) is defined as a Schauder
basis of E if, for every x € E, there exists a unique sequence of scalars (ag) such
that

m

Tr — E adgSd

d=1

We apply Theorem 2.3 from Jarrah and Malkowsky [16], which asserts that
the domain =7 of a triangle T" in a normed space = possesses a basis if and only if
= has a basis. As a direct result of this theorem, we deduce that the inverse image
of the basis of the space ¢, form the basis of the space £,(®,). This observation
leads to the following Corollary:

=0.

lim
m— 00

Corollary 14. Consider the sequence a® = (a%)), d € Z", given by

N(m)[d]q
®) R IR
0 , dtm.

Then

(a) the sequence a'¥ is a Schauder basis for the space £,(®,), and every s € £,(®,)
is uniquely expressed as
s = tha(d),
d

where tq = (®ys)q for each d € Z+.
(b) the space Loo(Dy) possesses no Schauder basis.

Corollary 15. The space £,(®,) is not separable.

3. THE a-, 3- AND 1-DUALS

Here, we determine the a-, -, and y-duals of the space £,(®,) separately for
the cases where 0 < p <1, 1 < p < 00, and p = co. We begin by reviewing the
definitions of these duals for any sequence space =.

For sequence spaces 2, II C w, we define the multiplier space M (Z,1I) as the
set

M(Z,1) = {a = (aq) € w:as = (agsq) €Il forall s=(sq) € Z}.

Specifically, when II is taken to be /1, cs, or bs, the resulting sets

2% = M(Z,4,), 2% = M(E,¢s), and Y = M(E, bs)
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are known as the a-, 8-, and y-duals of the space Z, respectively.

The following lemmas will be utilized in our analysis. Throughout this dis-
cussion, we denote the collection of all finite subsets of the positive integers ZT by
Z={Z CZ": Z is finite}.

Lemma 16. [9, 18, 26] It holds that

(1) G = (gma) € (Up,lso) if and only if

9) supz |gmal?’ < 00, (1 <p < o0),
™4
(10) sup |gmal? < oo, (0<p<1).

(i) G = (gma) € (p,c) if and only if

(11) dgs €C > lim gmg = gq for each d€Z™,
m—r oo
and (9) holds for the case 1 < p < co and (10) holds for the case 0 < p < 1.

(i) G = (gma) € (£p, 1) if and only if

P
(12) sup sup Z gmd| <00, (0<p<1),
Zez d |y
p/
(13) supz ngd <oo, (1<p<oo).
ZE271 |mez

(iv) G = (gmd) € (oo, loo) if and only if (9) holds with p' = 1.
(v) G = (gma) € (boo,¢) iff (11) holds, and

(14) lim Y |gmal =
d d

lim gmd' .
m— o0

vi = (gmd) € (U, 1) if and only if (13) holds wit =1.
(Vi) G = (gma) € (loo, 1) if and only if (13) holds with p'
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Theorem 17. Define the sets My, Ms and M3 by

P
o) [d
M, = a = (ag) € w: sup sup Zmam <oy, (0<p<l),
zez d | =, Sﬁq(m)
dlm
p/
p () ldlg
M, = a = (aq) € w: sup —%r g <00y, (1<p<oo),
w22 T o
d|m
H (%) [d]
My = a = (aq) € w: sup — % a,,| < oo
Zezzd: mzejz pq(m)
dlm
Then,

. o M, , 0<p<l,
0 e ={ g PEPEL

(ii) {gw(‘bq)}a = M.

Proof. Consider any sequence a = (aq) € w, and define the matrix X = (2,,4) by

H(%)[d]q
(15) tma =4 walm) Gm 5 dlm,
0 , dim.

