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THE SPECTRAL RADIUS FOR THE HYPERGRAPHS
WITHOUT BERGE-GRAPHS

Wen-Huan Wang* © and Lou-Jun Yu

For the hypergraphs among the set of the connected linear 3-uniform hyper-
graphs on n vertices without the Berge—Cj, we present two upper bounds
for their spectral radius and a-spectral radius, where [ > 5, n > 3 and
0 < a < 1. In addition, for the hypergraphs among the set of the connected
linear k-uniform hypergraphs on n vertices without the Berge—{Bs, K2},
we derive two upper bounds for their spectral radius and a-spectral radius,
where n,k >3, s>2,1<t< 3(6k>—15k+10)(s — 1)+ 1, and 0 < a < 1.

1. INTRODUCTION

Let R and C be the sets of real and complex numbers, respectively. A k-
ordered and n-dimensional real tensor A = (a;,i,...;, ) over R is a multi-dimensional
array with n* entries, where a;,;,..;, € R with i1,ia,...,ix € [n] = {1,2,...,n}.
The concept of tensor eigenvalues and the spectra of tensors are independently
introduced by Qi [23] and Lim [19] as follows. If there exist a number A € C and

an eigenvector ® = (21, T2,...,2,)T € C" satisfying
n
k—1 .
(1) E Qiigeip Tig - Ty, = ATy, for any 1 <i < n,
i, 0k =1
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then A is called an eigenvalue of A and x an eigenvector of A corresponding to
A. The spectral radius of A, denoted by p(.A), is the largest modulus of all the
eigenvalues of A.

A hypergraph H is a pair (V(H), E(H)), where V(H) and F(H) stand for
the sets of the vertices and the edges of H, respectively. For an arbitrary edge
e € E(H), if |e] = k, then H is a k-uniform hypergraph, where k£ > 2. For
simplicity, a k-uniform hypergraph is hereinafter called a k-graph, where k > 2.
Obviously, a 2-graph is a graph. A k-graph H is linear if any two edges of E(H)
intersect at most one vertex. For w,v € V(H), if there exists an edge e € E(H)
such that {u,v} C e, then u and v are adjacent, and w is incident with e. The
number of the edges of H incident with v, denoted by dg(v), is the degree of v.
Without confusion, dp(v) is simplified as d,,.

Let H = (V(H), E(H)) be a k-graph on n vertices, where V(H) = {v1,...,v,}
and k,n > 2. The adjacency tensor of H is A(H) = (aiyiy.-i, ), Where a;,iy...i, =
ﬁ if {vi,, Vg, ..., v, € E(H) and aj,45...4, = 0 otherwise [4]. The degree di-
agonal tensor of H is D(H) = (di iy iy ), Where diyiy...i, = dy, for any v; € V(H)
ifig =ig =--- =4 =4 with i € [n] and d;,4,...;, = 0 otherwise. Let 0 < o < 1.
Lin et al. [18] introduced the convex linear combination of D(H) and A(H) for
a hypergraph H as follows: A, (H) = oD(H) + (1 — ) A(H). The a-spectral
radius of H, denoted by p,(H), is the spectral radius of A, (H). Obviously, when
a =0, A,(H) is the adjacency tensor and po(H) is equal to the spectral radius of
H (denoted by p(H)). When o = %, 24, (H) is the signless Laplacian tensor of H
and 2p 1 (H) is the signless Laplacian spectral radius of H.

Let F be a given family of hypergraphs. If a hypergraph H does not contain
any member of F as a subhypergraph, then H is F—free. If 7 = {F'}, then H is F—
free. The Turan type extremal problem is one of the most fundamental problems in
the extremal combinatorics, which is to determine the Turdn number of F, namely
the maximum number of edges in F—free hypergraphs on n vertices. For the results
about the Turan type extremal problems for graphs and hypergraphs, one can refer
to surverys [8, 20] and Refs. [5, 9, 12, 13, 14, 16], respectively.

Let G = (V(G), E(G)) be a given graph and H = (V(H), E(H)) be a hyper-
graph. H is called a Berge—G if there exists a bijection ¢ : E(G) — E(H) such
that e C ¢(e) for any edge e € FE(G) [12]. Namely, H is obtained from G by
replacing each edge of G with a hyperedge that contains it. For a given graph G, a
hypergraph H is Berge-G—free if H does not contain a subhypergraph isomorphic
to a Berge—G. Recently, the study on the Turdn numbers of hypergraphs without
a Berge—G attracted the attention of researchers [11, 26].

