APPLICABLE ANALYSIS AND DISCRETE MATHEMATICS
available online at http://pefmath.etf.bg.ac.yu

APpPL. ANAL. DISCRETE MATH. 4 (2010), 322-337. doi:10.2298/ AADM100425018H

SOME OSCILLATION CRITERIA FOR SECOND-ORDER
DELAY DYNAMIC EQUATIONS

Raegan Higgins

We investigate the oscillation of second-order delay dynamic equations. Our
results extend and improve known results for oscillation of second-order dif-
ferential equations that have been established by ERBE [Canad. Math. Bull.
16 (1973), 49-56]. We apply results from the theory of upper and lower
solutions and give some examples to illustrate the main results.

1. INTRODUCTION

Since 1998 much attention has been given to dynamic equations on time sales,
and we refer the reader to the landmark paper of HILGER [15] for a comprehensive
treatment of the subject. Since its introduction, many authors have expounded
on various aspects of this new theory, and we refer specifically to the paper by
AGARWAL et al. [2] and the references cited therein. A book on the subject of time
scales by BOHNER and PETERSON [5] summarizes and organizes much of time scale
calculus.

In recent years there has been an increasing interest in studying the oscillation
and nonoscillation of solutions of dynamic equations on a time scale (i.e., a closed
subset of the real line R). This has lead to many attempts to harmonize the
oscillation theory for the continuous and the discrete cases, to include them in
one comprehensive theory, and to extend the results to more general time scales.
We refer the reader to the papers [1], [3], [7, 8, 9, 10], [17], [18], [20], and the
references cited therein

Since we are interested in the oscillatory behavior of solutions near infinity,
we assume throughout this paper that our time scale is unbounded above. We
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Some oscillation criteria for second-order delay dynamic equations 323

assume to € T and it is convenient to assume tg > 0. We define the time scale
interval [tg, 00)T by
[to, OO)T = [to, OO) NT.

The purpose of this paper is to extend the oscillation criteria to the nonlinear
second-order delay dynamic equation

(1.1) [p(0y>] + £ (657 (0, 41 (1)), -, y(7a(£)) = 0, £ € [to,00)7

where n € N, f € C(T x R"™ R), and p € Cyq([to, 00)T, (0,00)1) satisfies

<1
/ — At = 00, t€ [to, OO)’]T.
t

. P(t)
We shall assume the following conditions hold:
(Ao) f(t,u,v1,. ..y 0n) = —F(t, —u, —v1,..., —0y).

(A7) f(t,u,v1,...y0,) >0if uyvq,...,0, >0, ¢ €T.
(Ay) for each fixed ¢t € T and w > 0, f is nondecreasing in v; for v; > 0,1 < i < n.
(As3) for each fixed t € T and v; > 0, 1 <4 <mn, f is nondecreasing in u for u > 0.
We also assume that the delay functions 7; : T — T are right-dense continuous and
satisfy

7i(t) <t < o(t) for all t € T and tlggo Ti(t) = 00

forall 1 <i <n.

Our attention is restricted to those solutions y(¢) of (1.1) which exist on some
half-line [t,,, co)T and satisty sup{|y(t)| : ¢t > to} > 0 for any ¢, > t,,. A solution y(¢)
of (1.1) is said to be oscillatory if it is neither eventually positive nor eventually
negative, otherwise it is nonoscillatory. The equation itself is called oscillatory if
all its solutions are oscillatory.

2. SOME PRELIMINARIES

In this section we establish fundamental results needed to prove our main
results. We begin by introducing the auxiliary functions

(2.1) P(t,a):/ I% and m(t,a):%, 1<i<n

where a € [tg, 00)r. Following the technique of [12, Lemma 1.2], we have

Lemma 2.1. Let y(t) be a solution of (1.1) which satisfies

y() >0, y3(1) >0, and (p(tyy*(1)" <0

forallt > 7;(t) > T > tg. Then for each 1 < i < n, we have

y(Ti(t)) > ni(th)yg(t)v t> Ti(t) >T.
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Proof. Fort > T >ty and 1 < i <n, we have

o _ B o(t) L A ' A a(t) L
O —um0) = [t 8 < pnow ) [
which yields
Y (t) < y(ni(6) + p(ri(0)y> () P(o (), 7i(1))-
Dividing both sides of this inequality by y(7;(t)) we obtain
Yy’ (t) Py () pe o
(2.2) @) S T T ) P(a(t), mi(t)).
Also we have
, VAR SN A [0
v () =T) = [ rle 6 as = m0) [

and hence

Therefore we have

(2.3)

Therefore, (2.2) and (2.3) imply

y° (1) (T ()2 (i (1)) | P(o(t),T)
s ST T ey ) < .