Then, for each m € Z*, we arrive at the following expression:

o Spn, = Z mtdam = (Xt)m,

dlm
where the sequence ¢ = ®4s. It follows that as = (agsq) € £1 whenever s € £,(®,)
if and only if X's € ¢; whenever s € £,. This implies that a = (aq) € {£,(®,)}"
if and only if X € (¢p, ¢1). Consequently, using Part (iii) of Lemma 16, we deduce
that

a M1 y O<p§1,
e ={ g PIrE

Part (ii) can be proven by utilizing a similar approach to the proof of Part (i), with
the exception that Part (vi) of Lemma 16 is used in place of Part (iii) of Lemma
16. We omit the details to avoid redundancy. O
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Theorem 18. Define the sets My, My, Mg and My in the following manner:

q .
—=———a, erists p ,

. K
M, = Sa=(aq) Ew: lim
maoocz:;i wq(e)

Ms = <a=(aq) €w:sup Z'uiae <oop, (0<p<,

My = a:(ad)Ew:supZ ZM% <o p, (I1<p<oo),

Mo s co i B[SO |5 g 200,
. d

Then,

) . My Ms 0<p<l,
(i) {€p(Pq)} { MiNMg , 1<p<oc.

(i1) {£oo(®4)} = My M.
Proof. Let d = (di,) € w and define the matrix Y = (y,,q) for all m,d € Z* by

m (%)[dlqa

e e , 1<d<m,
(16) Ymd = d|d qle) zazm
0 , d>m
Then, we arrive at the following equality:
le]q (%) [dlg
P B I S S
d=1 e|d d=1 ed‘ d Pq

We observe that (Y. agsq) € ¢ whenever s € £,(®,) if and only if Yt € ¢

whenever ¢ € ¢,. Consequently, a = (aq) € {Ep(qu)}B if and only if Y € (4,,¢).
Hence, from Part (ii) of Lemma 16, it follows that:

o | MunM; , 0<p<l1,
{Ep((l)q)} _{M4ﬂM(j , 1 <p<oo.

The S-dual of £ (®,) is found in a similar manner, replacing Part (ii) of Lemma
16 with Part (v) in the above reasoning. We omit the repeated steps. O
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Theorem 19. The following statements hold:

. M, 0<p<l1
v o 5 ) p=>1,
0 ey ={ 37 PIPED

(i) {loo(®y)} = Mg with p' = 1.

Proof. The proof uses a similar approach to that of Theorem 18, with the exception
that Part (i) of Lemma 16 is used instead of Part (ii) when determining the y-dual
of £,(®,). To find the v-dual of £ (®,), Part (iv) of Lemma 16 is used instead of
Part (v) of Lemma 16. We omit further details to avoid redundancy. O

4. MATRIX TRANSFORMATIONS

Here, we explore the characteristics of matrix classes (2(®,),II) and (2, II(®,))
for any chosen sequence spaces = and II. Utilizing our primary result, we then char-
acterize certain classes of infinite matrices between Z(®,) and the spaces ¢1, ¢y, c,
and /o

The result below forms the foundation of our analysis and follows directly from
Theorem 4.1 in [17].

Theorem 20. Let E € {l,,ls}. Then, G = (gma) € (E(Py),II) if and only if
HM = (hgzg)) € (E,¢) for allm € Z* and H = (hpma) € (E,11), where

dlq
h(m) o Zed()]ge 5 1<d<m
nd -
0 , d>m,
hmd = 3 M(g)[d]qgme
oy pq(e)
dle

for allm,n,d=1,2,3,---

Proof. Let G € (E(®,),II) and s € E(®,). By using the technique analogous to
the proof of Theorem 18, we obtain the equality:

n g d
15: 9mdSd = Z Z ;2 teGmd = Z Z d L) Imeld = Z h
d=1 e|d d= 1ed‘d

for all n,m € Z*. The existence of Gs implies H™ € (Z,¢). Taking the limit as
n — oo in the equality (17) gives Gs = Ht. Since Gs € II, we have Ht € II, and
thus H € (5,1I).