The spectral version of the Turdn type problem for graphs is to determine the
maximum spectral radius among all the G—free graphs on n vertices, which was first
proposed by Nikiforov [21]. For details, one can refer to Refs. [1, 3, 25, 27, 30, 31].

For the spectral analogue of the Turan type problem for hypergraphs, Hou
et al. [15] proposed the following question: “What is the maximum spectral radius
of hypergraphs of order n, not containing a given hypergraph F'?” This problem
attracts researchers’ interest and some results are obtained. Keevash et al. [17]
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determined the maximum p-spectral radius of any 3-graphs on n vertices not con-
taining the Fano plane when n is sufficently large. Hou et al. [15] derived the
upper bounds of the maximum spectral radii for the connected linear k-graphs on
n vertices without the Berge-Cj; or with the girth of at least five. For a given
graph G, the r-expansion G* of G is the r-uniform hypergraph obtained from G
by enlarging each edge of G with » — 2 new vertices which are disjoint from the
vertex set of G such that distinct edges are enlarged by disjoint subsets. Gao et al.
[10] obtained the maximum spectral radius of the connected linear r-graphs on n
vertices without K 1, where K11 is a complete graph on 7+ 1 vertices. She et al.
[24] presented the sharp (or asymptotic) bounds of the maximum number of edges
and the maximum spectral radius of all F*—free linear r-uniform hypergraphs on
n vertices, where F' is a graph with chromatic number k.

Let Py be a path of length k£ and we write P as v1vg - - - vg41, where k > 1.
A cycle of length k, denoted by CY, is obtained from Py, by identifying v; with vgyq
together. Let sC3 be the union of C'3 and the number of Cj is s, where s > 2. An
s-book, denoted by By, is a connected graph obtained from sCj5 in such a way that
all C'3 share a common edge. Let K be a complete bipartite graph with two parts
of size s and t, respectively, where s,¢ > 1.

The research on the spectral analogue of the Turan-type problem for hyper-
graphs is an interesting field. Let H,, 3; be the set of the connected linear 3-graphs
on n vertices without the Berge-Cj, where n > 3 and [ > 5. Let #H, s+ be the
set of the connected linear k-graphs on n vertices without the Berge—{Bs, K2},
where n,k > 3, s > 2 and t > 1. In this article, for the hypergraphs among H, 3,
and Hy, i.s,+, Wwe aim to characterize the upper bounds of their maximum spectral
radius and a-spectral radius.

The rest of this article is organized as follows. In Section 2, some known
necessary lemmas are quoted and some new tools for us to study the a-spectral
radius of hypergraphs are developed. In Section 3, for H € H, 3; with n > 3
and [ > 5, we obtain the upper bounds for p(H) and p,(H), which depend on
n, [ and a. In Section 4, for H € Hy s+ With n,k > 3, s > 2and 1 <t <
1(6k* — 15k + 10)(s — 1) 4+ 1, the upper bounds for p(H) and p,(H) are also
derived, which are related with n, k, s, and «.

2. PRELIMINARIES

In this section, we will introduce several necessary lemmas for subsequent
proofs.

In 2008, Chang et al. [2] gave the definition of the irreducible tensor.

Definition 1. 2] Let A = (aiyiy..45,) be a nonnegative tensor of order k and
dimension n. For any nonempty proper index subset I C [n], if there is at least one
entry Qiyiy...i, > 0, where iy € I andij € [n]\ I forj=2,3,...,k, then A is called
a nonnegative irreducible tensor.

The nonnegative weakly irreducible tensor was defined by Friedland et al. [7]
and was represented by Yang et al. [28] as follows.
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Definition 2. [7, 28] Let A = (a;,4,...;,) be a nonnegative tensor of order k and
dimension n. For any nonempty proper index subset I C [n], if there is at least one
entry Giyiy.ip, > 0, where i1 € I and at least one i; € [n)\I for j = 2,3,...,k,
then A is called a nonnegative weakly irreducible tensor.

Let R = {x e R" | 2; > 0,Vi € [n]} and R} | = {x € R" | z; > 0,Vi € [n]}.

Lemma 1. [2, 7, 29/ (The Perron—Frobenius theorem for nonnegative tensors)
Let A be a nonnegative tensor of order k and dimension n, where k,n > 2. Then
we have the following statements.