This gives us the desired result
y(ri() > ni(t, Ty (¢), 1<i<n. 0

In addition to the above lemma, we need a method of studying separated
boundary value problems (SBVPs) to prove our main results. Namely, we will
define functions called upper and lower solutions that, not only imply the existence
of a solution of a SBVP, but also provide bounds on the location of the solution.
Consider the SBVP

(2.4) —(p(t)y®)2 +q(t)y” = f(t,y°), t€ [a,0]"
(2.5) y(a) = A, y(b) =B

where the functions f € C([a,b]"" x R,R) and p,q € Crq([a,b]*") are such that
p(t) > 0 and ¢(t) > 0 on [a, b]“2. We define the set

D := {y € X : > is continuous and (py>)? is rd-continuous on [a, b]“2},
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where the Banach space X = C([a, b]) is equipped with the norm || - || defined by

llyll := max |y(¢)] forall yeX.
t€la,b]r

A function y is called a solution of the equation —(p(£)y™)2 +¢(t)y° = 0 on [a, b]~"
if y € Dy and the equation —(p(t)y®)2 + q(t)y° = 0 holds for all t € [a,b]* . Next
we define for any u,v € D; the sector [u,v]; by

[u,v]1 :={w e Dy :u<w< v}

Definition 2.2. [6, Definition 6.1] We call « € Dy a lower solution of the SBVP
(2.4)-(2.5) on [a,b] provided

—(pa®)2(t) + q()a® (1) < f(t,a” (1)) for all t€ [a,b]"

and
ala) < A, «ab) <B.

Similarly, 8 € Dy is called an upper solution of the SBVP (2.4)-(2.5) on [a,b]
provided

—(BMA®) +q(O)B7(t) > F(,5°(t)) for all t€ [a,b]"

and

Bla) = A, B(b) > B.
The following is an extension of [6, Theorem 6.5] to [a, c0)T.

Theorem 2.3. [14, Theorem 1.5] Assume that there exists a lower solution o and
an upper solution 3 of (2.4) with a(t) < B(t) for allt € [a,00)r. Then

(2.6) —(p®)y™)* +a(t)y” = f(t,y°)
has a solution y with y(a) = A and y € [a, B]1 on [a,00)T.

Our next preliminary result is a generalization of [19, Theorem 3].
Theorem 2.4. Let f(t,y) be a continuous function of the variables t > to and
lyl < oo. Assume that for allt > 0 and y # 0, yf(t,y) > 0, and for each fized t,
f(t,y) is nondecreasing in y for y > 0. Then a necessary condition for

A
(2.7) (P(t)y>)" + f(ty7) =0, t>15>0
to have a bounded nonoscillatory solution is that

/OO P(t,a)f(t,c)At < 00

for any fized a € [tg,00)r and for some constant ¢ > 0.
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Proof. Suppose y(t) is a bounded eventually positive solution of (2.7). So there
exists T € [tg,00)r such that y(t) > 0 for t > T. As f(t,y) > 0 for all y >

0, (jv(t)yA)A is eventually negative. So p(t)y”(t) is decreasing and tends to a
limit L that is positive, zero, negative, or —co. If L < 0 or L = —oo, p(t)y(t)
would be eventually negative. This contradicts y being eventually positive. Hence
Jim P(t)y>(t) = L with 0 < L < oo.
—00

Integrating (2.7) from s to 17, we obtain

p(Ty)y™(T1) — p(s)y™(s) + ‘ 1 f(r,y? (r)Ar = 0.
It follows that . -
A — r,y’ (r))Ar.
v20) = = [ o)A

Integrating again for T' < t; < t, we obtain

y(t) —y(t1) z/t ]ﬁ/m f(r,y° (r))ArAs.