Conversely, suppose that H(™ = (hgs)) € (E,c) forall m € Z*, and H =
(hma) € (2,II). Let s € E(®q). Then, for each m € Z7, (hmd)d€Z+ € =P which
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in turn implies the fact that (gmd)d€Z+ € {E(@q)}ﬂ for each m € Z*. Again from
(17), Gs = Ht as n — oo. This implies that G € (E(®,), II). O

Using Theorem 20 as our foundation, we proceed to characterize certain matrix
classes (2,1II), where = € {{1(®,),lp(Py),lc(Py)} and II € {f1,c0,¢, b0} We
begin by listing the following conditions:

(18) lim hgg) exists for each m,d € Z7;
n—oo
(19) sup hgz)‘ < 00;
n,d
n p/
(20) sup Z hf{?‘ < oo for each m € Z™;
=1
(21) nl;rrgoz ’hf;;)‘ = Z ‘hi:g)‘ for each m € Z7.
d=1 d=1
(22) lim Z B = 0.
d

Lemma 21. Let 1 < p < oo. Then, the necessary and sufficient condition that
G = (gma) € (E,II), where 2 € {Kl(q)q),ﬁp(i)q),ém(q)q)} and IT € {l1,¢p,¢, 00}
can be inferred from Table 2, where

A. (18) and (19) B. (18)) and (20)
C. (18) and (21) D. (13) with p’ = 1 and h;,,4 instead
of 9md

E. (11) with g4 = 0 for all d and h,,q F. (11) with h,,q instead of gnq
instead of gyq

G. (9) with p’ = 1 and hy,q instead of gng  H. (22)

1. (14) with h,,q instead of gnq J. (9) with h,,q instead of g,q
K. (12) with p = 1 and h,q instead of gg L. (13) with A4 instead of gmq
M. (10) with p = 1 and hy,q instead of

9md

Table 2:  Characterization of the matrix class (5,1I), where E €
{01(D4), £p(Py), oo (Py)} and II € {f1,cp, ¢, loo}

From\ To 0 Co c l

0(2y,) A &K AE &M AF&M A&M
£,(Dy) B&L B,E&J B, F&J B&J

Lo (®yg) C&D C&H C,F&I C&G

Lemma 22. [5, Lemma 5.3] Let E,11 C w, G be an infinite matriz, and T be a
triangle. Then, G € (E,Ily) iff TG € (E,1I).
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Theorem 23. Let Z € {{1,cp,c, o}, Y € {{p,lsc} and G = (gma) be an infinite
matriz. Define the matriz Qg = (wfnd) by

Pq(e)
w;}ndzz[qmi]gedv mad:172737"’

elm q
Then, G € (2,11(®,)) iff Q4 € (E,1I).
Proof. This can be deduced straightly from Lemma 22. O

The following conditions labeled as A’ and B’ are used in our next findings:

(23) A = sgp;|w;d\p<m;
P
(24) B = supz wand < 00;
zez |9

Lemma 24. Let 1 < p < oo. Then, a matric G = (gma) € (E,11), where Z €
{€1,c0,¢,0} and I € {€1(Dg), (p(Dq), loo(Pq)} if and only if the conditions listed
in Table 8 are met. These conditions are derived from K, D, G and M in Lemma
21, by replacing each instance of ‘hpma instead of gma’ with ‘with wl , instead of
9md .

Table 3: Characterization of the matrix class (Z,1I), where = € {{1, co, ¢, {s } and
IT € {£1(Dg), £p(Pg)s £oo(Pg) }

From)\ To (D) (D) loo(Dg)
2 K A’ M
o D B’ G
c D B’ G
loo D B’ G

5. CERTAIN GEOMETRIC PROPERTIES OF /,(®,) AND /., (®,)

Here, we investigate specific geometric features of the spaces £,(®,) (1 <p <
00), and oo (D) like AP (approximation) property, DP (Dunford-Pettis) property,
HB (Hahn-Banach) extension property, and rotundity. The reader can refer to the
papers [22] and [23] related to some geometric properties of the space generated
from the Maddox’s space £(p), and references therein.

A linear operator M : £ — II between Banach spaces = and II is defined
as compact if it maps any bounded subset A C = into a relatively compact subset
M(A) C II [20, Definition 3.4.1). We use C(=Z,II) to denote the set of all such
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compact operators and B(Z,II) for the set of all bounded linear operators from =
to II. Tt is a well-established fact that C(Z,II) forms a closed subspace of B(E,1I).