(i). p(A) is an eigenvalue of A with a nonnegative eigenvector x € R’}
corresponding to it.

(ii). If A is irreducible, then p(A) is the unique eigenvalue of A with the
nonnegative eigenvector € € R’ , up to a positive scaling coefficient.

(13). If A is weakly irreducible, then p(A) is the unique eigenvalue of A with
the positive eigenvector x € R}, , up to a positive scaling coefficient.

Lemma 2. [22] A k-graph H is connected if and only if A(H) is weakly irreducible.

If A(H) is weakly irreducible, then according to the definition of A, (H),
A, (H) is also weakly irreducible. If H is a connected k-graph, then by Lemmas 1
and 2, there exists the unique vector = (1, ¥2,...,2,)" corresponding to p,(H)
and each x; > 0 with 1 < ¢ < n. This vector x is referred to as the a-Perron vector
of H. It is convenient for us to normalize x such that the maximum entry of x is
1. If there are many such vertices, then among them we can arbitrarily choose one
and fix it. For any v € V/(H), from (1), we have

(2) po(H)zF 1 = adyz? ™1 + (1 - ) Z Ty Ty, T, -
{v,vig,..vi YEE(H)

Lemma 3. [6] (Erdés—Gallai Theorem) Let G be a graph on n vertices and e(Q)
be the number of edges of G. If G is Py—free, then ¢(G) < %n with the equality
if and only if G is composed of multiple Ky which are disjoint from each other.

Let H be a k-graph and let v € V/(H), where k > 2. For a subset X C V(H),
let Ex(X) = {e| e € E(H) and |eN X| = t}, where ¢ > 1. Namely, each edge
in E;(X) intersects X in ¢ vertices. We define |E¢(X)| = e4(X). Furthermore,
let EP(X) ={e]e € E(X) and v € e} and |EY(X)| = e} (X). Namely, E}(X)
is a subset of Ey(X) satisfying that each edge in E}(X) contains v. We define
N, = {w | w € V(H), {v,w} is contained in an edge of H} and call N, the
neighbourhood of v. In H, let V(H) = {v1,v2,...,v,}. A Berge walk of length
h in H is an alternating sequence of vertices and edges viejvaeavs - - - VpepUR11,
where v; # v;41 and {v;,v;41} C e; for 1 < ¢ < h. We use wy(v) to denote the
number of the Berge walks of length h in H which start at a vertex v € V(H). By
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the definition of wy(v), we have
(3) wy(v) = (k= 1)dy,

(4) wh-i-l(U) = Z [wh(viz) + wh(vi3) 4+ wh(vik) )
{v,vig,.viy YEE(H)

Lemma 4. [10] Let H be a connected linear k-graph, where k > 3. For any
v € V(H), we have

k
wy(v) = (k — 1)Ziei(Nv).

To obtain the upper bound of the a-spectral radius for the hypergraphs, we
introduce some new tools, which are shown in Theorem 1, Corollaries 1 and 2.

Theorem 1. Let H = (V(H),E(H)) be a connected k-graph on n vertices and
x = (11,...,2,)7 be its a-Perron vector with the mazimum entry in = being 1,
where k,n > 3. For any v € V(H), we have

o 9 l-«o

= 1)2w1 (v) + mwg(v).

pr(H)ah ™ <

Proof. Let v be an arbitrary vertex in V(H). Since z; < 1 for any 1 < i < n, by
(2), we get

pa(H)zF 1 = adyz®1 + (1 - «) Z Ty Tiy
{v,ia,...,i }EE(H)

<ad,+(1-a) > 1
{v,i2,...,ix YEE(H)

1
(5) =d, = mwl(v),

where (5) follows from (3). We obtain
pa(H)awy ™" = pa(H) - pa(H)ay ™"

= pa(H) [advxﬁl +(1—-a) Z Ty~ .‘rik:|
{v,iz,... ik }EE(H)

_ 11—« B -
(6) < adpa(H)wy ™ + 57— > pa(H) (it + o+ i)
{v iz, i }EE(H)
11—« ' .
(7) < ad? + =12 Z (w1 (i) + - -+ wi(ir,))

{v,i2,... ik }EE(H)

o 11—«
(8) = Ww%(v) + mwz(v),
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where (6) follows from the Arithmetic Mean-Geometry Mean inequality, (7) is
derived from (5), and (8) is deduced from (3) and (4). O

By Theorem 1, we directly get Corollary 1.