If we let
t 1 [e%}
I(¢) ::/t @/ f(r,y?(r))ArAs

and
o0

L(t) = / P(r,t2) f(ry” (7)) Ar + / P(t, 1) f(r.y° (r))Ar,

t1 t

we obtain I (t) > I5(t). Consequently, for ¢t > t; > T, we have
t t
[ Pz 0= [ Prafearo)an
t1 ty

and so

y(t) >/ P(r,t1) f(r,y° (r)Ar.

ty

¢

Since y(t) < M for some M > 0 and / P(r,t1)f(r,y°(r))Ar is an increasing
t

function of ¢, we have '

/OO P(r,t1) f(r,y? (r)Ar < co.

t1

By the monotonicity of f, we have

/OO P(r,t1)f (r,y(T)) Ar < oo.

By letting ¢ = y(T'), we obtain the desired result. This completes the proof. O
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We end this section with time scale version of the Arzela-Ascoli theorem and
the Schauder fixed-point theorem. These will be used in the proof of Theorem 3.3.

Lemma 2.5. [16, Lemma 2.8] Let Y be a subset of Cy([a, 00)r) having the following
properties:

(i) Y is bounded;

(ii) on every compact subinterval J of [a,00)T, there exists, for any e > 0,5 > 0
such that ty, ta € J, |t1 — ta| < & implies |f(t1) — f(t2)| < € forall f €Y;

(iii) for every e > 0, there exists b € [a,00)y such that t1, ta € [b,00) implies
[f(t2) = f(t2)| <€ for all f €Y.

Then Y s relatively compact.

Lemma 2.6. (Schauder fixed-point theorem, [16, Proposition 2.7]) Let N be a
normed space and Y be a nonempty, closed, convex subset of N'. If T is a continuous
mapping such that T(X) C X and T (X) is relatively compact, then T has a fixved
point in X.

3. MAIN RESULTS

In this section we establish several results results for

(L.1) ™) + £ (7 (0, 9(n(#), -y (1) =0.

Theorem 3.1. Assume conditions (Ag) — (As) hold and let M > 0. Then any
bounded solution y(t) of (1.1) is oscillatory in case

(3.1) /OO P(t,a) f (£, amu (ta), - oo (F )| Af = o0

for all a # 0 where n;(t,a), 1 <1i<mn, is given in (2.1).

Proof. Assume not and let u(t) be a bounded nonoscillatory solution of (1.1) which
we may assume satisfies

u(t) >0, u(r(t)) >0, t>T >tg, 1<i<n.
Consequently,
pt)u (1) = —F (t,u” (1), u(ri (1)), ..., u(7a(t))) <O

for t > T and so p(t)u®(t) is decreases for t > T.
We claim that p(¢)u®(¢) > 0 on [T, 00)r. If not, there is a t; > T such that
p(t1)u?(t1) < 0. Then

p(Hu?(t) < p(t)u®(t1), t € [ty,o0)T,
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and therefore

p(ty)u®(t)
uB(t) < RO t € [t1,00)T.
Integrating, we obtain
() — ulty) = /t B (s)As §p(t1)uA(t1)/t ]% L

as t — oo, contradicting that wu(t) is eventually positive. Hence, we conclude that
forallt>T and 1 <i<n,

u(t) >0, w(r(t) >0, i) >0, (p(t)ud()" <o.

From Lemma 2.1, we have
w(ri(t)) > mi(t, T (8) ¢ > 7(t) > T.

Then by the monotonicity of f, we have
(32) 0= [pMu@)]> + f (), u(ri(t)),- . ulTa(t)))

> [p(t)u ()] + f (t,u” (t),m (6, T)u” (), ..., ma(t, T)u? (1))
for t > T. Define

F(t,w) == f (t,w,m(t, T)w, ... 0 (t, T)w).

Immediately, we see that

F(t,u (t)) = f (t,u (8),mu(t, TYu (1), .., nu(t, T)u’ () .