An operator between Banach spaces is considered to have finite rank if its
range is a finite-dimensional vector space. Moreover, a compact linear operator
between Banach spaces has a closed range iff it has a finite rank [20, Proposition
3.4.6].

To keep this presentation concise, we have omitted the definitions of AP prop-
erty, weak compactness, DP property, HB extension theorem, and rotundity. For
detailed accounts of these terms, we direct the reader to the papers by Meggin-
son [20] and Philips [25]. Nevertheless, the following results are essential for our
investigation:

Theorem 25. [20, Theorem 3.4.27] For 1 < p < oo, the space ¢, possesses AP
property.

Lemma 26. [20, Exercise 3.50, p. 339] Given Z and II are two normed linear
spaces, if M : = — 1l is continuous and linear, then it maps weakly compact
subsets of = to weakly compact subsets of II. That is to say that continuous linear
operators preserve weak compactness.

Theorem 27. [20, Art 1.9.6, p. 75](HB extension theorem) A bounded linear
functional £g defined on a subspace 1 of a Banach space Z can always be extended
to a bounded linear functional £ on 2 such that the norm is preserved, i.e., ||Lo|| =

1£]]-

Theorem 28. [25] A bounded linear operator £y mapping a subspace ¥ of a Banach
space = into Lo, can always be extended to a bounded linear operator £ mapping =
into s such that the operator norm is preserved, i.e., | £ol = || £]-

In this case, the space £, is said to possess HB extension property.

Proposition 29. [20, Proposition 5.1.9] A normed space that is linearly isomorphic
to a rotund space inherits the rotundity property

Now, we proceed to the key findings of this section:

Theorem 30. The AP property holds for the space £,(®,) whenever 1 < p < co.

Proof. Let M : = — {,(®,) be a compact linear operator, where = is an arbitrary
Banach space and 1 < p < co. Due to the compactness of M, it follows that for
any bounded sequence s = (s,,) in Z, one can extract a subsequence (Ms,,,) from
(Ms,y,) that converges in the space £,(®,). In particular,

[ M, — Msn, HZ(%) = [|M(sm, - 3"”1)||Z(<I>q) = (@ M) (5, - S””J')HZ =0

as i,j — oo. This shows that the composition ®,M : = — £, is not only well
defined but also compact. Now, turning attention to ¢,, recall that it possesses the
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approximation property (A-P). Hence, there exists a sequence (B,,) of finite-rank,
bounded linear maps from = into ¢, such that

|@qM — By| =0

as m — 0o.

Consequently, the sequence (<I>q’1l3m), consisting of bounded linear opera-
tors mapping = into £,(®,), is the required sequence of finite-rank operators. In
addition,

=25l = ol (M= 22 Bn) 5], o,

_ (-1 P

= ”21”151 HMS (‘I)q Br) SHep(q;q)

= sup [|[PgMs — Bysl|)
lIsl]=1 !

= s (@M = Bpn) sy,

— 0asm — oo.

This ends the proof. O

Theorem 31. The DP property holds for the space £1(®).

Proof. Suppose that M : ¢1(®,) — E is a weakly compact operator. We aim to
prove that M is completely continuous by demonstrating that MCIJq_l is a bounded
linear operator from ¢; to Z. Let B be a bounded subset of ¢;. Then, <I>q_13
remains bounded in ¢1(®,). Since M is weakly compact, the set

M (®,'B) = (M®,") B

is weakly relatively compact in =. Therefore, M(D;l is a weakly compact operator
mapping from ¢; to =. Since ¢1 has DP property, it follows that M@;l is completely
continuous. Let C' be a weakly compact subset of £;(®,). According to Lemma 26,
®,C is weakly compact in ¢;. Since M@;l is completely continuous, we conclude
that M®,!(®,0) = M(C) is a compact subset of Z. Thus, M is completely
continuous, as desired. O

In the next finding, we establish that the space £ (®,) exhibits HB extension
property.
Theorem 32. Let = be a Banach space and A a subspace of Z. For any bounded

linear operator Mo : A — Lo (®,), there exists a bounded linear operator M : E —
loo (D) which restricts to Mo on A and satisfies the norm equality | M| = ||[Mo|-

Proof. Given a bounded linear operator My € B(A, ¢s(®y)), the operator &, M, €
B(A,ls). The fact that ¢, has HB extension property, as given in Theorem 28,
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allows us to extend ®,M, to an operator £ € B(E, {,) while preserving its norm
Le. |®gMoll = [|£]|. By setting M = &1L, it is observed that M € B(Z, oo (®)).