Corollary 1. Let H = (V(H),E(H)) be a connected k-graph on n vertices and
x = (21,...,7,)" be its a-Perron vector, where k,n > 3. Ifu € V(H) is the vertex
having the maximum entry in x, then
9 o 9 11—«
H < — —_— .

pa( ) (k_l)gwl(u)+ (k_l)QwQ(u)
Corollary 2. Let H = (V(H),E(H)) be a connected linear k-graph on n vertices
and & = (v1,...,2,)T be its a-Perron vector, where k,n > 3. If u € V(H) is the
vertex having the maximum entry in x, then

k
1- 1-
9) PR(H) < add + 5D iei(Ny) = ad2 + = 3 du.
=1 VEN,

k
Proof. By combining Corollary 1, Lemma 4, (3), and > ie;(N,) = > d, we
=1 VEN,,
obtain Corollary 2. O

It is noted that (9) with @ = 0 was obtained by Hou et al. [15] and Gao
et al. [10]. It can be seen from Corollary 2 that we can use a unified method to
study the upper bounds of the maximum spectral radius and a-spectral radius for
a connected linear k-graph on n vertices.

3. THE UPPER BOUND OF THE MAXIMUM SPECTRAL RADIUS
OF THE CONNECTED LINEAR 3-GRAPHS WITHOUT THE
BERGE-(C;

In this section, we will characterize the upper bounds of the maximum spec-
tral radius and a-spectral radius for the hypergraphs among the set of the connected
linear 3-graphs on n vertices without the Berge—-Cj, where n > 3 and [ > 5.

If H is a linear hypergraph, for any two adjacent vertices x and y of H, there
exists the unique edge containing = and y. We denote this edge by l,,.

Theorem 2. Let H € Hy, 3, wheren >3 and 1 > 5. Let © = (z1,...,2,)7 be the
a-Perron vector of H. If u € V(H) is the vertex having the maximum entry in x,
then

(21— T)(n —
4

p2(H) < ad? + (1 —a) b + (20 — 3)d., | -

Proof. To obtain Theorem 2, we firstly prove Claims 3.1 and 3.2.
Let B, = V(H)\(N, U {u}). Since |N,| = 2d,, we get |B,| =n —2d,, — 1.
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Claim 3.1. e;(N,) < 257 (n — 2d, — 1).

Proof. We will prove Claim 3.1 by constructing an auxiliary graph. Let G; =
(V(G1), E(G1)), where V(G1) = B, and E(G1) = {viv2 | v1,v2 € By, ly, €
E1(N,)}. By the definition of Gy, we have |V(G1)| = |By| = n — 2d, — 1 and
[E(G1)| = e1(Nu).

We prove |E(G1)| < 25%(n — 2d, — 1) by contradiction. Otherwise, we
suppose |E(Gy)| > 25T (n—2d, — 1) = 2=7|V(G)|. Obviously, the average degree
of 1 is greater than 2] — 7. When [ > 5, we have 2] — 7 > 3. In Gy, if we delete
the vertex having degree less than 3, then the average degree of the resulting graph
does not decrease. Therefore, in G, if we delete all the vertices having degrees
less than 3, then we get a resulting graph (denoted by G2) such that the average
degree of G5 is greater than 2] — 7 and the minimum degree of G2 is greater than
or equal to 3. For G, since its average degree is greater than 2] — 7, we get
|E(G2)| > 257|V(G2)|. By Lemma 3, we obtain that G2 contains a path Py _g as
a subgraph, where [ > 5. Let P21_6 = V1€1V92 - V2]—-6€2]—6V2]—5-

Since the minimum degree of G5 is greater than or equal to 3, there exists
a vertex (denoted by w) in B, such that wu,_s € E(G2), where w # v;_3,v;_1.
According to the definition of G1, in H, there exist five vertices wy,...,ws € Ny
and five edges fi,...,fs, where f1 = {vi,v2, w1}, fo = {vi_3,vi—2, w2}, f3 =
{Ul_g,’l)l_l,wg}, fa = {021_6,’[}21_5,11)4}, and f; = {01_27w,w5}. It is noted that

w1, W2, ..., ws may be the same. Thus, we obtain Iy, = lyw,. Otherwise, if l,,,,, #
lyws, then there exists a Berge—C in H which is formed by ly1,5 lwyvss losvss - -+ loy_sws s
luws- This contradicts the fact that H is Berge-Cj—free.