Applying Theorem 2.3 with «a(t) = w(T') < u(t) = S(t), we obtain the existence of
a solution y(t) of

p(t)y*]% + F(t.y°(t) =0, y(T)=wu(T)

with w(T) < y(t) < u(t) on [T, 00)r. However, by Theorem 2.4, it follows that

oo
/ P(t,a)F(t,c) < o0
for some ¢ > 0, which contradicts (3.1). This completes the proof. O

The next theorem shows that the converse of Theorem 3.1 is true under an
additional assumption.

Theorem 3.2. Assume f satisfies conditions (Ag) — (As) and that for each
i€{1,...,n}, there exists p; > 0 such that

(3.3) litrn infn;(t,a) > p; for a€cT.



Some oscillation criteria for second-order delay dynamic equations 329

Also, let M > 0 and assume that P(o(t),a)/P(t,a) is bounded. Then, if y(t) is a
nonoscillatory solution of

(1.1) Y] + £ (657 @y (8), - y(rat)) = 0
with |y(t)] < M,

(3.4) ’/00 P(o(t),a)f(t, o, 0, ..., a)At] < 00

for all a > 0.

Proof. Note that for any 3

/ \P(o(t), a)f(t, B, )| At < oo
if, and only if,
/ Pt a)f (L, B, .., B)] At < oo

since P(o(t),a)/P(t,a) is bounded on T. Furthermore, observe that by (3.3), given
any € > 0 with € < %min{pi|1 < ¢ < n}, there exists T; > to such that n;(¢t,a) >
pi—e=:p;fort>T,and 1 <i<n.

Assume (1.1) has a bounded nonoscillatory solution. Then by Theorem 3.1

/OO P(,a) f (s am (£,0), . ama (£, 0))| At < oo

for some o # 0. Let p := min{p;|1 <i <n}. Observe that n;(t,a) < 1 implies
that 0 < p; < 1 for t > T; and for all i. Consequently, ap < an;(t,a) < « for all
1 <4 < n, and so by the monotonicity f, we have

| IPtarf tap.ap.....ap) At <.
With v = ap, we obtain (3.4) as desired. O

The previous result says the condition (3.3) is sufficient in order replace the
auxiliary functions 7;(¢,a),1 < i < n with upper bounds. Our next result gives a
sufficient condition for

(1.1) [PBy™]> + £ 6y (1), y(r (1), - y(Ta(t)) = 0

to have bounded nonoscillatory solutions.



330 Raegan Higgins

Theorem 3.3. Assume f satisfies conditions (Ag) — (As). If

(3.4) ’/ P(o flt,a,a,...,a)At] < oo

for all a > 0 and there exists K > 0 such that

1 oo
(3.5) p(t)/t fls,a,...,a)As < K

for allt > a, then (1.1) has a bounded nonoscillatory solution.

Proof. Assume (3.4) holds and let 0 < § < . Choose T" > t; € T such that
7;(t) >t; for t > T and all : = 1,...,n and such that

| Pet.af wps. ..o se< .
T

Define Y :={ y € X:

I\D\Q

<y(t) < B fort>T} and the operator T: Y — X by

=p- /tOO[P(U(S), a) = P(t,a)lf (5,47 (s),y(11(s)), - -, y(7a(s))) As,

where the Banach space X = C([T, oo)r, R) is equipped with the norm || - || defined
by
lyll .= sup |y(t)] <oo forall yeX
te[T,00)T

The operator T is well defined and one can show that Y is closed and convex. For
the sake of convenience, let F'(s) := f (s,y°(s),y(11(5)), ..., y(7n(s))).
We first show that 7" maps Y onto itself. Suppose y € Y. Then

T(y)(t) =B — [ [Plo(s),a) = P(t,a)|F(s)As

> 8- / P(o (sﬁﬁ,...,ﬁ)As>§.

Furthermore, since s > T, we have y?(s),y(m1(8)),...,y(7n(s)) are all positive.