Furthermore, for any s € A, we have
Ms = (<I>q_1/3) s={®,} 71 (Ls) = <I>q_1 (®aMp)s) = Mys.
Additionally, we get
M =[5 L]l = |81 (P Mo)|| = [Mol,
as required.

Theorem 33. For 1 < p < oo, the space £,(®,) is rotund.

Proof. As ¢, is rotund for 1 < p < oo, this result follows from Proposition 29.

Theorem 34. The spaces {1(®,) and o (P®y) are not rotund.

Proof. Let us choose two sequences s = (S$;),t = (tm) € £1(®4) defined by

1

L m=1
wq(m) ’ ’
Sm = 0 5 p2 | m,
o
oa(m) pip2...Dr-
0 ,  mis odd,
tm, = m
% , m is even.
Then, ®,s = (1,0,0,0,...), for,
(@,5) S s
m  — 73 d
! [m]q dim !
1 (_1)w(d)
= — {¥q(l)s1+ Pq(d)———
[m]q ! dzn:l ! Pq(d)
d>1
d is square free
= 1 14+ Z (_1)w(d)
[m]q dlm
d>1
d is square free
1
= (-1
[m]q Z

d|m
d is square free

O
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It is known that [2]

1 m=1
_1\w(d) — ) )
Z (=1) { 0 otherwise.

)
d|m
d is square free

Thus,
1, m =1,
(Dg8)m = { 0 , otherwise.

In a similar way, we can show that ®,¢ = (0, 1,0,0,...). It follows that ||5H41(q,q) =1
and ”t”él(@q) = 1. That is s,t € Sy, (a,)-
Let u = ST“ Then, by using linearity of ®,, we deduce that

1 1
du = 5(<1>qS+CI>qt) = 5(1,1,0,0,...).

Thus,
||u||21(<1>q) = ”(I)qu”e1 =1

This shows that [lullg, e,y > 1, implying that the space ¢1(®,) does not possess
the rotund property. By analogy, it can be proven that (. (®,) also fails to be
rotund. O

6. CONCLUSION

In this study, we have introduced and examined the g-analogues of Euler
totient sequence spaces £,(®,) and £o (P4), which are generalizations of the classical
Euler totient spaces £,(®) and £, (®) previously developed by Tlkhan and Kara [13].
The construction of these spaces is based on the g-Euler totient matrix ®,, defined
via g-Euler totient function ®,, a natural g-analogue of the classical Euler totient
function ®.

The article presents some fundamental properties of ®,, including its non-
multiplicative nature unlike its classical counterpart ®, which plays a crucial role
in establishing the algebraic and analytical foundations of the associated sequence
spaces. Furthermore, we have investigated the existence of Schauder bases, as well
as determined the a-, 8-, and y-duals of these spaces. The study also includes
a section that devoted to characterization of matrix transformations and related
results. In the final part of the work, geometric properties such as the Approx-
imation Property (AP), the Dunford-Pettis Property (DP), rotundness, and the
Hahn-Banach extension property were explored.

Overall, the present work not only extends the classical theory of sequence
spaces into the field of g-calculus but also offers a perspective for further mathe-
matical exploration in sequence spaces, summability theory, and number theory.
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Let ¢ € (0,1). Define the sequence spaces ¢(®4) and co(®,) as follows:

c(®,) = {sew:Pys€c},
co(Py) = {scw:Pys€cp}.
Equivalently, ¢(®,) = ce, and co(®,) = (co)e,. A natural direction for future re-

search would be to investigate these newly defined spaces in a manner analogous
to the present work, with reference to the classical results given in [12].
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