By the same analysis as those for ly,, = luws, We also get lyw, = lyws-
Therefore, we have lyy, = lyws; = luws- Furthermore, we claim lyy, = lyw,-
Otherwise, if [y, 7 luw,, then there exists a Berge-C; in H which is formed by
luwss lwsvi_ar loy_svi1s++»> lva_gwass luws. This contradicts the fact that H is

Berge-C;—free. Similarly, we get lyw, = luws- Therefore, we obtain Iy, = lyw, =
luws- Thus, lyw, = lyws = luws- This means that an edge of H contains u, ws,
ws, and ws. Since vi_o € fo N fs N f5, wo € fo, wy € f3, ws € f5, and H is a
linear hypergraph, we deduce that ws, w3, and ws are different from each other.
Therefore, an edge of H has at least four distinct vertices. This contradicts the fact
that H is a 3-graph. Thus, we get e1(N,) = |E(G1)| < 257 (n —2d, — 1). Namely,
Claim 3.1 holds. O
Claim 3.2. 2e3(N,) + 3e3(N,) < (61 — 13)d,,.
Proof. Since H is a 3-graph, if an edge of H is incident with u, then this edge and
N, intersect at two vertices. In H, the number of such edges which, containing u,
intersect with N,, at two vertices is d,,. Namely, |EY(N,)| = da.

Next, we will prove the following Fact 1 by constructing an auxiliary graph.

In H, let £’ be the set of such edges which, not containing u, intersect with
N, at two vertices or three vertices.

Fact 1: |E'| < (2] — 5)d,.

Let G5 = (V(G3), E(Gs)), where V(G3) = N, and the edges of E(G3) are



The spectral radius for the hypergraphs without Berge-graphs 435

formed by the edges of E’ according to the following one-to-one mapping relation-
ship. Let e be an arbitrary edge of E’. If |e N N,| = 2, namely, there exist two
vertices x,y € N, such that e N N,, = {x, y}, then let zy € E(G3). If |eN N, | =3,
namely, there exist three vertices x,y, z € N, such that eN N,, = {x,y, z}, then we
take any two vertices from {x,y, z} to form an edge of G5. Obviously, according
to the mapping relationship, each edge in E’ corresponds to the unique edge of
E(G3). Therefore, we get |[E(G3)| = |F'|.

Next, we prove that G3 does not contain Ps;_4. Otherwise, if G3 contains
Py 4y = vie1vg -+ - vgj_g€9;_4v9;—3, then by the construction of Gj, for any ¢ =
1,2,...,2l — 3, we get v; € N,. Since v;—1 € N,, in H, there exists an edge
f1 € E(H) such that {u,v;—1} C f1. As H is a 3-graph, v; € f1 and vg;_3 € f1 can
not hold simultaneously. Without loss of generality, let v; ¢ f1. Since v; € N,
in H, there exists an edge fo such that {u,v1} C fo and f2 # fi. Therefore, in
H, fi, f2, lojvyyr---slu,_yv,_, form a Berge-Cj. This contradicts the fact that H
is Berge—Cj—free. Therefore, G3 is Py _s—free. By Lemma 3, we get |E(Gs)| <
2==1V(Gs)| = 255|N,|. Since H is a connected linear 3-graph, |N,| = 2d,.
Thus, |E'| = |[E(Gs)| < (21 — 5)d,. Namely, Fact 1 holds.

Bearing |EY(N,,)| = d,, and Fact 1 in mind, we obtain

2e2(Ny) + 3e3(Ny) = 2|Ea(Ny)| + 3| E3(N,)|
= 2| B (Nu)| + 2| Ea(Nu)\ES (N + 3| Es(No)|
< 2\B (V)| + 3(| B2 (N)\ES (N)] + | B (V)
(10) = 2|EY(N,)| + 3|E'| < (61 — 13)d,,.

O

Since H is a connected linear 3-graph, by Corollary 2, Claims 3.1 and 3.2,
and (10), we have

3
l-a
2 2 .
pa(H) < Oédu + T ;71 Z@i(N

1 21 —
< ad? + 2“{ 27(n—2du—1)+(61—13)du]
20 — -1
(11) =ad? + (1 —-a) [(1721(7])—1—(21—3)0?“] .
Thus, we get Theorem 2. O

We can see from (11) that the upper bound of p,(H) has a close relationship
with d, when n, [ and « are fixed. Therefore, by Theorem 2, we directly obtain
Theorem 3.