>
Hence, by condition (A1),
[P(o(s),a) = P(t,a)] F(s) 2 0

for s >t > T. Consequently, y(t) < 3 for t > T. Hence T(Y) C Y.
Next we show that T(Y) is relatively compact. The fact that T(Y) C YV
implies the boundedness of T(Y). To prove the equicontinuity of the elements of
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T(Y), we show that (Ty)A (t) is uniformly bounded on [T, oo)r. To that end,
consider

=] | -Prear©as - (Ploti).0) - Plo(t.0)] P

|t [ ress| <] [ e as

Finally, we verify that condition (iii) of 2.5 holds for T(Y’). Let ¢ > 0 be
given. We have to show that there exists Ty € [T, oo)r such that for any to, t3 €
[T, oco)r, it holds that |(Ty)(t2) — (T'y)(t3)| < € for any y € Y. Without loss of
generality, suppose to < t3. Using the triangle inequality and the fact that P(t,a)
is an increasing function of ¢, it follows that

(3.6) [(Ty)2(t2) — (Ty) (¢ )|

‘/ —P(ta,a)|F(s)As f/oo[P(a(s),a)fP(tg,a)]F(s)As

ts

< 00.

<2 +2

| Ple.are)as

ta

/OO P(o(s),a)F(s)As

ts

/00 P(o(s),a)f (s,a,a,...,a) As

to

<2

—|—2’/ P(o )V (s,a,a,...,a)As|.

Since the integrals in the last line (3.6) are convergent, for any € > 0, one can find
Ty € [T, oo)t such that

€
< 17 t =tg, t3,

/too P(o(s),a)f (s,a,a,...,a)As

whenever t3 > to > Tp. From here and (3.6), we obtain the desired inequality.
Hence, by 2.5, T'(Y) is relatively compact.

The last hypothesis to be verified is the continuity of T on Y. Let {y,,,} ,m €
N, be a sequence in Y which converges uniformly on every compact subinterval of
[T, oco)r to ¥ € Y. Since T'(Y) is relatively compact, the sequence {T'(y,,)} admits
a subsequence {T'(ym, )} converging in the topology of X to z. Since T' maps Y
onto itself, we have |T(yp,, )| < 8 for all k where (3 is integrable on every compact
subinterval of [T, oo)r. Hence, by the Lebesgue dominated convergence theorem
on time scales, see [4], the sequence {T(ym, )} converges to T'(7). In view of the
uniqueness of the limit, T'(y) = Z is the only limit point of the sequence {T'(y,)}.
Hence, T is continuous on Y.

Therefore, by the Schauder fixed-point theorem, there is an element y € Y
such that T'(y) = y. It follows that

=B - /too[P(U(S)va) — Pt a)lf (s,97(s),y(71(5)), - -+, y(Tu(s))) As



332 Raegan Higgins

for t > T, and hence [p(t)y*] A4 f @y (@), y(m(t),...,y(1a(t))) = 0. This proves
the theorem. O

To extend Theorems 3.1 and 3.2 to unbounded solutions, we introduce the
class @ of functions ¢ such that ¢(u) is a nondecreasing continuous function of u
satisfying u¢(u) > 0, u # 0 with

/:I:oo du _
— < o0.
+1 ¢(u)
We will say that f(t,u,v1,...,v,) satisfies condition (C') provided for some ¢ € ®
there exists ¢ # 0 and 0 < « < 1 such that for all ¢t > T

. f(t7u7a7]1(taT)7"'7O‘nn(t?T))
e ¢(u)

for some positive constant k. We continue with a generalization of Theorem 4 of
[19].

> k‘f(t ¢, (ta T)Cv s ,O[?]n(t,T)C)|

Theorem 3.4. Suppose ¢ € ®. Let f(t,y) be a continuous function of the variables
t >ty and |y| < oo such that for all t > 0 yf(t,y) > 0, y # 0 and satisfies with
respect to ¢(y) the following conditions: there is a ¢ # 0 such that

St y)

3.7 liminf ——== > k|f(t,c
(37) BRI
for some positive constant k and for all t > T, and that

(|

3.8 lim / ——du| < .

38) |y|%o‘ o(u)

If P(o(t),a)/P(t,a) is bounded on T, then a necessary and sufficient condition for
the second-order dynamic equation

(2.7) (p(Hy™)" + f(t,y7) =0

to be oscillatory is that
(3.9) / P(o(t),a)f(t,c)At = 00
for all ¢ # 0.