Theorem 3. Let H be a connected linear 3-graph on n > 3 vertices with the
mazimum degree A. If H is Berge-Cy—free, where | > 5, then

p2(H) < aA? + (1 —«a) W—F(?l—@A .
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If H is a connected linear 3-graph on n > 3 vertices, then its maximum degree
A is less than or equal to "T_l Thus, by Theorem 3, for H € H, 3; with n > 3
and [ > 5, we obtain the upper bounds of p(H) and p,(H), which are shown in
Theorems 4 and 5, respectively.

Theorem 4. Let H be a connected linear 3-graph on n vertices with n > 3. If H
is Berge—Cy—free, where l > 5, then

(61 —13)(n — 1)

p(H) < 1

Theorem 5. Let H be a connected linear 3-graph on n vertices withn > 3. If H
is Berge—C—free, where | > 5, then

, (n—1)? (61 — 13)(n — 1)
Poa(H) Sa———+ {1 -a)———.

4. THE UPPER BOUND OF THE MAXIMUM SPECTRAL RADIUS
FOR THE k-UNIFORM LINEAR HYPERGRAPHS WITHOUT THE
BERGE—{B,, K1}

In this section, we will derive the upper bounds of the maximum spectral
radius and a-spectral radius for the hypergraphs among the set of the connected
linear k-graphs on n vertices without the Berge—{B;, K2}, where n,k > 3, s > 2
and ¢t > 1.

Theorem 6. Let H € Hy k64, wWhere k,n 2 3, s 2 2, andt > 1. Let ¢ =
(1,...,2,)T be the a-Perron vector of H. If u € V(H) is the vertex having the
mazimum entry in x, then

(12)

P(H) < ad? + (1— o) [{ZD0 1) (6K — 15k +10)(s — 1) — 2(t — 1)

(k- 1)2 20k — 1)

dy| -

Proof. To obtain Theorem 6, we firstly prove Claims 4.1-4.4.

For two vertices x and y in H, let N, be the set of the common neighbour-
hood of x and y. Namely, each vertex in N, is adjacent to  and y simultaneously.
Furthermore, we define Ny, = Nyy\ls, .

Claim 4.1. For any two adjacent vertices x,y € V(H), we have |Ny,| < (k —
1)(2s —1) —s.

Proof. We prove Claim 4.1 by contradiction. Suppose that there exist two adjacent
vertices x,y € V(H) such that [Ny, | > (k—1)(2s—1)—s+1 = (2k—3)(s—1)+k—1.
Then [N, | > (2k—3)(s—1)+1. Let Vo = N;, and Ey = {l.,}. Next, we will prove
that there exists a Berge-B; in H according to the following recursive method.

Step (1): Since Vo = N, # ¢, we can choose one vertex from Vj and denote
this vertex by wq. Let By = Ep U {lgw,; lyw, } and Vi = Vo\(lpw, U lyw,). Since
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z,y &€ Vo and |(lpw, U lyw,) N V| < 2k — 3, we get |Vi] > |Vo| — 2k - 3) =
|N‘;y —(2k—3) 2 (2k—3)(s—2)+ 1. When s > 2 and k > 3, we have |V;] > 1.

Step (2): Since |V3| > 1, we can choose one vertex from V; and let this vertex
be wy. Let By = E1 U {lpuw,, lyw, } and Vo = Vi\{lzw,, lyw, - Similarly, we have
Val > Vi — (2 — 3) > (2% — 3)(s — 3) + 1.

Step (r): Let 3 < r < s—1. Since |(lpw,_, Ulyw, ,) N Vi_a| < 2k — 3, we
obtain [V 1| = [Vi—o\{law, _1s lyw,_, }| 2 [Vea| = (26 =3) > (2k = 3)(s —r + 1) +
1—(2k—3)=(2k—-3)(s—r)+1>1. Thus, from V,_;, we can choose one vertex
and denote it by w,. Let E, = E._1 U {lgw,,lyw,.} and Vi = Vi_1\{lzw,, lyw, }-
Similarly, we get |V;| > |Vo21] — (26— 3) > (2k —3)(s —r — 1) + 1.