Proof. Note that (3.9) holds if and only if

/OO P(t,a)f(t, C)At‘ = oo for all ¢ # 0.

oo
Assume (2.7) is oscillatory and ‘/ P(t,a)f(t,c)At| < oo for some ¢ # 0. It

follows that (2.7) has a bounded nonoscillatory solution from Theorem 3.2. This
contradiction shows that (3.9) is necessary.
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Conversely, assume (3.9) holds and let y(¢) be a an eventually positive solution
of (2.7). It follows from Theorem 2.4 that y(t) cannot be bounded. So we assume
that tlim y(t) = oo. Also, as in the proof of Theorem 2.4,

(3.10) /yA(s)ASZ/ P(r,T)f(r,y°(r))Ar

T T

for sufficiently large T.
We next define the continuously differentiable real-valued function

“ ds
wo P(5)
Observe that G'(u) = 1/¢(u). By the Pétzsche Chain Rule [5, Theorem 1.90],

A_ ([ __db A ' dh NP )
= (/) sam) 0= ([ wrm) 0= ey
where yp, (t) := y(t) + hu(t)y> (t) < y7(t). Since ¢ is nondecreasing, we have

A y2(t)
[G(y(t)]™ = @)

Now multiplying (3.10) by [(;5(3/"(5))]_1 , we obtain

G(u) =

/ A >/ P(r (g;)m»/ KP(r, T)f(r, c)Ar

for sufficiently large T by (3.7) where ¢ := u(T") > 0. Since tlim y(t) = oo, we have

. vt dy * du
e G000 =t [ 555 = G <

by assumption. Therefore,
' A Lyt
/T[G(y(t))] Asz/T e As>/ kP (r, T)f(r, ) Ar.

However, by letting ¢ — oo in the above, the left side is bounded whereas the
right side is unbounded by assumption (3.9). This contradiction shows that (3.9)
is sufficient for all solutions of (2.7) to be oscillatory. O

We may now prove our last main result.

Theorem 3.5. Assume f satisfies conditions (Ag) — (A3) and condition (C). Fur-
ther assume that P(o(t),a)/P(t,a) is bounded on T. Then all solutions of

(1.1) [P(0)y2]" + £ (637 (0, y(11 (1), -, y(7a(t))) = O
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are oscillatory in case

(3.11) ’/ P(o )V (o, an(ta),. .. an,(t,a)) At| =

holds for all a # 0. In addition, if inequalities (3.3) and (3.5) hold, then (3.11) is
also necessary.

Proof. Assume (3.11) holds for all @ # 0 and let u(t) be a nonoscillatory solution
of (1.1) which we may assume satisfies

u(t), u(m (1), ud(t) >0, (pEuAE)> <0, t>T>t, 1<i<n.
From Lemma 2.1, we have

u(ri(0) = i, T (t) ¢ > 7(t) > T.

Then by the monotonicity of f, we have

[p(t)u® ()2 4+ f (t,u (), m (8, T)uC (t), ..., g (t, T)u’ (t)) < 0.

As in the proof of Theorem 3.1, we obtain the existence of a solution y(t) of
[p(t)ud]® + F(t,y°(t)) = 0 with 0 < u(T) < y(t) < u(t), t > T. Now by Theorem
3.4, it follows that

‘/ flte,em(t,T),...,cena(t,T))AL| < 0o,

for some ¢ # 0, which is a contradiction.
Conversely, assume (3.3) and (3.5) hold and (3.11) does not for some « # 0.

It follows that for any € > 0 with € < %min {pi|l <i < n} there exists T; > to such

that
ni(t,a) > p; —e=:p; for t > T; and 1 < i < n. Let p:=min{p;|]1 <i<n}. Then

ang(t,a) > ap

for t > T;. Then by the monotonicity of f and the fact that n; < 1 for ¢t > T, we
have

‘/ P(o flt,ap, ..., ap)At| < co

which gives (3.4). Therefore, by Theorem 3.3,

[P(0)y2]" + £y (), y(m (1), -, y(ra(t))) = 0

has a bounded nonoscillatory solution. O
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4. EXAMPLES

In this section we give two examples of the main results applied to

(4.1) y22 (1) +a()(y(r (1) =0

which is a special case of (1.1). We assume that ¢(t) is continuous and eventually
negative on [t,00)T and v > 1 is the quotient of odd positive integers. We begin
with the following corollary which extends a result of GOLLWITZER [13].