When r = s—1, we have |V,_1| > 1. Thus, from V;_;, we can choose a vertex
and denote it by ws. Since w; is adjacent to z and y, two edges (denoted by Iy,
and ly,,) exist in H. Let By = Es_1 U {lyw,, lyw, }- Therefore, in H, E, contains
2s + 1 edges and these 2s + 1 edges form a Berge-B, in H. This contradicts the
fact that H is Berge—Bs—free. Thus, for any two adjacent vertices z,y € V(H), we
obtain |Ngy| < (k—1)(2s — 1) — s. O

k
Claim 4.2. For any vertex y € V(H) and any vertex € N, we get > €7 (N,) <
i=2

2(k—1)(s—1), where k > 3 and s > 2.
Proof. For any vertex y € V(H) and any vertex x € N,,, we will firstly prove

k
> eP(Ny) < (2k—3)(s—1)+1 by contradiction. Otherwise, we suppose that there
i=2

k
exists a vertex x € N, such that > ef(N,) > (2k — 3)(s — 1) + 2. This means
i=2

|Uf:2 E?(Ny)| =2 (2k—3)(s— 1) + 2. Since x € Ny, we get l,,, € E(H). Obviously,
Loy € Ef_(N,). Thus, we get |(U_y EF(N,))\luy| = (2k —3)(s — 1) + 1. Namely,
except for I, H has at least (2k — 3)(s — 1) + 1 edges, each of which contains x
and at least two vertices in IN,.

Let E*:{fi ‘ fi EEJ(I’I)7 |fszy| > 2, Z‘Efi, fl#lwy, 1 <1<
(2k—3)(s—1)+1}. For any edge f; € E*, since |f;NN,| > 2 and = € f;, among f;,
we can choose a vertex (denoted by z;) which belongs to Ny, where z; # x,y and
1 <i<(2k—-3)(s—1)+1. Since H is a linear hypergraph, z1, 22, ..., Z(2k—3)(s—1)+1
are different from each other. Since z; € N,y and I, \{z,y} C Ny, we get |[Nyy| >
(2k—=3)(s—1)+14+k—2=(k—1)(2s—1) — s+ 1. This contradicts Claim 4.1.

k
Therefore, for any vertex y € V(H) and any vertex = € N,, we have ) ef(N,) <
i=2

(2k—=3)(s—1)+1<2(k—1)(s—1), where s > 2. O

Let B, = V(H)\ (N, U{u}). Forve Ny, let S, ={w | we B,, 31 ¢€
EY(N,), w € l}. By the definition of S,, we get S, C B,. We denote, by
l; = {u,ia,...,ix}, the i-th edge which is incident with u. Furthermore, let
V= U§:2Sij, where : = 1,2,...,d,.
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k
Claim 4.3. |Vi| > > [S;,| — (*7")(2k — 3)(s — 1), where 1 < i < d,,.
j=2

Proof. For any ¢ with 1 <7 < d, and 2 < p < ¢ < k, it follows from Claim 4.1 that
15,0151, | < [Niyi, \(NaU{u)] < [Nyiy N1\ s g )] < (k1) (25— 1) —s—(k—2) =

plq plq

(2k — 3)(s — 1). Thus, we get

k k
Jj=2 Jj=2 2<p<qsk
k
k-1
> Y1l (5 )@k -9,
=2
O
dy
Claim 4.4. We have > |V;| < (t —1)[n— (k — 1)d, — 1], where t > 1.
i=1
Proof. For any v € N,, since S, C B,, we have V; = U;”:Q Si; € By, where
dy
1 <i<d,. Thus, we get U?;l V; C B,,. Next, we consider Y |V;|. For any vertex
i=1

dy

in B,,, we will prove that it contributes at most ¢ —1 times in > |V;|. Otherwise, we
i=1

suppose that there exists a vertex w € B,, such that it contributes at least ¢ times in

dy
>~ |Vi|. This means that at least ¢ sets of Vi, Va, ..., Vy, contain w simultaneously.
i=1

Without loss of generality, we suppose w € V; with i =1,2,...,t. According
to the definition of V;, there exists an edge f; € E1(N,) such that f; N (l;\u) # ¢
and w € f;, where 1 < i <t Let1 <i < j <t We wil prove f; # f; for
any 1 <7 < j < t. Otherwise, if there exist 1 < 7 < j < t such that f; = f;,
then f; N (Li\u) # ¢ and f; N (I;\u) # ¢. Since H is a linear hypergraph and
l; N l; = {u}, we have (I;\u) N (;\u) = ¢. Furthermore, since [;\u, {;\u C N, we
obtain |f; N N,| > 2. This contradicts f; € E1(N,), where 1 < ¢ < t. Therefore,
fi, fo,..., fr are different from each other. Thus, f1, fa,..., ft, l1, l2,...,l; form
a Berge-K>; in H. This contradicts that H is Berge-Kj;free. Finally, we get

dy
that each vertex in B, contributes at most ¢ — 1 in ) |V;|. Furthermore, since
i=1

du
|Bu| =n—(k—1)d, — 1, we have > |V;| < (¢t = 1) (n— (k — 1)d, — 1). Thus, we
i=1

get Claim 4.4. O
k
From Claim 4.2, for any v € N,, we have d, = Y eV(N,) < eV(NV,) +
1
» — 2(k — 1)(s — 1).
(k — 1)ey(N,). Thus,

=

2(k — 1)(s — 1). Therefore, for any v € N, e¥(N,) >
Since H is a connected linear k-graph, we have |S,| =
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|Sy| = (k —1)d, — 2(k — 1)*(s — 1). Bearing |N,| = (k — 1)d,, in mind, we get

Do 18ul = D0 [(k=1)dy = 2(k — 1)*(s — 1)]

VEN, VEN,
= > (k=1)d, — 2(k — 1)*(s — 1)| N,
VEN,,
(13) = Z (k - 1)dv - 2(k - 1)3(5 - l)du~
VEN,,

dy k
By (13) and the fact ) [S,|= > > [Si,|, we have
VEN, i=1j=2

u

w k
(14) > (k—1)dy, < 1Si,| +2(k — 1)*(s — 1)d,.

VEN,, =1 j=2

o
Il

[

Furthermore, from Claims 4.3 and 4.4, (14) can be transformed into

D (k

VEN,,

i{wu( 1)(% 3)(3—1)}+2(k—1)3(s—1)du
i

|Vi| + ( ) 1) (2k — 3)(s — 1)dy +2(k — 1)3(s — 1)d,
<(t-1D(n-1)+ [;(k —1)(k—2)(2k —3)(s— 1)
+2k—1)3(s —1) — (k= 1)(t — 1)] dy.
Therefore, we have

> d, < (t_;)ﬂ + [;(6k2 — 15k 4+ 10)(s — 1) — (t — 1)]du.

-1
VEN,,

By Corollary 2, we get

k—1
VEN,,
t—1)(n—1) (6k? —15k+10)(s —1) —2(t —1)
<ad? +(1- ( .
ad; + ( a)[ e 5 —1) d,
Therefore, we obtain Theorem 6. O

It is noted that when (6k% — 15k + 10)(s — 1) — 2(t — 1) > 0, namely, ¢
1(6k? — 15k +10)(s — 1) + 1, the value of the right-hand side of (12) is related w1th
dy. Therefore, we obtain Theorem 7 as follows.



440 W.-H. Wang and L.-J. Yu

Theorem 7. Let H be a connected linear k-graph on n vertices with the mazimum
degree A, where n,k > 3. If H is Berge—{Bs, Ko 1 }—free, where s 22 and 1 <t <
$(6k?* — 15k 4+ 10)(s — 1) 4+ 1, then

(t—1)(n—1) (6K — 15k +10)(s — 1) — 2(t — 1)

(k—1)2 20k — 1) A

pa(H) < ad?+(1-a)

If H is a connected linear k-graph on n vertices, then its maximum degree is
less than or equal to %, where n, k > 3. Therefore, by Theorem 7, for H € Hy, kst
with n,k > 3, s > 2 and 1 <t < 3(6k* — 15k + 10)(s — 1) + 1, we get the upper

bounds of p(H) and p,(H), which are shown in Theorems 8 and 9, respectively.

Theorem 8. Let H be a connected linear k-graph on n vertices, where n,k > 3. If
H is Berge—{Bs, Ko, }~free, where s > 2 and 1 <t < £(6k* — 15k +10)(s — 1) + 1,
then

(6k2 — 15k + 10)(s — 1)(n — 1)
p(H) < \/ 2(k —1)2 :

Theorem 9. Let H be a connected linear k-graph on n vertices, where n,k > 3. If
H is Berge-{Bs, Ko, }~free, where s > 2 and 1 < t < £(6k* — 15k +10)(s — 1) + 1,
then

n—1)>2

pa(H) < am +(1-a)

(6k* — 15k +10)(s — 1)(n — 1)
2(k —1)2
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