Corollary 4.1. All solutions of (4.1) are oscillatory provided

(4.2) /OO (1) (1 (1)) At = oo

and u(t)/t is bounded.

Proof. Assume (4.2) holds. Define ¢(u):= u”. Then u¢(u) > 0 for v # 0 and by

+oo

d
Theorem 2.6 of ERBE and HILGER [11], / Wu) < oo and u¢(u) > 0 for u # 0.
+1 u
Let f(t,u,v) := q(t)v7(t) and let ¢ =1 and 0 < o < 1. Then

)\
U, U T\~ )
f(t, q;(lg(t) ) _ (uvt ) = k| f(t, c,an(t)c)|

for k =1 and all ¢t > T. Furthermore

‘/OO t(f,t,a,ozn(t))At’ = ‘/m H7q(t)a” (7(8)) Y At| = oo.

Hence, by Theorem 3.5, equation (4.1) is oscillatory. O

REMARK 4.2. Theorem 3.1 shows that
(4.3) / tq(t)At = oo

is a necessary condition for all solutions of (4.1) to oscillate, in case v > 1, with just the
assumptions that 0 < 7(¢) < ¢ and tlim 7(t) = oo. However, (4.3) is no longer sufficient

as the following examples demonstrate.
EXAMPLE 4.3. Let T = [1, co)r. Consider equation (4.1) with
q(t) =B —pB)t* and 7(t) =1,

where a = B(1 —vJ) — 2 with 0 < 5,6 < 1 and 70 < 1, and ~ is the quotient of odd
integers. For this example, y(t) = t” is a nonoscillatory solution but [ tg(t) dt = co.
We have

Y (1) +a()(y(r (1)) = BB - 1) |17 — to‘*‘“‘;} =0.
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However,

/ tq(t)dt = / t3(1 — B)t*dt, for T sufficiently large
T

R
. 14+a /8(1 - B) . 24« 24«
SO R) i f = T i R T = e

since 2 + a > 0.

EXAMPLE 4.4. For ¢ > 1, let T = ¢"°. We want to find a function @ : T — R and a
function y : T — R such that y(t) is a nonoscillatory solution y** 4+ Q(t)y” (7(t)) = 0 and
JTtQ(t)At = oo, where 7(t) : T — T is such that 7(¢) < ¢ and tlim 7(t) =oc0 and v > 1

is a quotient of odd positive integers.

!
Let y(t) = t° with 3 < 1. Since o(t) = tq > t, we have y°(t) = #9712 After

qg—1
B _
simplifying, we obtain y*2(t) = Hlﬁ’B_Q[qﬁ_1 — 1]. It follows that
oy - L PP T
(@—12  y(r(t) Ty (r(t))

Now choose 7(t) = ¢t*/2), where |-] is the greatest integer function. Then
7(t) <t and tlim 7(t) = co. Consequently
— o0
_ th(*3<27"’)74)/2, if k is even,
Q) = C tPC=M=D/2098/2 i | is odd.

Now R
/oo / t32=M/2qy, if k is even,
tQ(t)dt = Cy lim 7 for T sufficiently large
Roo | [F48(2=7)/2098/24¢  if k is odd
JT
n—1
Z gt rPeE=M2 if k is even,
= Cylg - 1) Jim i
q%B/Q Z qkﬂ(2*"/)/2’ if k is odd
k=m

=

if qﬁ(%w/2 > 1. That means 3(2 — ) must be nonnegative. If it were negative, then
yoe (t) would be positive, which cannot happen as shown in the proof of Theorem 3.1.
Hence, in order for the dynamic equation y* +Q(t)y” (7(t)) = 0 to have a nonoscillatory
solution y(t) = t” and for [*tQ(t)At = oo, we must choose 0 < S < 1and 1 <y < 2.
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